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VOLUME FORMULAS FOR A SPHERICAL TETRAHEDRON
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ABSTRACT. The present paper gives two concrete formulas for the volume of
an arbitrary spherical tetrahedron that is in a 3-dimensional spherical space of
constant curvature +1. One formula is given in terms of dihedral angles, and
another one is given in terms of edge lengths.

INTRODUCTION

The calculation of the volume of an arbitrary tetrahedron in a 3-space of non-zero
constant curvature is rather hard, and the first result was given in [I] in 1999 for
hyperbolic tetrahedra. The papers [5] and [4] gave another formula for hyperbolic
tetrahedra, which is implicitly based on the quantum 6j-symbol. Moreover, it
was stated in [5] that an adequate analytic continuation of the obtained formula
is also applicable for a spherical tetrahedron. But the formula is given by multi-
valued functions, and it is not described which stratum we should select for actual
computation. On the other hand, volumes of spherical tetrahedra of special shapes
were given by many people in the past, and the most recent work is [2], which gives
a formula for a spherical tetrahedron having a small symmetry.

In the present paper, volume formulas for a spherical tetrahedron T' of general
shape are given in Theorems 1.1 and 1.2. The formula in Theorem 1.1 is given in
terms of dihedral angles, and the formula in Theorem 1.2 is given in terms of edge
lengths. These formulas are obtained by improving those in [5] and [4], and, by
using the Schlafli differential equality, it is shown that the new formulas actually
give the volume of 7' modulo 2 72. Note that 272 is the volume of S® with radius
1, which is the universal cover of any 3-dimensional spherical space of constant
curvature +1. Since T can be included in a 3-dimensional hemisphere, the volume
of T is less than 2 and so we can actually compute the volume of T from the
formulas in Theorems 1.1 and 1.2.

1. VOLUME FORMULAS

1.1. Volume formula in terms of dihedral angles. Let T be a spherical tetra-
hedron and let 61, 65, ---, 0 be its dihedral angles at edges eq, es, - - -, €g, respec-
tively, given in Figure 1. We assume that 0 < 6; < w for j =1, 2, ---, 6. Let
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FIGURE 1. Edges of T
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3
—Lig(—a5ta; agt 2) — Lig(—azta; ast 2) + Z log a; log aj+3),
j=1
where Liy(z) is the dilogarithm function defined by analytic continuation of the
following integral:

“log(l—t
(1.1) Liy(z) = —/ % dt for a real number x < 1.
0

The analytic continuation of the right-hand side integral defines a multi-valued
complex function lig(2), and let Liz(z) be the principal branch of liz(z) which is the
analytic continuation of (1)) on the region C\ {x € R | > 1}. We also fix the
principal branch of the log function as usual by the branch cut along the negative
real axis.

We define the auxiliary parameter zy as

— /g2 — 4
(12) 20 = q1 + ql q0 QQ’

2q2

where
o =a1a4 +az2a5+ azag + ay a2 ag + ai asas + az as ay
+ a4 a5 ag + ay az as aq as ag,

¢ =—(a1 —ay )(as —ag") — (az — a3 ") (as — a5 ') — (as — a3 " )(ac — ag '),

1 1

11, -1 —1 =11, =11 —1, -1 —1 —
G2=0y Gy *+ay G5 +a3 a5 +a; Gy G5 +a; a3 ag

1 1

-1, -1 _—1 -1 -1 _—1 -1 -1 -1 -1 -1 —
+aqgag a, +ay a5 ag +a; Gy Gy Ay Gy Qg .

Then zq is a solution of

(1.3) exp (22 %) =1,

where

ox 226—L _ (a1azaz +2) (ayasae + 2) (az ag ag + 2) (a3 aq as + 2)
P - (1—2)(a1azasas — 2) (a1 azag as — 2) (az az as ag — )

0z
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Now we state the main result of this paper.

Theorem 1.1. Let T be a spherical tetrahedron with dihedral angles 61, 02, - -, 04
at the edges e1, €2, -+ eg given in Figure Dl Let a; = €% forj=1,2,---, 6 and
let Vol(T') be the volume of T. Then

1 3
Vol(T') = —Re(L(ai, az,--- ,a¢,20)) + 7 |arg(—qz2) + 3 2:1 ;] — B ™
iz

mod 272,

where Re(z) is the real part of z and zg, g2 given by (L2).

1.2. Volume formula in terms of edge lengths. Let T be a spherical tetrahe-
dron with edge lengths Iy, lo, - - -, lg at the edges eq, e, -+ eg, respectively, given
in Figure M Let b; = €' for j = 1, 2, ---, 6 and let L(by, b, bs, ba, bs, bs, z) =
L(=byt, =bs !, —bgt, —brt, —by ', —b3!, 2). Then the following formula holds.

Theorem 1.2. For a spherical tetrahedron T as above,
Vol(T)) = Re(f(bl, b, -+, bg, EO)) — rarg(—g)
8Re(f(b1, b2, ce ,b6, Z))

-2l al;

J=1

1
— §7r2 mod 272,

zZ=Zz0
where Zy and gy are obtained from zy and g2 in (L2) by substituting a; with _bj_i13
forj=1,2--- 6.

2. PROOF OF THE FORMULAS

2.1. Gram matrices. Let T be a spherical tetrahedron with dihedral angles 61,
-+, 0 as before. Let G be the Gram matrix of T defined by

1 —cosf; —cosfy —cosbyg

G- | —cos 01 1 —cosfl3 —cosls

" | —cosfy —cosbs 1 —cosfy
—cosflg —coslls —cosby 1

An actual computation shows that the discriminant in (2] is given by
(2.1) @? —4qyq2 =16 det G,
which is positive since T is spherical. It is known] that

c
(2.2) cosly = —2L |

and so we have
22, — Cpp Cqq + 21 Cpg Vdet G sinb);

Cpp Cqq

(2.3) exp(2il;) =

Formula [Z2) comes from the formula on p. 7, 1.4, of [2] applied to the dual tetrahedron T*.
It is a spherical version of the formula just below (5.1) in [6].
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by using the formula (5.1) in [6] that is ¢2, — ¢ppcqq = —det G sin®6;. Here
p and ¢ denote the row and column of G = (g.) such that g,y = —cosbj,
{p,q} = {1,2,3,4}\ {p', ¢'} and c,y is the cofactor of G, i.e. cqp = (—1)%1° det Gy
where G is the submatrix obtained from G by deleting its a-th row and b-th
column.

2.2. Some functions and their properties. Before proving the formulas, we
introduce some functions and investigate their properties. Let T be an abstract
tetrahedron, let 61, s, - -+, 6 be its dihedral angles at the edges e1, es, -+, eg as
before, and let

DS:{(91792>"' 796) S (O,W)G CR6|91792, R 96

correspond to the dihedral angles of a spherical tetrahedron}.
Let a; = eiej forj = 1727... 767
A0 (l‘, Y, Z) -

1
~1 (Lig(—xy_lz_l) + Lig(—2 'yz™) + Lio (=2 'y~ 2) + Lig(—xyz)>,

Alar,az,- -+ ,a6) = Ag(ar,a2,a3) + Ag(ar, as, ag) + Ao(az, as, ag)

Z log a] ,
j=1

U(a17a27"' 7a67z) = L(a17a27"' 70/672) +A(al>a2>"' 7a6)>

+ Ag(as, as, as) —

l\3|’—‘

and

V(a’lv a2, a3, a4, 0as, a’ﬁ)

6

13
= —U(ay,a2,as,a4,as,a6,20) + i | logzg — Z loga; | — 5 2.
j=1
Lemma 2.1. The function A(ay,as,--- ,ag) is analytic on Dy and the imaginary

part of 4@-% s given by
0A
Im (4aj —> = -2m.
8aj

Proof. We prove this for the case j = 1. For the function A,

0A 00y (a1, az,a3) 0Ap(ay,as,a¢)
8(11 - 8(11 + @ 8(11

—logay

and

6A0(alaal)7a’q) o
ag ———42 =

8@1

1 aq
- (log(1 — log(1
1 (loe(1-+ 22— tog(1 +

Py —log(1 ! log(1
) —10g(1-+ 20) + log(1 + 1)
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for {p,q} = {2,3}, {5,6}. The imaginary part Imlog(1 + €'’) is given by

if —m <6<,
Imlog(1 +e) =
-7 ifr<6<3m.

D N D

Let 6., 0,, 0,, be three dihedral angles at three edges having a vertex in common.
Then they satisfy
(24) 0< 0y +0,—0y, 0, —0,+0y, —0,+0,+0, <7, 7<60,+0,+6, <3m.
Hence Ag(a1, ap, aq) is analytic on D, and we have
8A0 (al, Qp, (lq) 6‘1 s 0A
I — = == — = Im (4 =-2T.
m <a1 8&1 2 4’ m “ Day 6@1 T

Moreover, A is analytic on Dy because none of the imaginary parts of the log terms
of A attain either m or —7 on Djy. |

Lemma 2.2. The function L(ay,as,- -+ ,ag,20(a1,a2, - ,a¢)) is analytic on Ds,
and so Ulay,as, -+ ,ag,20(a1,a2, - ,ag)) is analytic on Dy.

Proof. We know that |2p| < 1 because, for qq, q1, g2 in [[L2)), ¢1 is a real number
and qoq2 = qoGo = |qo|? is a positive real number, and ¢? — 4qpqs is also a positive
real number by (2.1). This implies that, for w € C with |w| =1, |w 29| < 1. Noting
that Liz(z) is analytic on the unit open disk {z € C | |z| < 1}, all the dilog terms

of L are analytic on D, since |a1]| = --- = |ag| = 1. O
. aU .
Lemma 2.3. The differential 52 satisfies 202C P ‘Z o = T
‘e QU _ DL — L
Proof. Since G- = %~ and z is a solution of equation (L3)), 2o 8z ‘z ., = kmi for

some integer constant k because U is analytic on D; by the above lemma. Let Tz
be the regular spherical tetrahedron with edge lengths 7/2. Then 6; = 7/2, a; = ¢
forj=1,---,6, 20 = (i +1)/2 and

ou 1 1—14 1+
-— =—1—-41 41 =i.
) 92 .3 ( og 5 + 4 log B ) T
Hence Zo%—g |z:ZO = m¢ for all the spherical tetrahedra. O

Now we show the following proposition for V' corresponding to the Schlafli dif-
ferential equality

l;
(2.5) dVol(T) = > 53 db;,
j=1
which is a fundamental tool for analyzing the volume. For example, see [3].

Proposition 2.4. The function V satzsﬁes =1;/2 forj=1,2,---,6.

Proof. Let ¢ = exp (4 aq g—aAl) and ¢ = exp ( 2a1 3 aL

y ) . Then

(a1 + az as)(ay az a3 + 1)(a1 + a5 ag) (a1 as ag + 1)
(a1 a2 + as)(ay ag + a2)(a1 as + ag)(ay ag + as)
w= (a1 az ag a5 — 2p)(ay as aq ag — 2o)
~ ay(ayasas + z)(ayasag + 2o)
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An actual computation and ([Z3]) show that

ou
exXp 4@1 8_(11
ou

Hence we get 154,

_ (pr _ 2 (3%4 — ¢33C44 + 2ic34V det G sin 07

= exp(21; ).
z=zo C33 C44

= i(l; + km)/2 for some integer constant k because U

is analytic on Dy by Le[;nma For the tetrahedron Tz given in the proof of
Lemma 23] I; = 7/2 and algTUl = —3mi/4, which means that k = —2 and
Z=Z0

ou —i(l, — i U _ ;. 9U
a1 5a; T i(lh —2m)/2. According to Fg- = ia15,;, we have

ou 1
2. — ==-02n-1).
(26) Wl =0T
Therefore
9 6
8_91 —U(al, e ag, Zo(a, - - ,aﬁ)) + 79 (logzo - ; logaj>
b 00U 0: 1
- 2 86‘1 0z _ 691 Z0
Since %—g}zz% =i7/z0 by Lemma 23] we get gTVl =1/2. O

2.3. Proof of the formula in terms of dihedral angles. We first give a formula
using complex analytic functions.

Proposition 2.5. Let T be a spherical tetrahedron with dihedral angles 0y, 65, - -,
O at the edges e1, ea, --- eg as in Figure Il Let aj = e forj=1,2,---,6 as
before and let Vol(T') be the volume of T. Then

Vol(T) = V(ay, a9, a3, a4,as,a6) mod 2>
Proof. For the tetrahedron T’z in the proof of Lemma 23] we have a; =1, zp = %
volume of S? with radius 1 is 272. Because V is analytic on some neighborhood N
of Tz in D, two functions V' and Vol are identical on N by Proposition 24 and
Schafli differential equality. Moreover, Vol is analytic on Dy and so it is given by an
adequate analytic continuation of V. We already showed in previous lemmas that
all the terms in V' except 7t log zp are analytic on Dy, and the analytic continuation
of milog g is milog zo + 2km? for some integer k. Hence we get the proposition. [

Proof of Theorem 1.1. We prove Theorem 1.1 by investigating the real part of
V. For 6 € [0,27] C R, the real part of Lis(e’) is given by Re(Liz(¢?)) =
Re(Liz(e™)) = 62/4 — w60/2 4 7%/6. Substituting this in each dilog function of
Re(A(as, ag, -+, ag)), we get Re(A(ay,az, -+ ,a6)) = —27%/3 + 25:1 76;/2 by
using ([2.4)). We also know that Imlog zp = — arg(—qz) since the numerator of zg in
([T2) is a negative real number. Hence we get Theorem 1.1 from Proposition 25 O

Remark 2.6. The function V is non-continuous at the points where the values of
q2 are positive real numbers.
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2.4. Proof of the formula in terms of edge lengths. We use the notation in
Subsection 2.2.

Proof of Theorem 1.2. Let 01, 05, - -+, g be the dihedral angles at the edges ey, es,
-+, eg of T and let T* be the dual tetrahedron of T' given by [3, p. 294]. Then the
dihedral angles of T* are m — l4, m — l5, m — lg, m — l1, m — lo, m — I3 and the edge
lengths of T* are m — 04, m — 05, m — 05, m — 01, m — O3, m — 03. The relation of
volumes of T and T* is given by [3] p. 294] as follows:

6
oy L 3 2

By Theorem 1.1, we have

Vol(T*) = —Re(L(by, ba, - -+ ,bg, %)) + 7 | arg(—g2) +

DN | =

6
3
Y1) -5
j=1 2
mod 272
Because B(WLMU(—bzl, —bgl, —b6_1, —bl_l7 —b;l, —b;l7 z)‘ = (2 7r—(7r—9j))/2
by @8) and g2yRe (A(=b; ", —b5 ', ~bg ', —by ', —by ', —b3")) = 7/2 by Lem-

ma [2.J] we know that agTJ‘ = —0;/2. Hence
J Zzz(]

Vol(T) ::I{e(f(bl,bz,-~-,b6,2b))-—-ﬂ arg(—q2)
~ ORe(L(b1, by, -+ ,bs, 2))

2l al;

j=1 2=z

and we get Theorem 1.2. O
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