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POLYNOMIALS WITH AGL-MONODROMY

FLORIAN MÖLLER

(Communicated by Ted Chinburg)

Abstract. Let p be a prime and r, e positive integers. In this paper we prove
that the full affine group AGL(r, pe) of dimension r over the field with pe

elements can be realized as the geometric monodromy group of a polynomial
in characteristic p. We also determine the arithmetic monodromy group of
this polynomial and the ramification structure it induces.

1. Introduction

Let p be a prime, K a fixed algebraic closure of the field with p elements, f ∈
K[X] a polynomial with coefficients in K, and k the subfield of K that is generated
by the coefficients of f . Denote with t a transcendental over K. Suppose that f is
not a p-th power of some other polynomial. Then f(X)− t ∈ K(t)[X] is separable
and, hence, we can define the two Galois groups

Af := Gal
(
f(X)− t | k(t)

)
and Gf := Gal

(
f(X)− t | K(t)

)
.

Af is called the arithmetic monodromy group of f ; Gf is called the geometric
monodromy group of f .

Monodromy groups of a polynomial encode many properties of the polynomial.
In fact, some questions about polynomials can be entirely stated in terms of their
monodromy groups. A prominent example of such a question was motivated by
Dickson [12] in 1896:

Call a polynomial f over a finite field k of characteristic p > 0 exceptional over
k if the mapping κ → κ, x �→ f(x) is bijective for infinitely many finite extensions
κ of k. Now, given a finite field k, which polynomials are exceptional over k?

Clearly, f is exceptional if and only if the p-th power of f is. Hence, we can
restrict ourselves to exceptional polynomials that are not p-th powers of other
polynomials. This allows us to give a translation of the question after exceptionality
in terms of pure group theory: Fix a root x of f(X) − t and denote the stabilizer
of x in Gf resp. Af with H resp. U . Then f is exceptional if and only if H and U
only have the orbit {x} in common.

Albeit interesting advances have been made (cf. [14] and thereupon [15, 16, 18])
the exceptionality problem is still open, mainly, because up to now we cannot decide
whether a given group G is a monodromy group or not — except by constructing
an appropriate polynomial. However, there is a necessary condition on G: the
infinite place of K(t) ramifies totally in a root field of f(X) − t. Hence, G must
contain a subgroup that can serve as an inertia group of the infinite place. Using
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this restriction, Guralnick and Saxl [17] produced a list of possible candidates for
monodromy groups. But it is still unclear which groups of this list actually occur.

In a long series of papers, Abhyankar found many polynomials realizing groups on
the Guralnick-Saxl list; among them are various simple groups, projective groups,
and linear groups; cf. [1, 2, 3]. An expository summary about Abhyankar’s work
on monodromy groups with many references is given in [5, Sec. 15 ff.]. Recently,
Conway, McKay, and Trojan [9] simplified some of Abhyankar’s proofs and, ad-
ditionally, gave particularly nice polynomials with monodromy groups including
several Mathieu groups.

Also, in dealing with the exceptionality problem many interesting monodromy
groups have been found, for instance, some affine groups, dihedral groups, and
PSL(2, q); cf. [15, 16, 18].

It seems that a classification of affine monodromy groups is especially challeng-
ing. This is caused by the fact that an affine group naturally fulfills the necessary
condition on monodromy groups stated above: simply choose some extension of the
translation subgroup as a candidate for an inertia group of the infinite place.

Therefore the affine monodromy case is wide and open. For instance, the
Guralnick-Saxl list [17, Thm. A] subsumes this case under the statement “Gf has
degree a prime power”. Under strong additional assumptions one can prove more;
cf. [17, Thms. 6.3, 6.4]. But the general affine case is far from being settled.

In this paper we present a new class of polynomials realizing the full affine groups
AGL(n, q) as geometric monodromy groups. We also determine which arithmetic
monodromy groups occur. Additionally, we explicitly describe the ramification
structure induced by this class.

Our polynomials can essentially be seen as a generalization of the polynomial
Xpr

+ Xpr−1 whose geometric monodromy was proved to be AGL(1, pr) by Ab-
hyankar [4] in 1994. One obtains Abhyankar’s polynomials by setting s = 0 in (1).
An alternative and probably simpler proof of Abhyankar’s result is given in Corol-
lary 8.

Definitions and notation. Throughout this paper p is a prime, Fp the field with
p elements, and K a fixed algebraic closure of Fp. Every algebraic extension of Fp is
regarded as a subfield of K. For q a power of p we denote the field with q elements
by Fq. t is a transcendental element over K. We write F× for the set of invertible
elements of a field F .

f ∈ K[X] always denotes a polynomial of the form

(1) f(X) := Xpr

+

s∑
i=0

aiX
pr−pi

with ai ∈ K, s < r, and a0as �= 0.

Sometimes we write n instead of pr for the degree of f .
k is the smallest field over which f is defined, i.e., k = Fp(a0, . . . , as). Note that

f ′ �= 0. Hence, f(X)− t ∈ K(t)[X] is separable and the monodromy groups

Af = Gal
(
f(X)− t|k(t)

)
and Gf = Gal

(
f(X)− t|K(t)

)
are defined. The roots of f(X) − t in some algebraic closure of K(t) are denoted
by x1, . . . , xn. x is a fixed root of f(X)− t. Define

L := K(x1, . . . , xn) and λ := k(x1, . . . , xn);

L resp. λ is the splitting field of f(X)− t over K(t) resp. k(t).
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We always consider Af and Gf as permutation groups acting naturally on the set
of roots {x1, . . . , xn}. Note that both monodromy groups are transitive since the
polynomial f(X)− t is irreducible (its negative is a monic polynomial of degree 1
in t).

Our notation for the classical linear groups and their projective and affine in-
carnations is standard. Unless explicitly stated these groups always act naturally
on their modules. Throughout, we denote the translation subgroup of a primitive
affine group by N . Note that N is the unique minimal normal subgroup of this
group.

Outline of the paper. Section 2 deals with the determination of the monodromy
groups of f .

We first show that the polynomials in question are closely related to linear poly-

nomials, i.e., polynomials of the shape
∑r

i=0 aiX
pi

. This yields upper bounds on
the monodromy groups. A consideration of some permutation properties of Gf

proves that Gf is almost always a Jordan group (a definition and a classification
result about Jordan groups are stated in Section 2.2). This gives a lower bound on
Gf and eventually proves

Theorem 1. Let f be a polynomial of the form (1). Define e to be the greatest
common divisor of r and all 0 ≤ i ≤ s with ai �= 0, e := gcd(r, i | ai �= 0). Then
Gf = AGL(r/e, pe).

An investigation of constant field extensions of λ|k(t) in Section 2.4 yields

Corollary 2. Let f be a polynomial of the form (1) and define the integer e as
in the theorem above. Then Af is the unique intermediate group between Gf =
AGL(r/e, pe) and AΓL(r/e, pe) with

[Af : Gf ] = [kFpe : k].

Here, kFpe denotes the compositum of k and Fpe , i.e., the smallest subfield (of K)
that contains both k and the field with pe elements.

An interesting consequence of these two results is that Gf only depends on the
degrees of the terms of f but not on the actual values of the coefficients. However,
this is not true for Af . For instance, denote by ξ an element ofK with multiplicative
order p2 − 1 and define

f1 := Xp4

+Xp4−1 +Xp4−p2

and f2 := Xp4

+Xp4−1 + ξXp4−p2

.

Then, by Theorem 1,

Gf1 = Gf2 = AGL(2, p2).

But Corollary 2 yields

Af1 = AΓL(2, p2) and Af2 = AGL(2, p2).

This discrepancy comes from the fact that the minimal fields of definition of the
polynomials differ: f1 can be defined over Fp, whereas f2 can only be defined
over Fp2 . Thus, in contrast to Af2 , the group Af1 permits an additional field
automorphism of order 2.

In Section 3 we discuss the ramification structure of the extension L|K(t). Our
main result is Theorem 20, which gives the isomorphism types of the inertia groups
of all branch points as well as a full description of the higher ramification.
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We can use these results to explicitly calculate the genus γ of the fixed field E of
the translation subgroup N in L|K(t). The family (1) of polynomials can be used
to construct examples of nonrational fields E. This is interesting insofar as there
is little known about which function fields may occur for E.

For instance, consider the polynomial f(X) = Xp2

+Xp2−1+Xp2−p. Theorem 1
and the Riemann-Hurwitz genus formula yield

Gf = AGL(2, p) and γ =
1

2
(p3 − 3p2 + 4).

This proves that γ is not bounded. The case p = 3 shows additionally that even if
Gf is solvable E need not be rational.

2. Determination of the monodromy groups Gf and Af

2.1. An upper bound. We first state a central but easy observation. Define
Z := X−1 and zi := x−1

i . Then the equation f(X)− t = 0 can be rewritten as

(2) Zpr −
s∑

i=0

1

t
aiZ

pi − 1

t
= 0.

Its zeros are exactly the zi. Moreover, L = K(z1, . . . , zn) and the action of Af and
Gf on {x1, . . . , xn} is equivalent to the action on {z1, . . . , zn}.

Equations of type (2) have been intensively studied at least since Dickson [11]. A
more contemporary approach can be found in Elkies [13], who proved the following.

Theorem 3 (based on Elkies [13, Thm. 3]). Let q := pf be a power of p and
denote by k the field with q elements. Let c0, . . . , cn, t be algebraically independent
transcendentals over k. Then the Galois group of

(3)

n∑
i=0

ciX
qi − t

over k(c0, . . . , cn, t) is AGL(n, q).

Since equation (2) is a specialization of (3), we obtain the following lemma.

Lemma 4. Both Af and Gf are subgroups of AGL(r, p).
Let e denote the greatest common divisor of r and all 0 ≤ i ≤ s with ai �= 0,

e := gcd(r, ai | ai �= 0). If κ is an algebraic extension of k containing Fpe , then

Gal
(
f(X)− t|κ(t)

)
≤ AGL(r/e, pe).

In particular, Gf is a subgroup of AGL(r/e, pe).

Proof. The first claim follows from Theorem 3 by setting the parameter q of the
theorem to p and the observation that equation (2) then results from a separable
specialization of (3).

The second part of the lemma is due to the definition of e. The polynomial f
can be written as

f(X) = Xpe·r/e
+

m∑
i=0

αiX
pe·r/e−pe·i

,
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where the αi are elements of k, the integer e ·m equals s, and α0αm = a0as �= 0.
Setting q := pe and rewriting the equation f(X)− t = 0 according to (2) yield

Zqr/e −
m∑
i=0

1

t
αiZ

qi − 1

t
= 0.

Since we consider this equation over a field containing Fq, Theorem 3 gives the
claim. �
Remark 5. We shall describe the action of AGL(n, q) on the roots of (3) and,
subsequently, the action of the monodromy groups of f .

Denote the set of roots of (3) with R := {z1, . . . , zn}. Fix an element z ∈ R.
Then R can be written as

R = z + V,

where V is the set of roots of the linearization of (3), i.e., of the polynomial

L(X) :=
∑n

i=0 ciX
qi . This polynomial fulfills L(X + Y ) = L(X) + L(Y ) for any

two transcendentals X and Y . Furthermore, L(αX) = αL(X) if and only if α ∈ Fq.
This shows that V is an Fq-vector space and R is an affine space over V .

The action of AGL(n, q) on R is the natural action; cf. [13, p. 79]. Denote with
N the unique minimal normal subgroup of AGL(n, q) and with H the stabilizer of
z. Then

AGL(n, q) = N �H.

N is the translation subgroup of AGL(n, q); it comprises the maps

tv : R → R, r �→ v + r with v ∈ V,

acts fixed point freely on R, and fixes V pointwise. By definition, H = GL(n, q)
fixes z and acts on V in its natural n-dimensional representation.

The action of Af and Gf on the set of roots of f(X)−t is essentially the same as
the action above. The monodromy groups are not merely subgroups of AGL(r, p);
they also inherit the same permutation representation.

A more detailed consideration of the structure of f yields

Lemma 6. Gf is doubly transitive.

Proof. Let X and Y be algebraically independent transcendentals over K. Set
φ(X,Y ) := f(X) − f(Y ) ∈ K[X,Y ]. We prove in the sequel that the polynomial
φ(X,Y )
X−Y is absolutely irreducible. The claim then follows from [21, 6.11].
Suppose φ is written as a product

φ(X,Y ) =
(
Ak(X,Y ) +Ak−1(X,Y ) + . . .

)(
Bm(X,Y ) +Bm−1(X,Y ) + . . .

)
with Ai, Bi ∈ K[X,Y ] being homogeneous polynomials of degree i. Then

AkBm = Xpr − Y pr

= (X − Y )p
r

;

this gives Ak = a(X − Y )k and Bm = a−1(X − Y )m with an a ∈ K×. Hence,

a0(X
pr−1−Y pr−1) = AkBm−1+Ak−1Bm = a(X−Y )kBm−1+a−1(X−Y )mAk−1.

As the left-hand side of this equation is separable in X, it follows that k = 1 or
m = 1. �
Remark 7. Note that the above lemmas do not imply that Gf is an affine group. For
instance, the group AGL(3, 2) contains a doubly transitive nonaffine complement
of its translation subgroup; cf. Huppert [19, II 3.4 (b)].
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Lemma 6 gives a proof of Abhyankar’s original theorem without using Zassen-
haus’ classification of finite near-fields.

Corollary 8. If s = 0, then Gf = AGL(1, n).

Proof. By the double transitivity of Gf the integer n(n − 1) divides |Gf |. Since
s = 0, Gf is a subgroup of AGL(1, n) by Lemma 4. �

2.2. Jordan groups. In this and the following section we heavily use the theory
of Jordan groups. For the convenience of the reader we state some definitions and
results. We omit the proofs. These and additional information about the subject
can be found, for instance, in Neumann [22].

We start with

Definition 9 (Jordan group). Let G be a transitive group on a finite set Ω.

(1) A subset Γ ⊆ Ω is said to be a Jordan set (for G acting on Ω) if |Γ| > 1
and the pointwise stabilizer

G(Δ) := {g ∈ G | ∀δ ∈ Δ : δg = δ}
of the complement Δ := Ω � Γ is transitive on Γ. The set Δ will then be
called the Jordan complement corresponding to Γ.

(2) In the case Γ = Ω, we call Γ and Δ trivial.
(3) Suppose G is k-transitive but not (k+ 1)-transitive. Let Γ be a Jordan set

for G. If its Jordan complement Δ has order |Δ| > k, then we call Γ a
proper Jordan set.

(4) G is called a Jordan group if there exists a proper Jordan set for G.

The distinction between proper and improper Jordan sets in number (3) of the
definition results from the fact that if G is (k + 1)-transitive, then any subset
Δ ⊆ Ω of size ≤ k is a Jordan complement. Hence, improper Jordan sets do not
reveal any additional information about G.

We also need the following classification.

Theorem 10 (Classification Theorem). Given that all finite simple groups are
known, if G is a primitive Jordan group, then G is one of the groups in the following
list.

Affine groups: Let q be a prime power, F the field with q elements, and
d ≥ 2. The group G with ASL(d, q) ≤ G ≤ AΓL(d, q) in its natural action
on the d-dimensional affine F -space is a primitive Jordan group.

Projective groups: Let q be a prime power, F the field with q elements,
and d ≥ 2. The group G with PSL(d + 1, q) ≤ G ≤ PΓL(d + 1, q) in its
natural action on the d-dimensional projective F -space PG(d, q) of order
(qd+1 − 1)/(q − 1) is a primitive Jordan group.

Exceptional groups: The alternating group A7 occurs as a doubly transitive
subgroup of PGL(4, 2). It is a Jordan group on the 15 points of PG(3, 2).

This group has a transitive extension. If N is the translation group of
the affine group AGL(4, 2), then N � A7 is a triply transitive subgroup. It
is a Jordan group on the 4-dimensional affine F2-space.

The Mathieu groups M22, M23, M24, Aut(M22) are Jordan groups of
degrees 22, 23, 24, 22, respectively. They act on their corresponding Steiner
systems.
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The next lemma is the basis for all further restrictions on Gf .

Lemma 11. If (p, r, s) �= (2, 1, 0), then there exists a nontrivial Jordan complement
Δ for Gf of size ps.

If p �= 2 and s > 0, then the Jordan set corresponding to Δ is proper and Gf is
a Jordan group. The same holds if p = 2 and s > 1.

If (p, s) = (2, 1), then Gf is triply transitive.

Proof. Rewrite the equation f(X)− t = 0 into

t = f(X) = Xpr−ps ·
(
Xps

+

s∑
i=0

aiX
ps−pi

)
.

Since the right-hand factor is separable, the zero place 0 : t �→ 0 ofK(t) decomposes
in the root field K(t, x) = K(x) in the following way:

(4) 0 = P
pr−ps

0 ·P1 · · ·Pps with pairwise different places Pi of K(x).

Fix a place P of L lying over 0 and denote the inertia group of the extension P|0
with I0. By van der Waerden [25] I0 fixes a set Δ ⊆ {x1, . . . , xn} of ps elements
pointwise and permutes the remaining pr − ps elements transitively. Call this orbit
Γ. As (p, r, s) �= (2, 1, 0), the length of Γ is at least 2. The pointwise stabilizer
of Δ in Gf contains I0 and is a fortiori transitive on Γ. This proves that Δ is a
nontrivial Jordan complement for Gf .

Suppose p �= 2 and s > 0. As by Lemma 4, Gf is a subgroup of AGL(r, p) with
r ≥ 2, it is not triply transitive; cf. Huppert [19, II 2.3 (b)]. As ps = |Δ| > 2, the
claim follows.

Now assume p = 2 and s > 1. Then r > 2, and Gf is not 4-transitive by
Huppert [19, II 2.3 (c)]. Since |Δ| > 3, Gf is a Jordan group in this case, too.

If (p, s) = (2, 1), then |Δ| = 2, and since Gf is doubly transitive by Lemma 6,
the 3-transitivity of Gf follows. �

Remark 12. In general, the above lemma becomes wrong for s = 0. In this case we
have Gf = AGL(1, pr). By the Classification Theorem this group is not a Jordan
group; neither is it triply transitive (except for AGL(1, 3) = S3).

Remark 13. We can give a different proof of the double transitivity of Gf based on
Lemma 11.

In case (p, r, s) = (2, 1, 0) the group Gf is a transitive group acting on n = 2
elements. Hence, Gf equals the doubly transitive group AGL(1, 2) = S2.

In the remaining cases, Gf is a group possessing a nontrivial Jordan comple-
ment. A famous theorem of Jordan states that under these conditions, primitivity
and double transitivity actually describe the same property of the group; cf. [22,
Thm. J1]. Therefore we only have to show primitivity in the sequel.

It is a direct consequence of Lüroth’s theorem on subfields of rational function
fields that Gf is primitive if and only if f is functionally indecomposable; i.e., f
cannot be written as a composition f = g ◦ h with nonlinear polynomials g, h ∈
K[X]. A proof of this result can be found for instance in [21, 6.10].

Suppose there exist nonlinear polynomials g, h ∈ K[X] such that f = g ◦ h.
Note that any decomposition of f induces a set of “similar” decompositions via
linear shifts in X; i.e., if f = g ◦ h, then also f = g̃ ◦ h̃, where h̃(X) := h(X)− c,
g̃(X) := g(X + c), and c ∈ K. Hence, we are free to assume h(0) = 0 in our
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original decomposition. Since f(0) = 0, this implies g(0) = 0, too. Observe that
the derivative of f fulfills

g′
(
h(X)

)
· h′(X) = f ′(X) = −a0X

pr−2.

First suppose g′(0) �= 0. Then X � g′ ◦ h and it follows that Xpr−2 | h′. Hence,
deg h ≥ pr − 1. But then pr = deg f = deg g · deg h ≥ 2(pr − 1), a contradiction.

Thus, g′(0) = 0. As 0 ∈ K is the only zero of f ′, the polynomial h fulfills
h(ξ) �= 0 for all ξ ∈ K×; hence, h(X) = h0X

α. But then every summand of f
has degree divisible by α. Since pr and pr − 1 are relatively prime, this condition
enforces α = 1 and contradicts the nonlinearity of h.

2.3. Determination of Gf . We use the classification of primitive Jordan groups
to obtain the following preliminary statement about Gf .

Lemma 14. Gf is an affine group. Moreover, there exists a divisor d of r such
that either

ASL(r/d, pd) ≤ Gf ≤ AΓL(r/d, pd) or F4
2 �A7

∼= Gf ≤ AGL(4, 2).

In the latter case Gf belongs to the class of exceptional groups of Theorem 10 and
is unique in AGL(4, 2) up to conjugacy.

Proof. The claim follows from Corollary 8 if s = 0. Hence, we assume s > 0 from
now on.

Denote by

S := soc(Gf ) =
〈
H | H is a minimal normal subgroup of Gf

〉
the socle of Gf . As Gf is doubly transitive, S is either elementary abelian or a
nonabelian simple group; cf. Cameron [6, 5.2]. We prove that the latter case does
not occur.

The proof proceeds in three steps. First, we assume that S is nonabelian simple.
We show that this implies that S is a projective special linear group. Next, we
discuss this case in detail and prove that it leads to a contradiction. Thus, we end
up in the elementary abelian case, which we discuss last.

Step 1. Suppose S is nonabelian simple.

If p �= 2, or p = 2 and s > 1, then Gf is a Jordan group by Lemma 11, and the
Classification Theorem shows that either Gf is a projective or an exceptional group.
Assume Gf is exceptional. Then Gf = M23 because the degree of Gf is a prime
power. But M23 = Gf �≤ AGL(1, 23), a contradiction. Hence, Gf is projective.

Now assume (p, s) = (2, 1). Then, again by Lemma 11, Gf is a triply transitive
group of degree 2r. The classification of nonaffine doubly transitive groups (a
nice list is given in Cameron [6]) shows that S is either a projective group or the
alternating group A2r with 2r ≥ 5. In the latter case S ≤ AGL(r, p) is at least
23 − 2 = 6-transitive, which contradicts Huppert [19, II 2.3 (d)]. Hence, Gf is
projective, too.

Step 2. Suppose S is nonabelian simple with S = PSL(d, q).

We first show that this implies that (pr, d, q) = (8, 2, 7).
S is a subgroup of the affine group AGL(r, p). Denote the translation subgroup

of AGL(r, p) by N . The simplicity of S gives S ∩ N = 1. Thus, S embeds into a
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point stabilizer of AGL(r, p) which is GL(r, p). Since the degrees of S and Gf are
equal, the integers pr, d, and q fulfill the equation

(5) pr =
qd − 1

q − 1
.

First assume d > 2, or d = 2 and q even. Then qd − 1 has a primitive prime
factor according to Zsigmondy’s theorem (a nice proof of the theorem can be found

in [23]). By (5) this prime factor is uniquely given by p; in particular, qd−1
q−1 and

q− 1 are relatively prime. The group PGL(d, q) contains an element of order pr by
Huppert [19, II 7.3 (c)]. Since the order of the factor PGL(d, q)/S divides q − 1, it
is relatively prime to pr. Hence, S also contains an element of order pr. The same
holds for GL(r, p) as S embeds into this group. But this contradicts the structure
theorem of p-Sylow subgroups in GL(r, p); cf. Huppert [19, III 16.5 (a)].

Next assume d = 2 with odd q. Then p = 2 is even. Again, PGL(2, q) contains an
element of order 2r. Since PGL(2, q)/S is cyclic of order 2, there exists an element
of order 2r−1 in S and, thus, in GL(r, 2). As above, we use the structure theorem
and obtain r ∈ {2, 3}. The simplicity of S eventually yields (pr, d, q) = (8, 2, 7).

Now we show that (pr, d, q) = (8, 2, 7) is contradictory.
As S = PSL(2, 7) is self-normalizing in AGL(3, 2), it follows that S = Gf . An

explicit computation shows that Gf does not have Jordan complements of size 2 or
4. This contradicts Lemma 11.

Step 3. Suppose S is elementary abelian.

Then S is regular by Huppert [19, II 1.5] and Gf is an affine group.
In the case of Gf being a Jordan group, the claim follows from the Classification

Theorem. Otherwise G is a triply transitive affine group in even characteristic. The
assertion then follows from the classification of these groups in Cameron/Kantor [7,
Cor. 8.2]. �
Remark 15. Note that the classification statement of Cameron/Kantor [7, Cor. 8.2]
we used above is correct although the given proof may not be; cf. [8]. A different
proof of this result arises from the observation that for n > 2 a point stabilizer of a
triply transitive affine subgroup of AGL(n, 2) is not an affine group itself. One can
then employ the classification of doubly transitive nonaffine groups. Alternatively,
one could use Hering’s classification of transitive linear groups.

By the above lemma, Gf is affine and, hence, contains the subgroup of transla-
tions. The next lemma investigates the fixed field of this group.

Lemma 16. Denote by N the translation subgroup of Gf and set E := Fix(N), the
fixed field of N in the extension L|K(t). Fix a place P of E lying over the infinite
place ∞ of K(t) and denote the inertia group of P|∞ by F∞. Then F∞ is cyclic
of order n− 1.

In particular, a point stabilizer of Gf contains a cyclic subgroup of order n− 1.

Proof. Denote the set of roots of (2) with R := {z1, . . . , zn} and fix an element
z ∈ R. By Remark 5, R is an affine space. Its underlying vector space is given by

V := R− z = {z1 − z, . . . , zn − z}.
Remark 5 shows that N equals the kernel of the action of G on V . Therefore the
fixed field E of N is given by E = K(t, V ).
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V is the set of zeros of Zpr −
∑s

i=0
1
t aiZ

pi

. Hence, all elements of V × := V \{0}
are annihilated by Zpr−1 −

∑s
i=0

1
t aiZ

pi−1. The identity Z = X−1 shows that

Zpr−1 −
s∑

i=0

1

t
aiZ

pi−1 = 0 ⇐⇒
s∑

i=0

aiX
pr−pi − t = 0.

The latter polynomial is irreducible since its negative is a monic polynomial of
degree 1 in t. We obtain an alternative description of E: The field E is the splitting
field of the polynomial

F (X) := Xpr−1 +

s∑
i=1

ai
a0

Xpr−pi − 1

a0
t.

Fix an element v ∈ V ×. Then F is the minimal polynomial of v. The structure
of F shows that ∞ is tamely and totally ramified in K(v)|K(t). As E is the
compositum of all fields K(w) with w ∈ V ×, Abhyankar’s Lemma shows that the
extensionP|

(
P∩K(v)

)
is unramified. Hence, |F∞| = n−1, and general ramification

theory yields that F∞ is cyclic.
Since the Galois group of E|K(t) is isomorphic to a point stabilizer of Gf , the

remaining statement follows, too. �

We can now prove the full result about the groups Gf .

Proof of Theorem 1. The claim follows from Corollary 8 if s = 0. Hence, assume
s > 0.

Denote the stabilizer of x in Gf with H. By the above lemma there exists an
element σ of order n−1 in H. This excludes the case Gf

∼= N�A7 from Lemma 14.
Hence, there exists a divisor d of r such that

SL(r/d, pd) ≤ H ≤ ΓL(r/d, pd).

H (considered as a subgroup of the automorphism group of L|K(t)) fixes every
element of Fpd ≤ K; therefore Remark 5 shows that H acts on the roots of (2) as

a proper linear group. Thus, H ≤ GL(r/d, pd). Huppert [19, II 7.3 (b)] shows that
|〈σ〉 ∩ SL(r/d, pd)| = n−1

pd−1
; we obtain

∣∣H/ SL(r/d, pd)
∣∣ ≥ ∣∣〈σ〉 SL(r/d, pd)/ SL(r/d, pd)∣∣
=

∣∣〈σ〉/(〈σ〉 ∩ SL(r/d, pd)
)∣∣ = pd − 1.

Since |GL(r/d, pd)/ SL(r/d, pd)| = pd − 1, it follows that H = GL(r/d, pd) and
Gf = AGL(r/d, pd).

Finally, we prove that the divisor d equals the integer e defined in the theorem.
By Lemma 4, Gf ≤ AGL(r/e, pe); hence, e | d. But by Remark 5, Fpd is a subfield
of Fpe ; hence, d | e.

We obtain Gf = AGL(r/e, pe). �

2.4. Determination of Af . In this section we consider the behavior of the ex-
tension λ|k(t) under constant field extensions. Stichtenoth [24, Sec. 3.6] is a good
reference. We also employ the Translation Theorem of elementary Galois theory.
Its statement and proof are given in Lang [20, VI Thm. 1.12].

First, we fix some notation. If A and B are subfields of a common field, then we
write AB for the compositum of A and B, i.e., the field that is generated by A and
B.
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Throughout this section κ denotes an algebraic extension of k. We define k to be
the exact constant field of λ, i.e., the field that contains every element of λ that is
algebraic over Fp. Clearly, k = λ∩K. It is a finite field by Stichtenoth [24, 1.1.16].

Mf (κ) denotes the group

Mf (κ) := Gal
(
f(X)− t|κ(t)

) ∼= Gal
(
κλ|κ(t)

)
.

Mf (κ) is closely connected to the monodromy groups of f ; it is essentially the
arithmetic monodromy group of f over an artificially enlarged base field. Obviously,

Mf (k) = Af and Mf (K) = Gf .

Mf (κ) always is a subgroup of Af . This can be proved by restricting an element
g ∈ Mf (κ) which is an automorphism of κλ to λ. This restriction then is an element
of Af . A strict proof arises from the Translation Theorem. Moreover, this theorem
shows that the fixed field of Mf (κ) in λ|k(t) is λ ∩ κ(t) = (λ ∩ κ)(t). This yields
our first result.

Lemma 17. (1) Gf � Mf (κ) � Af . The factor Af/Gf is isomorphic to the

Galois group of k|k.
(2) Mf (κ) = Gf ⇐⇒ k ≤ κ.

Proof. (1) The statement Mf (κ) ≤ Af follows from the preliminary remark.
An analogous argument shows that Gf ≤ Mf (κ). The fixed field of Gf in
λ|k(t) equals

λ ∩K(t) = (λ ∩K)(t) = k(t).

The extension k(t)|k(t) is Galois, and its Galois group is isomorphic to the
Galois group of k|k. This proves Gf �Af with Af/Gf being cyclic. Hence,
the claim follows.

(2) We use the theory of constant field extensions: If k ≤ κ, then κ is the exact
constant field of κλ = κ(x1, . . . , xn) (by [24, 3.6.1 (a)]) and κ(t). It follows
from [24, 3.6.7] that [L : K(t)] = [κλ : κ(t)]. Part (1) of this lemma gives
Mf (κ) = Gf .

If k �≤ κ, then κ is a proper subfield of the exact constant field of κλ.
By [24, 3.6.6] it follows that [L : K(t)] < [κλ : κ(t)]. �

Lemma 18. The field k equals the compositum of k and Fpe , k = kFpe .

Proof. Since λ is defined over k, we have k ≤ k. Moreover, λ is generated by an
affine Fpe -vector space. Hence, Fpe ≤ k. This shows that the compositum kFpe is
also a subfield of the exact constant field of λ.

Set κ := kFpe . Then Fpe is a subfield of κ and Lemma 4 shows that Mf (κ) ≤
AGL(r/e, pe) = Gf . The above lemma gives Mf (κ) = Gf and k ≤ κ. This is the
claim. �

We now state the main theorem of this section.

Theorem 19. The group Mf (κ) fulfills

Gf �Mf (κ)�AΓL(r/e, pe) and [Mf (κ) : Gf ] = [κFpe : κ].

These conditions uniquely determine Mf (κ).
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Proof. In view of the above lemmas there are only a few things left to prove.
First, we have to show that [Mf (κ) : Gf ] = [κFpe : κ]. The fixed field of Gf in

κλ|κ(t) is
(κλ ∩K)(t) = κk(t) = κFpe(t).

Hence,

Mf (κ)/Gf
∼= Gal

(
κFpe(t)|κ(t)

) ∼= Gal(κFpe |κ) ∼= Gal
(
Fpe |(Fpe ∩ κ)

)
.

In particular, [Mf (κ) : Gf ] | e.
Next, we have to prove that the above conditions uniquely determine Mf (κ). As

the normalizer of GL(r/e, pe) in GL(r, p) is ΓL(r/e, pe), it follows that Mf (κ) ≤
AΓL(r/e, pe). Since GL(r/e, pe) is a normal subgroup of ΓL(r/e, pe) with cyclic
quotient, for every divisor d of [AΓL(r/e, pe) : AGL(r/e, pe)] = e there exists a
unique group U with

AGL(r/e, pe) ≤ U ≤ AΓL(r/e, pe) and [U : AGL(r/e, pe)] = d.

�
Corollary 2 on page 2969 is a direct consequence of this theorem; simply set κ = k.

3. Ramification in L|K(t)

In this section we describe the ramification structure of the extension L|K(t).
This requires some additional notation.

Given a place p of K(t) fix some place P of L lying over p and write Ip for
the inertia group of the extension P|p. The i-th ramification group (in the usual
“lower numbering”) is denoted by Ip(i). By definition, Ip = Ip(0). Since P is freely
chosen, the Ip(i) are unique up to conjugacy in Gf . Let o

(
Ip(i)

)
denote the number

of orbits of Ip(i) and define

ind(p) :=

∞∑
i=0

n− o
(
Ip(i)

)
[Ip : Ip(i)]

.

Note that ind(p) is a finite sum since Ip(i) = 1 if i is sufficiently large. It can be
shown that

(6) ind(p) =
∑
q|p

d(q|p),

where the sum runs over all places q of K(x) lying over p and d(q|p) denotes the
different exponent of q over p. It follows in particular that ind(p) is an integer not
depending on the specific choice of P.

The Riemann-Hurwitz Genus Formula for the extension K(x)|K(t) gives

−2 = −2[K(x) : K(t)] + degdiff
(
K(x)|K(t)

)
,

where the last summand is the degree of the different of K(x)|K(t). Using (6) this
can be rewritten into the useful
Genus-0 condition. 2n− 2 =

∑
p
ind(p).

Now we can prove the main result of this section.

Theorem 20. K(t) contains exactly two branch points, the zero place 0 : t �→ 0
and the infinite place ∞ : 1/t �→ 0. Set N to be the translation subgroup of Gf .
Then

(1) I∞(0) ∼= N � Cn−1, I∞(1) = N , I∞(2) = 1, and ind(∞) = n.
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(2) I0(0) ∼= P � Cpr−s−1, I0(1) = P , I0(2) = 1, and ind(0) = n − 2. Here,
P is an elementary abelian subgroup of Gf of order ps. I0(0) intersects N
trivially.

Proof. The statement about the branch points of K(t) follows as 0 ∈ K is the only
zero of f ′.

Let E denote the fixed field of N in the extension L|K(t). We know from
Lemma 16 that ∞ ramifies with index n− 1 in E|K(t). Since ∞ is totally ramified
in K(x)|K(t) with index n, every place of E lying over ∞ ramifies totally in L|E.
As Gal(L|E) = N , we obtain I∞ ∼= N�Cn−1. Because I∞ and I∞(1) are transitive,

ind(∞) ≥ (n− 1) +
n− 1

n− 1
= n.

The genus-0 condition implies that ind(0) ≤ n− 2.
We know from the decomposition (4) that I0 stabilizes ps points and is transitive

on the remaining pr − ps = ps(pr−s − 1) points. Elementary group theory shows
that this I0-orbit decomposes into pr−s−1 different I0(1)-orbits, each of length ps.
We obtain

(7) pr−s − 1 | [I0 : I0(1)], o(I0) = ps + 1, and o
(
I0(1)

)
= ps + pr−s − 1.

As N is regular, the intersection of I0 with N is trivial. Thus, we can consider
I0 as a subgroup of GL(r, p). Let c ∈ I0 be an element that generates a cyclic
complement of I0(1) and denote the matrix induced by c with A ∈ GL(r, p). Since
A is p-regular, it is diagonalizable over K,

A ∼ diag(1, . . . , 1︸ ︷︷ ︸
s times

, λ1, . . . , λr−s) with the λi ∈ K×.

This proves that A actually can be considered as an element of GL(r − s, p). The
maximal order of an element in this group is pr−s − 1 by [10, Cor. 2]. Together
with (7) the order of A and, thus, of c is pr−s − 1. We obtain

ind(0) ≥ n− (ps − 1) +
n− (ps + pr−s − 1)

pr−s − 1
= n− 2.

It follows that I∞(2) = 1 and I0(2) = 1, which implies that I0(1) is elementary
abelian. The statement about the order of I0(1) follows as there exists an I0(1)-
orbit of length ps. �
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