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ON GORENSTEIN INJECTIVITY

OF TOP LOCAL COHOMOLOGY MODULES

TAKESHI YOSHIZAWA

(Communicated by Bernd Ulrich)

Abstract. R. Sazeedeh showed that top local cohomology modules are Goren-
stein injective in a Gorenstein local ring with at most two dimensions. In this
paper, it is proved that the condition of dimension in his result cannot be
relaxed and the conclusion in his result holds for complete local hypersurface
rings with any dimension.

Introduction

Through this paper, all rings are commutative Noetherian and all modules are
unitary. All maximal Cohen-Macaulay modules considered here will be finitely
generated.

The notion of Gorenstein injective modules was introduced by E. E. Enochs and
O. M. G. Jenda in [6]. The class of Gorenstein injective modules is greater than
the class of injective modules. Gorenstein injective modules, or more extensively
Gorenstein injective dimension, are actually studied by many authors. See, for
example, [8, 11, 13]. Recently, in [13], R. Sazeedeh showed the following result:
if R is a Gorenstein local ring with at most two dimension, then the top local
cohomology module Hdim R

J (R) is a Gorenstein injective R-module for any ideal J
of R. Therefore it is natural to ask whether the conclusion in his result holds for
a Gorenstein local ring with arbitrary dimension. But it seems difficult to decide
whether modules are Gorenstein injective from the definition immediately. Thus,
to study the above problem, we shall try to find a practical way of concluding that
top local cohomology modules are Gorenstein injective.

Our strategy is the following. P. Schenzel proved the existence of a monomor-
phism from the Matlis dual module of the top local cohomology module to the
canonical module in [16]. R. Takahashi, Y. Yoshino and the author introduced a
notion of generalized local cohomology modules associated to a pair of ideals and
showed that the image of the above monomorphism is isomorphic to the general-
ized local cohomology module in [19]. By using these results, the problem comes
down to a question of whether generalized local cohomology modules are maximal
Cohen-Macaulay modules. We can give an example of a non-Gorenstein injective
top local cohomology module over a 3-dimensional Gorenstein local ring and show
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that the conclusion in R. Sazeedeh’s result is valid for complete local hypersurface
rings with any dimension.

The organization of this paper is as follows.
We recall some basic concepts and properties of Gorenstein injective and strongly

cotorsion modules in section 1.
In section 2, we study the relationship between Gorenstein injective modules,

strongly cotorsion modules and local cohomology modules.
In section 3, we shall show that any top local cohomology module over a complete

local hypersurface ring is Gorenstein injective (Theorem 3.5) and give an example
of a non-Gorenstein injective top local cohomology module over a 3-dimensional
Gorenstein local ring (Example 3.7).

1. Preliminaries

Let us recall some definitions of modules. J. Xu introduced notions of strongly
cotorsion modules and strongly torsion free modules in [20].

Definition 1.1. (1) An R-moduleM is called strongly cotorsion if Ext1R(X,M) = 0
for all R-modules X of finite flat dimension.

(2) An R-module M is called strongly torsion free if TorR1 (X,M) = 0 for all
R-modules X of finite flat dimension.

E. E. Enochs and O. M. G. Jenda introduced notions of Gorenstein injective
modules and Gorenstein projective modules in [6] and of Gorenstein flat modules
together with B. Torrecillas in [7].

Definition 1.2. (1) An R-module M is called Gorenstein injective if there is an
exact sequence

· · · → E1 → E0 → E0 → E1 → · · ·
of injective modules such that M = Ker(E0 → E1) and such that HomR(E,−)
leaves the above sequence exact whenever E is an injective R-module.

(2) An R-module M is called Gorenstein projective if there is an exact sequence

· · · → P1 → P0 → P 0 → P 1 → · · ·
of projective modules such that M = Ker(P 0 → P 1) and such that HomR(−, P )
leaves the above sequence exact whenever P is a projective R-module.

(3) An R-module M is called Gorenstein flat if there is an exact sequence

· · ·F1 → F0 → F 0 → F 1 · · ·
of flat modules such that M = Ker(F 0 → F 1) and such that E ⊗R − leaves the
above sequence exact whenever E is an injective R-module.

Remark 1.3. (1) Any injective module is a strongly cotorsion module and a Goren-
stein injective module.

(2) If R is n-Gorenstein, that is, R is Gorenstein with dimR = n, then strongly
cotorsion modules are precisely Gorenstein injective modules.

(3) In a Cohen-Macaulay local ring, maximal Cohen-Macaulay modules are pre-
cisely strongly torsion free finitely generated modules. (See [3, 4, 9].)

The following theorem was proved by R. Sazeedeh. We shall refer to this theorem
as R. Sazeedeh’s Theorem.
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Theorem 1.4 ([13, Theorem 2.6], [15, Theorem 2.15]). Let (R,m) be a Cohen-
Macaulay local ring of dimension d, J be a nonzero ideal of R and M be a maximal
Cohen-Macaulay R-module. If d ≤ 2, then Hd

J(M) is strongly cotorsion. In partic-
ular, if R is Gorenstein and d ≤ 2, then Hd

J(R) is Gorenstein injective.

2. Characterization of Gorenstein ring by properties

of local cohomology modules

In this section, we shall give a characterization of a Gorenstein ring by Goren-
stein injectivity of local cohomology modules and make a close examination of
R. Sazeedeh’s Theorem.

Throughout the rest of this paper, let (R,m) be a local ring with a maximal ideal
m and ER(R/m) be the injective hull of R/m. The functor HomR(−, ER(R/m)) is
denoted by (−)∨. For a ring R admitting the dualizing complex DR, we denote by
KM the canonical module of an R-module M , which is defined to be

KM = Hd−t(RHomR(M,DR)),

where d = dimR and t = dimM .
Let us recall the definition of local cohomology functors associated to a pair of

ideals which was defined in [19] as the generalization of local cohomology functors
with closed support. (As concerns the ordinary local cohomology functor, the reader
should consult [2].)

Definition 2.1. Let I and J be ideals of R. We set

W (I, J) = {p ∈ Spec(R) | In ⊆ p+ J for some integer n > 0}.
For an R-module M , ΓI,J (M) denotes a submodule of M consisting of all elements
of M with support in W (I, J), that is,

ΓI,J (M) = {x ∈ M | Supp(Rx) ⊆ W (I, J)}.
The left exact functor ΓI,J is called an (I, J)-torsion functor. We denote by Hi

I,J

the ith right derived functor of ΓI,J and refer to it as the ith local cohomology
functor with respect to (I, J).

Remark 2.2. Let (R,m) be a local ring and J be an ideal of R. For a prime ideal
p of R, p ∈ W (m, J) if and only if p+ J is an m-primary ideal.

First of all, we shall show the following proposition, which is the base of this
paper.

Proposition 2.3. Let (R,m) be a complete Cohen-Macaulay local ring, J be an
ideal of R and M be a finitely generated R-module of dimension t. Then the fol-
lowing conditions are equivalent:

(1) Ht
J(M) is a strongly cotorsion R-module;

(2) Γm,J (KM ) is a maximal Cohen-Macaulay R-module or zero.

Proof. Since Ht
J (M) is an Artinian R-module by [2, 7.1.6 Theorem], we have

Ht
J (M) ∼= Ht

J (M)∨∨. By [14, Lemma 2.1], it follows that Ht
J(M) is strongly

cotorsion if and only if Ht
J (M)∨ is strongly torsion free. Here, we note that

Ht
J (M)∨ ∼= Γm,J (KM ) by [19, Theorem 5.11] and this is a finitely generated R-

module. Therefore, it follows that Ht
J(M)∨ is strongly torsion free if and only if

Γm,J (KM ) is a maximal Cohen-Macaulay R-module. (See Remark 1.3 (3).) �
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In particular, we can see the following result, which has already been seen in
[15].

Corollary 2.4. Let (R,m) be a complete Cohen-Macaulay local ring of dimension
d. Then Hd

m(R) is a strongly cotorsion R-module.

Remark 2.5. Let (R,m) be a Cohen-Macaulay local ring, J be an ideal of R and

M be a finitely generated R-module of dimension t. We denote by R̂ the m-adic
completion of R.

(1) Since Ht
J (M) is an Artinian R-module, it also has the R̂-module structure.

In the proofs of [15, Theorem 2.4, Theorem 2.15], R. Sazeedeh showed that if the

top local cohomology module Ht
J (M) is strongly cotorsion as an R̂-module, then

it is strongly cotorsion as an R-module. Thus, from the point of view of studying
Gorenstein injectivity of the top local cohomology module over a Gorenstein local
ring, we shall assume that R is always complete in the rest of this paper.

(2) If R is complete and Ht
J (M) is a nonzero strongly cotorsion R-module, then

dimR = dimΓm,J (KM ) ≤ dimKM = dimM

by Proposition 2.3 and [17, Lemma 1.9 c) ]. Thus, if dimM < dimR, then
the nonzero top local cohomology module HdimM

J (M) is not a strongly cotorsion
R-module.

If R is a Gorenstein local ring, then strongly cotorsion R-modules are precisely
Gorenstein injective R-modules. Therefore it is natural to ask whether Hd

m(R) is
a Gorenstein injective R-module. This is however not true even if R is a Cohen-
Macaulay ring. In particular, the following assertion holds.

Theorem 2.6. Let (R,m) be a complete Cohen-Macaulay local ring of dimension
d. Then the following conditions are equivalent:

(1) R is Gorenstein;
(2) Hd

m(R) is an injective R-module;
(3) Hd

m(R) is a Gorenstein injective R-module.

Proof. The implications (1) ⇒ (2) and (2) ⇒ (3) are clear. Indeed, if R is a
Gorenstein local ring, then Hd

m(R) ∼= ER(R/m). We have only to prove (3) ⇒ (1).
We assume that Hd

m(R) is a Gorenstein injective R-module. Since Hd
m(R) is

Artinian, Hd
m(R)∨ is a finitely generated Gorenstein projective R-module by [5,

Theorem 4.8]. We note that the injective dimension of Hd
m(R)∨ is d. It follows from

[11, Theorem 2.2] that pdHd
m(R)∨ = GpdHd

m(R)∨ = 0 where pd (resp. Gpd) is
projective dimension (resp. Gorenstein projective dimension). Thus Hd

m(R)∨ ∼= Rn

for some integer n, so it follows that Hd
m(R) ∼= E(R/m)n.

On the other hand, we have

HomR(H
d
m(R), Hd

m(R)) ∼= HomR(KR,KR) ∼= R.

(Note that since R is a Cohen-Macaulay ring, it satisfies Serre’s (S2)-condition. This
is used in the second isomorphism above. Also see [17, Theorem 1.14].) Thus the
endomorphism ring HomR(H

d
m(R), Hd

m(R)) is a Noetherian local ring and finitely
generated as an R-module. It follows from [18, Corollary 6.3] that Hd

m(R) is an
indecomposable R-module. Therefore we have n = 1, so KR

∼= R. Consequently,
we see that R is Gorenstein.

The proof is completed. �
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By Corollary 2.4 and Theorem 2.6, we get the following fact: In a complete
Cohen-Macaulay local ring, the top local cohomology module Hd

m(R) is nothing
but one of the strongly cotorsion modules. But, if this module is a Gorenstein
injective module, then all strongly cotorsion modules are Gorenstein injective.

Theorem 2.7. Let (R,m) be a complete Cohen-Macaulay local ring. Then the
following conditions are equivalent:

(1) R is Gorenstein;
(2) Strongly cotorsion modules are precisely Gorenstein injective modules.

Meanwhile, the following assertion holds.

Proposition 2.8. Let (R,m) be a complete Cohen-Macaulay local ring of dimension
d. Then the following conditions are equivalent:

(1) R is Artinian;
(2) Hd

m(R) is a strongly torsion free R-module;
(3) Hd

m(R) is a Gorenstein projective R-module;
(4) Hd

m(R) is a Gorenstein flat R-module.

Proof. If R is Artinian, then d = 0 and Γm(R) = R. Thus implications (1) ⇒
(2), (3) and (4) are clear by each definition. Furthermore, in this situation, any
Gorenstein projective R-module is Gorenstein flat (see [8, Corollary 3.4]). Hence
we see that the implication (3) ⇒ (4) holds. Therefore we have only to prove
implications (2) ⇒ (1) and (4) ⇒ (1).

Let us prove (2) ⇒ (1). Assume that Hd
m(R) is a strongly torsion free R-module.

Then Hd
m(R)∨ ∼= KR is a finitely generated strongly cotorsion R-module by [14,

Lemma 2.1]. By [14, Theorem 3.4], KR is Artinian. This follows dimR = dimKR =
0, so R is Artinian.

Next, we shall show (4) ⇒ (1). Assume that Hd
m(R) is Gorenstein flat. Since

fdHd
m(R) = d, it follows from [10, Theorem 3.19] that we have 0 = GfdHd

m(R) =
fdHd

m(R) = d where Gfd is Gorenstein flat dimension. Thus R is Artinian.
The proof is completed. �

Last of this section, we make a close examination of R. Sazeedeh’s Theorem. We
can see that the result of [15, Theorem 2.15] holds without assuming that a module
is maximal Cohen-Macaulay.

Theorem 2.9. Let (R,m) be a complete Cohen-Macaulay local ring with dimension
d ≤ 2 and M be a finitely generated R-module. Then Hd

J (M) is a strongly cotorsion
R-module for any ideal J of R.

Proof. Suppose d = 2. If dimM ≤ 1, then H2
J(M) = 0 by Grothendieck’s vanishing

theorem. In this case, H2
J (M) is strongly cotorsion. If dimM = 2, then dimKM =

dimM = 2. Since R is a factor ring of a Gorenstein ring, KM satisfies Serre’s
(S2)-condition (see [17, Lemma 1.9e]). Hence KM is a maximal Cohen-Macaulay
R-module.

We consider a long exact sequence

0 −−→ Γm(Γm,J (KM )) −−→ Γm(KM ) −−→ Γm(KM/Γm,J (KM ))

−−→ H1
m(Γm,J (KM )) −−→ H1

m(KM ) −−→ H1
m(KM/Γm,J (KM ))

−−→ H2
m(Γm,J (KM )) −−→ H2

m(KM ) −−→ H2
m(KM/Γm,J (KM )) −−→ 0.
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Since KM is a maximal Cohen-Macaulay R-module, we have Γm(KM ) = H1
m(KM )

= 0. Moreover, Γm(KM/Γm,J (KM )) ⊆ Γm,J (KM/Γm,J (KM )) = 0 holds. Therefore
we see that Hi

m(Γm,J (KM )) = 0 if i 	= 2. This means that Γm,J (KM ) is a maxi-
mal Cohen-Macaulay R-module. It follows from Proposition 2.3 that H2

J(M) is a
strongly cotorsion R-module.

We can show the case dimR = 0, 1 by the same argument as above. �

If the ring R is Gorenstein, then the result of [13, Theorem 2.6] holds for any
R-module. Thus the following result is also a generalization of [13, Theorem 2.7].

Corollary 2.10. Let (R,m) be a complete Gorenstein local ring with dimension
d ≤ 2 and M be an R-module. Then Hd

J(M) is a Gorenstein injective R-module
for any ideal J of R.

Proof. We may assume that dimM = d. Let M be an inductive limit lim−→λ∈Λ
Nλ of

finitely generated R-submodules Nλ ofM . By Theorem 2.9, Hd
J (Nλ) is a Gorenstein

injective R-module. Since an inductive limit of Gorenstein injective modules over
a Gorenstein local ring is also a Gorenstein injective module by [21, Theorem 5],
Hd

J (M) = Hd
J(lim−→λ∈Λ

Nλ) = lim−→λ∈Λ
Hd

J (Nλ) is Gorenstein injective. �

3. The Gorenstein injectivity of top local cohomology modules

over Gorenstein rings

In this section, we assume that all rings are Gorenstein. The main aim of this
section is to give an example of a non-Gorenstein top local cohomology module
over a 3-dimensional Gorenstein ring. To do this, we shall give a practical way of
concluding whether top local cohomology modules are Gorenstein injective.

We begin with the following lemma.

Lemma 3.1. Let I and J be ideals of R such that 0 	= ΓI,J (R) � R and let
(0) =

⋂m
i=1 qi be an irredundant primary decomposition of the zero ideal of R.

Then one has
ΓI,J (R) =

⋂
√
qi �∈W (I,J)

qi.

Proof. Let
√
qi = pi for each i. We may assume that p1, . . . , pn ∈ W (I, J) and

pn+1, . . . , pm 	∈ W (I, J). By the definition of W (I, J) there exists an integer s > 0
such that Is ⊆ Πn

i=1qi+J ⊆
⋂n

i=1 qi+J . It follows from
⋂n

i=1 qi ⊆ AnnR(
⋂m

i=n+1 qi)

that we have Is ⊆ AnnR(
⋂m

i=n+1 qi) + J , and so we see that
⋂m

i=n+1 qi ⊆ ΓI,J (R).
Now, we consider a short exact sequence

0 →
m⋂

i=n+1

qi → R → R/

m⋂
i=n+1

qi → 0.

Applying the left exact functor ΓI,J to this sequence, we get an exact sequence

0 → ΓI,J (

m⋂
i=n+1

qi) → ΓI,J (R) → ΓI,J (R/

m⋂
i=n+1

qi).

Since
⋂m

i=1 qi is irredundant, we see that

Ass(R/
m⋂

i=n+1

qi) ∩W (I, J) = {pn+1, . . . , pm} ∩W (I, J) = ∅.
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Hence it follows that ΓI,J (R/
⋂m

i=n+1 qi) = 0 by [19, Proposition 1.10], so we have

ΓI,J (
⋂m

i=n+1 qi) = ΓI,J (R). Consequently, it follows that ΓI,J (R) =
⋂m

i=n+1 qi. �

For a given pair of ideals I and J of R, we consider the following ring.

Definition 3.2. Let I and J be ideals of R such that 0 	= ΓI,J (R) � R and let
(0) =

⋂
qi be an irredundant primary decomposition of the zero ideal of R with√

qi = pi. Then we set

R(I, J) = R/
⋂

pi �∈W (I,J)

qi.

In the case ΓI,J (R) = 0 (resp. ΓI,J (R) = R), we set R(I, J) = R (resp. R(I, J) =
0).

If R is a Cohen-Macaulay local ring of dimension d, then R(I, J) is a zero or
local ring of dimension d. But it is not necessarily a Cohen-Macaulay ring.

Recall that a local ring R is called an almost Cohen-Macaulay ring if the Cohen-
Macaulay defect cmdR = dimR−depthR is at most one. Now we are able to give
a practical way of concluding that top local cohomology modules are Gorenstein
injective.

Proposition 3.3. Let (R,m) be a complete Gorenstein local ring of dimension d
and J be an ideal of R. Then the following conditions are equivalent:

(1) Hd
J(R) is a Gorenstein injective R-module;

(2) R(m, J) is an almost Cohen-Macaulay ring.

Proof. We consider a short exact sequence

0 → Γm,J (R) → R → R(m, J) → 0,

and this implies a long exact sequence

0 −−−−→ Γm(Γm,J (R)) −−−−→ Γm(R) −−−−→ Γm(R(m, J))

−−−−→ H1
m(Γm,J (R)) −−−−→ H1

m(R) −−−−→ · · · .

So we see that Γm(Γm,J (R)) = Γm(R) and Hi
m(Γm,J (R)) ∼= Hi−1

m (R(m, J)) for
integers i = 1, . . . , d − 1. It follows that Γm,J (R) is a maximal Cohen-Macaulay
module if and only if R(m, J) is an almost Cohen-Macaulay ring. Since R is a
Gorenstein ring, the proof is completed by Proposition 2.3. �

On the other hand, for a complete Gorenstein local ring (R,m) of dimension d
and an ideal J of R, we can also characterize the Gorenstein injectivity of Hd

m,J (R)

by a ring R(J, 0). There exists an isomorphism Hd
m,J (R)∨ ∼= ΓJ (R) by [19, Corol-

lary 5.12]. Since ΓJ (R) is a finitely generated R-module and Hd
m,J (R) is a submod-

ule of Hd
m,J (R)∨∨, Hd

m,J (R) is an Artinian R-module. Thus, by the same argument

as above, it is easy to see that the following generalization of [15, Theorem 2.4]
holds.

Proposition 3.4. Let (R,m) be a complete Gorenstein local ring of dimension d
and let J be an ideal of R. Then the following conditions are equivalent:

(1) Hd
m,J (R) is a Gorenstein injective R-module;

(2) R(J, 0) is an almost Cohen-Macaulay ring.
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If the ring R has the form S/(f), where S is a regular local ring and f is an
element of S, then R is called a local hypersurface ring defined by f in S.

The following result is an application of Proposition 3.3.

Theorem 3.5. Let (R,m) be a complete local hypersurface ring with dimension d.
Then Hd

J (R) is a Gorenstein injective R-module for any ideal J of R.

Proof. Let R = S/(f), where S is a regular local ring and f ∈ S. We shall show
that R(m, J) is also a complete local hypersurface ring.

Since a regular local ring is a UFD (a factorial domain in other terminology), f
can be expressed as a product of prime elements, that is,

f = pn1
1 pn2

2 · · · pns
s ,

where pi is a prime element in S and ni is a positive integer for each i = 1, . . . , s.
(It is a well-known fact that the factorization into prime elements is unique up to
a unit element. We may also assume a condition (∗) which is (pi) 	= (pj) if i 	= j.)
Then

(f) = (pn1
1 pn2

2 · · · pns
s ) = (pn1

1 ) ∩ (pn2
2 ) ∩ · · · ∩ (pns

s ).

In fact, if g ∈
⋂s

i=1(p
ni
i ), then pni

i must appear in a unique factorization of g for each
i. By assumption (∗) and since the prime element of S is irreducible, this means
that g has pn1

1 pn2
2 · · · pns

s in a unique factorization of itself, so g ∈ (pn1
1 pn2

2 · · · pns
s ).

Now we assume that (p1)R, . . . , (pl)R ∈ W (m, J) and (pl+1)R, . . . , (ps)R 	∈
W (m, J). We note that (

⋂s
i=l+1(p

ni
i )R) ∩ S =

⋂s
i=l+1(p

ni
i ). Indeed,

s⋂
i=l+1

(pni
i ) =

(
(

s⋂
i=l+1

(pni
i ))R

)
∩ S

⊆
( s⋂
i=l+1

(pni
i )R

)
∩ S

=
s⋂

i=l+1

(
(pni

i )R ∩ S
)

=

s⋂
i=l+1

(pni
i ).

Since Ass(R) = {(pi)R}i=1,··· ,s, we have

R(m, J) = R/
s⋂

i=l+1

(pni

i )R = S/
s⋂

i=l+1

(pni

i ).

By the same argument as above, we see that
⋂s

i=l+1(p
ni
i ) = (p

nl+1

l+1 · · · pns
s ). Thus

we have

R(m, J) = S/(p
nl+1

l+1 · · · pns
s ),

so R(m, J) is a local hypersurface ring. In particular, R(m, J) is a Cohen-Macaulay
ring. Thus Hd

J (R) is Gorenstein injective by Proposition 3.3. �

Let W be a subset of Spec(R). Recall that W is said to be a specialization closed
subset if p ∈ W and p ⊆ q ∈ Spec(R) imply q ∈ W . We denote by Hi

W the ith right
derived functor RiΓW of the section functor ΓW with support in a specialization
closed subset W of Spec(R).
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Corollary 3.6. Let R be a complete local hypersurface ring with dimension d. Then
Hd

W (R) is a Gorenstein injective R-module for any specialization closed subset W
of Spec(R).

Proof. In a Gorenstein local ring, an inductive limit of Gorenstein injective modules
is also a Gorenstein injective module. (See [21, Theorem 5].) We note that Hd

W (R)
is an inductive limit of top local cohomology modules Hd

a (R). In fact, in a similar
manner to [19, Theorem 3.2], we can prove that there is a natural isomorphism

Hi
W (R) ∼= lim−→

a∈
∼
W

Hi
a(R)

for any integer i, where W̃ is the set of ideals a of R such that ΓW (R/a) = R/a.
(Also see M. H. Bijan-Zadeh’s paper [1, Proposition 2.3].) Thus Hd

W (R) is Goren-
stein injective by Theorem 3.5. �

Finally, we give two examples of a top local cohomology module: one is Goren-
stein injective but not injective, and the other is non-Gorenstein injective.

Example 3.7. Let k be a field.
(1) Let R = k[[x, y, z, w]]/(xy2), m be a maximal ideal of R and J = (y, z, w)R.

R is a hypersurface and 3-dimensional complete Gorenstein local ring. We have a
primary decomposition (xy2) = (x) ∩ (y2) and Ass(R) = {(x)R, (y)R}. We note
that (x)R + J is an m-primary ideal and (y)R + J is not an m-primary ideal.
Thus Ass(R) ∩W (m, J) = {(x)R}, and so R(m, J) = k[[x, y, z, w]]/(y2). This is a
Cohen-Macaulay ring. Consequently, H3

J(R) is a Gorenstein injective R-module.
But this module is not injective. In fact, we suppose that H3

J (R) is an injective
R-module. Since H3

J (R) is Artinian, H3
J (R)∨ is a finitely generated flat R-module.

In particular, H3
J (R)∨ is a finitely generated free R-module Rn for some integer n.

Let an R-isomorphism be

ϕ : Rn ∼−−→ H3
J (R)∨

∼−−→ Γm,J (R) = (y2)R.

Then it follows that 0 	= ϕ(x · Rn) = x · ϕ(Rn) = x · (y2)R = 0. This is a
contradiction.

Therefore the top local cohomology module

H3
(y,z,w)

(
k[[x, y, z, w]]/(xy2)

)
is a Gorenstein injective but not an injective R-module.

(2) Let R = k[[x, y, z, u, v, w]]/(xu, yv, zw), m be a maximal ideal of R and
J = (x+ y, y + z, u + v, v + w)R. R is a 3-dimensional complete intersection local
ring but not a hypersurface.

A primary decomposition of (xu, yv, zw) is

(x, y, z) ∩ (x, y, w) ∩ (x, z, v) ∩ (x, v, w)
∩(y, z, u) ∩ (y, u, w) ∩ (z, u, v) ∩ (u, v, w),

and

Ass(R) =

{
(x, y, z)R, (x, y, w)R, (x, z, v)R, (x, v, w)R,
(y, z, u)R, (y, u, w)R, (z, u, v)R, (u, v, w)R

}
.

(x, y, z)R and (u, v, w)R are two associated prime ideals p of R such that p + J is
not an m-primary ideal. Thus Ass(R)∩W (m, J) = Ass(R)\{(x, y, z)R, (u, v, w)R},
and so

R(m, J) = k[[x, y, z, u, v, w]]/(x, y, z) ∩ (u, v, w).
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Then dimR(m, J) = 3 and depthR(m, J) = 1, so R(m, J) is not an almost Cohen-
Macaulay ring. Therefore it follows from Proposition 3.3 that the top local coho-
mology module

H3
(x+y,y+z,u+v,v+w)

(
k[[x, y, z, u, v, w]]/(xu, yv, zw)

)
is not a Gorenstein injective R-module.

In fact, we can also see that there exists an R-module X with finite flat dimension
such that Ext1R(X,H3

J(R)) 	= 0 as follows. (Also see Remark 1.3 (2).) We take a
maximal regular sequence x + u, y + v, z + w on R and set n = (x + u, y + v, z +
w)R. Since n is an m-primary ideal and depthR(m, J) = 1, it is easy to see that
grade (n, Γm,J (R)) = 2. So it follows that Ext2R(R/n, Γm,J (R)) 	= 0. We also note
that fdR(R/n) = 3. Then we have

Ext1R(R/n, H3
J (R)) ∼= Ext1R(R/n, Γm,J (R)∨)

∼= TorR1 (R/n, Γm,J (R))∨

∼= Ext2R(R/n, Γm,J (R))∨ 	= 0.

(Note that [12, Theorem 2] is used in the last isomorphism above.)
Thus R. Sazeedeh’s Theorem for arbitrary dimension does not hold.

Remark 3.8. By the same argument as in Example 3.7 (1), we can also see that
there exists a hypersurface ring R with dimension d ≤ 2 and an ideal J of R
such that Hd

J (R) is not an injective R-module. For example, for a 2-dimensional
complete local hypersurface ring R = k[[x, y, z]]/(yz) and J = (x, y)R, the top

local cohomology module H2
J (R) ∼= Γ(x,y,z)R,J (R)∨ =

(
(y)R

)∨
is not an injective

R-module.
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