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ON THE CONSISTENCY

OF TWISTED GENERALIZED WEYL ALGEBRAS

VYACHESLAV FUTORNY AND JONAS T. HARTWIG

(Communicated by Kailash C. Misra)

Abstract. A twisted generalized Weyl algebra A of degree n depends on a
base algebra R, n commuting automorphisms σi of R, n central elements ti of
R and on some additional scalar parameters.

In a paper by Mazorchuk and Turowska, it is claimed that certain consis-
tency conditions for σi and ti are sufficient for the algebra to be nontrivial.
However, in this paper we give an example which shows that this is false. We

also correct the statement by finding a new set of consistency conditions and
prove that the old and new conditions together are necessary and sufficient for
the base algebra R to map injectively into A. In particular they are sufficient
for the algebra A to be nontrivial.

We speculate that these consistency relations may play a role in other areas
of mathematics, analogous to the role played by the Yang-Baxter equation in
the theory of integrable systems.

1. Introduction

Let R be an algebra over a commutative ring k, σ1, . . . , σn commuting k-algebra
automorphisms of R, t1, . . . , tn elements from the center of R, and μij an n × n
matrix of invertible scalars from k. To this data one associates a twisted generalized
Weyl algebra Aμ(R, σ, t), an associative Z

n-graded algebra (see Section 2 for the
definition). These algebras were introduced by Mazorchuk and Turowska [10] and
they are generalizations of the much-studied generalized Weyl algebras, defined
independently by Bavula [2], Jordan [8], and Rosenberg [13] (there called hyperbolic
rings).

Simple weight modules over twisted generalized Weyl algebras (TGWA for short)
have been studied in [10], [9], [6]. In [11] the authors classified bounded and un-
bounded ∗-representations over twisted generalized Weyl algebras. Interesting ex-
amples of twisted generalized Weyl algebras were given in [9]. In [7] new examples
of twisted generalized Weyl algebras were constructed from symmetric Cartan ma-
trices.

It was claimed in [10, Lemma 1] (for the case when μij = 1 ∀i, j) and implicitly
in [11, Eq. (1)] (for arbitrary μij) that a TGWA Aμ(R, σ, t) is a nontrivial ring if
the following relations are satisfied:

(1.1) titj = μijμjiσ
−1
i (tj)σ

−1
j (ti), i �= j.

However, in this paper we give an example (Example 2.8) of a TGWA, A =
Aμ(R, σ, t), such that even though the datum (R, σ, t, μ) satisfies (1.1), the algebra
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A is the trivial ring {0}. This shows that, in fact, (1.1) is not sufficient for a TGWA
to be a nontrivial ring.

Our main result in this paper is the discovery of a new consistency relation, which
together with (1.1) gives a sufficient condition for a TGWA to be a nontrivial ring.
The precise statement is the following.

Theorem A. Let k be a commutative unital ring, R be an associative k-algebra,
n a positive integer, t = (t1, . . . , tn) be an n-tuple of regular central elements of R,
σ : Zn → Autk(R) a group homomorphism, μij (i, j = 1, . . . , n, i �= j) invertible
elements from k, and Aμ(R, σ, t) the corresponding twisted generalized Weyl algebra,
equipped with the canonical homomorphism of R-rings ρ : R → Aμ(R, σ, t). Then
the following two statements are equivalent:

(a) ρ is injective;
(b) the following two sets of relations are satisfied in R:

σiσj(titj) = μijμjiσi(ti)σj(tj), ∀i, j = 1, . . . , n, i �= j,(1.2)

tjσiσk(tj) = σi(tj)σk(tj), ∀i, j, k = 1, . . . , n, i �= j �= k �= i.(1.3)

In particular, if (1.2) and (1.3) are satisfied, then Aμ(R, σ, t) is nontrivial iff R
is nontrivial. Moreover, neither of the two conditions (1.2) nor (1.3) implies the
other.

One may note that (1.2) and (1.3) may be expressed as the following identities
in the localization T−1R, where T is the multiplicative submonoid of R generated
by all σg(ti) for all g ∈ Z

n, i = 1, . . . , n:

τijτji = 1, ∀i, j = 1, . . . , n, i �= j,(1.4)

σk(τij) = τij , ∀i, j, k = 1, . . . , n, i �= j �= k �= i,(1.5)

where

(1.6) τij =
μjiσj(tj)

σiσj(tj)
.

We note that the consistency relations (1.2),(1.3) play an analogous role for
twisted generalized Weyl algebras as the quantum Yang-Baxter equation plays for
Zamolodchikov algebras in factorized S-matrix models [5, Section 1.1.1], and for
Faddeev-Reshetikhin-Takhtajan algebras. Therefore we pose the following ques-
tions:

(a) Is there a direct relation between the consistency relations (1.2),(1.3) and the
quantum Yang-Baxter equation?

(b) Can one construct some physical model for which relations (1.2),(1.3) appear
as a condition for the model to be integrable (exactly solvable)?

We leave these open questions to be addressed in future publications.
The structure of the paper is as follows. We first give some constructions of

twisted generalized Weyl algebras in full generality. After recalling the definition
in Section 2, we show in Section 3 that the construction of a twisted generalized
Weyl algebra is functorial in the initial data. In Section 4 and Section 5 we study
two natural operations: taking quotients and localizing. In Section 6 we prove
Theorem A. In Section 7 (Theorem 7.3(a)), we show that consistent TGWA with
all ti invertible are in fact Zn-crossed product algebras over R. Thus these TGWA
may be thought of as producing solutions to equations (7.1) required for the Zn-
action and twisted 2-cocycle map to produce nontrivial crossed product algebras.
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We also define a notion of weak consistency and prove in Theorem 7.3(b) that
there is an embedding of any regular, weakly consistent TGWA into an associated
Z
n-crossed product algebra.

Notation and conventions. By “ring” (“algebra”) we mean a unital associative
ring (algebra). All ring and algebra morphisms are required to be unital. By “ideal”
we mean a two-sided ideal unless otherwise stated. An element x of a ring R is said
to be regular in R if for all nonzero y ∈ R we have xy �= 0 and yx �= 0. The set of
invertible elements in a ring R will be denoted by R×.

Let R be a ring. Recall that an R-ring is a ring A together with a ring morphism
R → A. Let X be a set. Let RXR be the free R-bimodule on X. The free
R-ring FR(X) on X is defined as the tensor algebra of the free R-bimodule on
X: FR(X) =

⊕
n≥0(RXR)⊗Rn, where (RXR)⊗R0 = R by convention and the ring

morphism R → FR(X) is the inclusion into the degree zero component. Throughout
this paper we fix a commutative ring k.

2. Definition of TGWA

We recall the definition of twisted generalized Weyl algebras [10, 9]. Here we
emphasize the initial data more than usual, which will be useful in the next section
to express the functoriality of the construction.

Definition 2.1 (TGW datum). Let n be a positive integer. A twisted generalized
Weyl datum (over k of degree n) is a triple (R, σ, t) where

• R is a unital associative k-algebra,
• σ is a group homomorphism σ : Zn → Autk(R), g �→ σg,
• t is a function t : {1, . . . , n} → Z(R), i �→ ti.

A morphism between TGW data over k of degree n,

ϕ : (R, σ, t) → (R′, σ′, t′),

is a k-algebra morphism ϕ : R → R′ such that ϕσi = σ′
iϕ and ϕ(ti) = t′i for all

i ∈ {1, . . . , n}. We let TGWn(k) denote the category whose objects are the TGW
data over k of degree n and morphisms are as above.

For i ∈ {1, . . . , n} we put σi = σei , where {ei}ni=1 is the standard Z-basis for Zn.
A parameter matrix (over k

× of size n) is an n × n matrix μ = (μij)i �=j without
diagonal where μij ∈ k× ∀i �= j. The set of all parameter matrices over k× of size
n will be denoted by PMn(k).

Definition 2.2 (TGW construction). Let n ∈ Z>0, (R, σ, t) be an object in
TGWn(k), and μ ∈ PMn(k). The twisted generalized Weyl construction with param-
eter matrix μ associated to the TGW datum (R, σ, t) is denoted by Cμ(R, σ, t) and
is defined as the free R-ring on the set {xi, yi | i = 1, . . . , n} modulo the two-sided
ideal generated by the following set of elements:

xir − σi(r)xi, yir − σ−1
i (r)yi, ∀r ∈ R, i ∈ {1, . . . , n},(2.1a)

yixi − ti, xiyi − σi(ti), ∀i ∈ {1, . . . , n},(2.1b)

xiyj − μijyjxi, ∀i, j ∈ {1, . . . , n}, i �= j.(2.1c)
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The images in Cμ(R, σ, t) of the elements xi, yi will be denoted by X̂i, Ŷi re-

spectively. The ring Cμ(R, σ, t) has a Zn-gradation given by requiring deg X̂i =

ei, deg Ŷi = −ei, deg r = 0 ∀r ∈ R. Let Iμ(R, σ, t) ⊆ Cμ(R, σ, t) be the sum of all
graded ideals J ⊆ Cμ(R, σ, t) having zero intersection with the degree zero com-
ponent, i.e. such that Cμ(R, σ, t)0 ∩ J = {0}. It is easy to see that Iμ(R, σ, t)
is the unique maximal graded ideal having zero intersection with the degree zero
component.

Definition 2.3 (TGW algebra). The twisted generalized Weyl algebra with param-
eter matrix μ associated to the TGW datum (R, σ, t) is denoted by Aμ(R, σ, t) and
is defined as the quotient Aμ(R, σ, t) := Cμ(R, σ, t)/Iμ(R, σ, t).

Since Iμ(R, σ, t) is graded, Aμ(R, σ, t) inherits a Zn-gradation from Cμ(R, σ, t).

The images in Aμ(R, σ, t) of the elements X̂i, Ŷi will be denoted by Xi, Yi. By
a monic monomial in a TGW construction Cμ(R, σ, t) (respectively TGW alge-

bra Aμ(R, σ, t)) we will mean a product of elements from {X̂i, Ŷi | i = 1, . . . , n}
(respectively {Xi, Yi | i = 1, . . . , n}).

The following statements are easy to check.

Lemma 2.4.

(a) Aμ(R, σ, t) (respectively Cμ(R, σ, t)) is generated as a left and as a right R-

module by the monic monomials in Xi, Yi (i = 1, . . . , n) (respectively X̂i, Ŷi (i =
1, . . . , n)).

(b) The degree zero component of Aμ(R, σ, t) is equal to the image of R under the
natural map ρ : R → Aμ(R, σ, t).

(c) Any nonzero graded ideal of Aμ(R, σ, t) has nonzero intersection with the degree
zero component.

Definition 2.5 (μ-Consistency). Let (R, σ, t) be a TGW datum over k of degree n
and μ be a parameter matrix over k× of size n. We say that (R, σ, t) is μ-consistent
if the canonical map ρ : R → Aμ(R, σ, t) is injective.

Since Iμ(R, σ, t) has zero intersection with the zero-component, (R, σ, t) is μ-
consistent iff the canonical map R → Cμ(R, σ, t) is injective. Even in the cases
when ρ is not injective, we will often view Aμ(R, σ, t) as a left R-module and write
for example rXi instead of ρ(r)Xi.

Definition 2.6 (Regularity). A TGW datum (R, σ, t) is called regular if ti is
regular in R for all i.

Lemma 2.7. If ti ∈ R× for all i, then the canonical projection Cμ(R, σ, t) →
Aμ(R, σ, t) is an isomorphism.

Proof. The algebra Cμ(R, σ, t) is a Zn-crossed product algebra over its degree zero
subalgebra, since each homogeneous component contains an invertible element. In-
deed since ti ∈ R×, each Xi is invertible and thus Xg1

1 · · ·Xgn
n has degree g and

is invertible. Therefore any nonzero graded ideal in Cμ(R, σ, t) has nonzero inter-
section with the degree zero component, a property which holds for any strongly
graded ring, in particular for crossed product algebras. Thus Iμ(R, σ, t) = 0, which
proves the claim. �

We give an example of a TGWA which is the trivial ring. This shows the need
for finding sufficient conditions on the TGW datum which will ensure the algebra
is nontrivial. Finding such conditions is the goal of this paper.
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Example 2.8. In [11, Equation (2)] it was observed that the relation

(2.2) σiσj(tj)XjXi = μijσj(tj)XiXj

is satisfied in any TGW algebra A = Aμ(R, σ, t) for every i �= j. There are two ways
to commute a multiple of XkXjXi to a multiple of XiXjXk (starting by commuting
XkXj or XjXi respectively), using relation (2.2). Namely,

σjσk(tk)σiσjσk(tk)σiσj(tj)XkXjXi = μjkσk(tk)μikσjσk(tk)μijσj(tj)XiXjXk

(2.3)

and

σiσjσk(tj)σiσk(tk)σiσjσk(tk)XkXjXi = μijσkσj(tj)μikσk(tk)μjkσiσk(tk)XiXjXk.

(2.4)

Combining (2.3) and (2.4) we get

(2.5)
(
σjσk(tk)σiσjσk(tk)σiσj(tj)μijσkσj(tj)μikσk(tk)μjkσiσk(tk)

− μjkσk(tk)μikσjσk(tk)μijσj(tj)σiσjσk(tj)σiσk(tk)σiσjσk(tk)
)
XiXjXk = 0.

Assume that ti is invertible in R for every i. Thus, since ti = YiXi in A, Xi is
invertible in A for every i. Then (2.5) implies that, in the algebra A,

(2.6) σiσj(tj)σkσj(tj)− σj(tj)σiσjσk(tj) = 0.

(Note that we cannot conclude that (2.6) must also hold in R, unless we know that
the canonical map ρ : R → A is injective.) The following is an example of a TGWA
where (1.1) holds but the left-hand side of (2.6) in fact is an invertible element of
A, which forces A to be the trivial ring. Namely, let

• n = 3, k = C, μij = 1 for all i �= j;

• R = C[α±1
12 , α

±1
23 , α

±1
13 , t

±1
1 , t±1

2 , t±1
3 ], a Laurent polynomial algebra in 6 vari-

ables;
• σ1, σ2, σ3 ∈ AutC(R), given by

(2.7) σi(αjk) :=

{
αjk if {i, j, k} �= {1, 2, 3},
−αjk if {i, j, k} = {1, 2, 3},

for all i, j, k ∈ {1, 2, 3} with j < k, and

(2.8) σi(tj) := αijtj ,

for all i, j ∈ {1, 2, 3}, where αji := α−1
ij for i < j and αii := 1 for i = 1, 2, 3.

Then the automorphisms σ1, σ2, σ3 commute with each other. Indeed, it is imme-
diate that σiσj(αkl) = σjσi(αkl) holds for all i, j, k, l ∈ {1, 2, 3}. On the ti we
have

σiσj(tk) = σi(αjktk) =

{
−αjkαiktk, if {i, j, k} = {1, 2, 3},
αjkαiktk, otherwise.

Since the right-hand side is symmetric in i, j, it follows that σi and σj commute
on any tk. Relation (1.1) is easily checked. However, for any i, j, k such that
{i, j, k} = {1, 2, 3}, the result of σ−1

j applied to the left-hand side of (2.6) equals

(2.9) σi(tj)σk(tj)− σiσk(tj)tj = αijαkjt
2
j − σi(αkjtj)tj = 2αijαkjt

2
j ,

which is invertible in R; hence the image is invertible in A. Thus (2.6) implies that
A is the trivial ring {0} despite the fact that (1.1) holds.
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Put in different terms, the situation for the TGW datum above is that the ideal
in the free R-ring F = FR

(
{xi, yi | i = 1, . . . , n}

)
generated by the elements (2.1)

contains an invertible element of the algebra R and consequently the quotient of F
by that ideal becomes trivial.

3. Functoriality of the construction

We prove in this section that the construction of twisted generalized Weyl alge-
bras is functorial in the initial data in a certain sense. This will be applied in the
next two sections.

For a group G we let G-GrAlgk denote the category of G-graded k-algebras where
morphisms ϕ : A → B are graded k-algebra homomorphisms: ϕ(Ag) ⊆ Bg for all
g ∈ G. We have the forgetful functor F : TGWn(k) → Zn-GrAlgk, defined by
F(R, σ, t) = R with trivial grading R0 = R.

Theorem 3.1. Let n ∈ Z>0 and μ be a parameter matrix over k× of size n.

(a) The construction of a twisted generalized Weyl algebra Aμ(R, σ, t) from a TGW
datum (R, σ, t) defines a functor Aμ : TGWn(k) → Zn-GrAlgk. That is, for any
morphism ϕ : (R, σ, t) → (R′, σ′, t′) in TGWn(k) there is a morphism Aμ(ϕ) :
Aμ(R, σ, t) → Aμ(R

′, σ′, t′) in Z
n-GrAlgk such that Aμ preserves compositions

and identity morphisms.
(b) The family ρμ = {ρμ,(R,σ,t)}, where (R, σ, t) ranges over the objects in TGWn(k),

of canonical maps ρμ,(R,σ,t) : R → Aμ(R, σ, t) defines a natural transformation
from the forgetful functor F to the functor Aμ from part ( a). That is, given
any morphism ϕ : (R, σ, t) → (R′, σ′, t′) in TGWn(k), we have the following
commutative diagram in Zn-GrAlgk:

(3.1) R
ϕ ��

ρμ,(R,σ,t)

��

R′

ρμ,(R′,σ′,t′)

��
Aμ(R, σ, t)

Aμ(ϕ) �� Aμ(R
′, σ′, t′)

(c) For any morphism ϕ : (R, σ, t) → (R′, σ′, t′) in TGWn(k), the algebra Aμ(R
′,

σ′, t′) is generated as a left and as a right R′-module by the image of Aμ(ϕ).

Proof. Let ϕ : (R, σ, t) → (R′, σ′, t′) be a morphism of TGW data. Pulling back
the canonical map R′ → Cμ(R′, σ′, t′) through ϕ we get a map R → Cμ(R′, σ′, t′).
The universal property of free R-rings implies that this map extends uniquely to
a morphism of R-rings from the free R-ring on the set {xi, yi | i = 1, . . . , n} by

requiring that xi �→ X̂ ′
i, yi �→ Ŷ ′

i for all i, where X̂ ′
i, Ŷ

′
i denote the generators in

Cμ(R′, σ′, t′). Since ϕ is a morphism of TGW data, one verifies that the ideal with
generators (2.1) lies in the kernel, thus inducing a map ϕ̂ such that the following
diagram commutes:

R
ϕ ��

��

R′

��
Cμ(R, σ, t)

ϕ̂ �� Cμ(R′, σ′, t′)
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Let I = Iμ(R, σ, t) (respectively I ′ = Iμ(R′, σ′, t′)) denote the sum of all graded
ideals in Cμ(R, σ, t) (respectively Cμ(R′, σ′, t′)) having zero intersection with the
degree zero component. We need to verify that ϕ̂(I) ⊆ I ′. Let a ∈ I. Since I
is graded we can assume that a is homogeneous. Let d ∈ Zn be its degree. To
prove that ϕ̂(a) ∈ I ′ we show that the two-sided ideal generated by ϕ̂(a) has zero
intersection with the zero component. Then, since I ′ is the sum of all such ideals,
it must contain ϕ̂(a). Let m > 0 and b′j , c

′
j (j = 1, . . . ,m) be nonzero homoge-

neous elements of Cμ(R′, σ′, t′) such that d+deg b′j +deg c′j = 0 for all j. We must
show that

∑
j b

′
jϕ(a)c

′
j = 0. Without loss of generality, the elements bj and cj are

monomials. Since ϕ̂(X̂i) = X̂ ′
i and ϕ̂(Ŷi) = Ŷ ′

i it follows that we have b′j = r′jϕ̂(bj),
c′j = s′jϕ̂(cj), where r′j , s

′
j ∈ R′ and bj , cj ∈ Cμ(R, σ, t). Thus∑

j

b′jϕ̂(a)c
′
j =

∑
j

r′jϕ̂(bj)ϕ̂(a)s
′
jϕ̂(cj) =

∑
j

r′jτj(s
′
j)ϕ(bjacj),

where τj = σd+deg bj . But a ∈ I, so bjacj ∈ I; and hence, since deg(bjacj) = 0, it
follows that bjacj = 0 for each j. This proves that ϕ̂(a) generates a two-sided ideal
having zero intersection with the degree zero component, and thus ϕ̂(a) ∈ I ′. Hence
ϕ̂(I) ⊆ I ′ and therefore ϕ̂ induces a k-algebra morphism Aμ(ϕ) : Aμ(R, σ, t) →
Aμ(R

′, σ′, t′) such that the diagram (3.1) commutes. That Aμ defines a functor is
easy to check. This proves part (a). Claim (b) follows from the construction of
Aμ(ϕ).

(c) By construction, the image of Aμ(ϕ) contains all the elements X ′
i, Y

′
i (i =

1, . . . , n), hence all monic monomials, which generate Aμ(R
′, σ′, t′) as a left and as

a right R′-module, by Lemma 2.4(a). �

Corollary 3.2. If ϕ : (R, σ, t) → (R′, σ′, t′) is a surjective morphism in TGWn(k),
then Aμ(ϕ) : Aμ(R, σ, t) → Aμ(R

′, σ′, t′) is surjective for any μ ∈ PMn(k).

Proof. This follows from Theorem 3.1(b) and (c). �

Lemma 3.3. Let ϕ : (R, σ, t) → (R′, σ′, t′) be a surjective morphism in TGWn(k).
For μ ∈ PMn(k) put A = Aμ(R, σ, t) and let K ⊆ A0 be the kernel of the restriction
of Aμ(ϕ) to A0. Then ker

(
Aμ(ϕ)

)
equals the sum of all graded ideals J in A such

that J ∩A0 ⊆ K.

Proof. Put Ā = Aμ(R
′, σ′, t′). Let I(K) denote the sum of all graded ideals in A

whose intersection with A0 is contained in K. For brevity we put Φ = Aμ(ϕ). Since
Φ is surjective by Corollary 3.2, the image Φ

(
I(K)

)
is a graded ideal of Ā whose

intersection with Ā0 is zero. Lemma 2.4(c) applied to Ā gives Φ
(
I(K)

)
= {0}. Thus

I(K) ⊆ kerΦ. Conversely, suppose a ∈ ker(Φ). We can assume a is homogeneous.
Clearly (AaA) ∩ A0 ⊆ K, which means that AaA ⊆ I(K). So ker(Φ) ⊆ I(K). �

Corollary 3.4. Let μ ∈ PMn(k). If ϕ : (R, σ, t) → (R′, σ′, t′) is a morphism
in TGWn(k) which is injective as a k-algebra morphism and if (R′, σ′, t′) is μ-
consistent, then (R, σ, t) is μ-consistent and Aμ(ϕ) is injective.
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Proof. That (R, σ, t) is μ-consistent is immediate by the commutativity of the dia-
gram (3.1). Put A = Aμ(R, σ, t) and K = ker

(
Aμ(ϕ)|A0

)
. Then by Lemma 2.4(b)

and commutativity of (3.1), K = {0}. Thus by Lemma 3.3, Aμ(ϕ) is injective. �

4. Quotients of TGWA

The following result generalizes [3, Proposition 2.12] from generalized Weyl al-
gebras to TGW algebras. If (R, σ, t) ∈ TGWn(k), the group Zn acts on R via σ.
An ideal J in R is called Z

n-invariant if σg(r) ∈ J ∀r ∈ J, g ∈ Z
n.

Theorem 4.1. Let A = Aμ(R, σ, t) be a twisted generalized Weyl algebra over
k of degree n, and J a Zn-invariant ideal of R. Let Ā = Aμ(R/J, σ̄, t̄), where
σ̄g(r + J) = σg(r) + J for all g ∈ Zn, r ∈ R and t̄i = ti + J for all i. Let
ρ : R → A and ρ̄ : R/J → Ā be the natural maps. Put K = ρ

(
ker(ρ̄ ◦ πJ )

)
, where

πJ : R → R/J is the canonical projection. Suppose that

(i) ∀g ∈ Zn there exists a monic monomial ug ∈ Ag such that Ag = A0ug,
(ii) ρ(σg(ti)) +K is a regular element in A0/K for all i ∈ {1, . . . , n}, g ∈ Zn.

Let 〈K〉 = AKA be the ideal in Aμ(R, σ, t) generated by K. Then AK = 〈K〉 =
KA, and there is a graded isomorphism

(4.1) Aμ(R, σ, t)/〈K〉  Aμ(R/J, σ̄, t̄).

Proof. The map πJ intertwines the Zn-actions and maps ti to t̄i; hence it is a
morphism πJ : (R, σ, t) → (R/J, σ̄, t̄) in TGWn(k). Applying the functor Aμ from
Theorem 3.1 we get a k-algebra morphism Aμ(πJ) : Aμ(R, σ, t) → Aμ(R/J, σ̄, t̄)
which is surjective by Corollary 3.2. Thus it remains to prove that the kernel of
Aμ(πJ) equals 〈K〉.

Let r ∈ ker(ρ̄ ◦ πJ). We claim that ρ(σg(r)) ∈ K for all g ∈ Z. Let ug ∈ Ā be
any monic monomial of degree g and u−g ∈ Ā a monic monomial of degree −g.
Then ugu−g can be written as ρ̄(a + J), where a is a product of elements of the
form σh(ti) (h ∈ Zn, i = 1, . . . , n), possibly multiplied by an element of k×. By
assumption (ii), ρ(a) +K is regular in A0/K. In Ā, we have 0 = ugρ̄(r + J)u−g =
ρ̄(σg(r) + J)ρ̄(a + J) = ρ̄(σg(r)a + J). So ρ(σg(r))ρ(a) ∈ K. Since ρ(a) + K is
regular in A0/K by assumption (ii), we get ρ(σg(r)) ∈ K.

Using this fact and Lemma 2.4(a), we get AK = 〈K〉 = KA. Since 〈K〉 ∩
A0 = AK ∩ A0 =

(∑
g∈Zn AgK

)
∩ A0 = A0K = K, Lemma 3.3 implies that

〈K〉 ⊆ ker
(
Aμ(πJ)

)
. For the converse, let g ∈ Z

n and let a ∈ Ag ∩ ker
(
Aμ(πJ)

)
.

By assumption (i), a = rZi1 · · ·Zim for some Zij ∈ {Xij , Yij} and some r ∈ A0.
Put X∗

i = Yi, Y ∗
i = Xi. Then b := aZ∗

im
· · ·Z∗

i1
has degree zero; hence b ∈

ker
(
Aμ(πj)|A0

)
, which by Lemma 2.4(b) and naturality (3.1) equals K. On the

other hand, using relations (2.1) we get b = r · ξu, where ξ ∈ k
× and u is a product

of elements of the form ρ(σh(ti)) (h ∈ Zn, i = 1, . . . , n). Since by assumption (ii)
all ρ(σh(ti)) +K are regular in A0/K, we get r ∈ K and thus a ∈ KA. �

Remark 4.2. If (R, σ, t) and (R/J, σ̄, t̄) are μ-consistent, we can identify R and R/J
with their images in the corresponding TGW algebras. Under such identifications,
the ideal K in Theorem 4.1 is just equal to J . This follows from the commutativity
of (3.1).
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5. Localizations of TGWA

The following trick was first observed in [9] in the case of R being a commutative
domain.

Lemma 5.1. Let A = Aμ(R, σ, t) be a twisted generalized Weyl algebra and ρ :
R → A the natural map. Suppose all ρ(ti) are regular in A0. Let g ∈ Zn. Then

(5.1) ab = σg(ba)

for any monic monomial a ∈ Ag and any b ∈ A−g.

Proof. Observe that if Yic ∈ A0, then YicYiXi = σ−1
i (cYi)YiXi, so since YiXi =

ρ(ti) is regular in A0 we get Yic = σ−1
i (cYi). Similarly Xic = σi(cXi) if Xic ∈ A0.

Applying this for each of the factors in a gives the claim. �

Theorem 5.2. Let A = Aμ(R, σ, t) be a twisted generalized Weyl algebra over k of
degree n such that t1, . . . , tn are regular in R. Suppose S ⊆ Z(R) is a subset such
that

(i) S is multiplicative: 0 /∈ S, 1 ∈ S and r, s ∈ S ⇒ rs ∈ S,
(ii) all elements of S are regular in R,
(iii) σg(S) ⊆ S for all g ∈ Zn,

(iv) (S−1R, σ̃, t̃) is μ-consistent,

where σ̃g ∈ Autk(S
−1R) is the unique extension of σg for all g ∈ Z

n, and t̃i = ti/1
for all i = 1, . . . , n. By Corollary 3.4, (R, σ, t) is also μ-consistent and we can
identify R with its image, A0, under the natural map ρ : R → Aμ(R, σ, t). Then
the following statements hold:

(a) The elements of S are regular in Aμ(R, σ, t).
(b) S is a left and right Ore set in Aμ(R, σ, t).
(c) We have an isomorphism

(5.2) S−1Aμ(R, σ, t)  Aμ(S
−1R, σ̃, t̃).

Proof. (a) Put A = Aμ(R, σ, t). Suppose sa = 0 for some s ∈ S, a ∈ A\{0}.
Without loss of generality we can assume a is homogeneous, say deg a = g ∈ Zn.
By Lemma 2.4(c) and Lemma 2.4(a) there exist monic monomials b, c ∈ A such
that bac ∈ A0 \ {0} = R \ {0}. By Lemma 5.1, bac = σh(acb), where h = deg(b).
Thus acb ∈ R \ {0} also. But we have sacb = 0, which contradicts that s is regular
in R.
(b) Easy to check using relations (2.1).
(c) The canonical map ϕ : R → S−1R intertwines the Zn-actions and maps ti to

ti/1; hence it is a morphism, ϕ : (R, σ, t) → (S−1R, σ̃, t̃), in the category TGWn(k).
Applying the functor Aμ from Theorem 3.1 gives a morphism of graded k-algebras

(5.3) Aμ(ϕ) : Aμ(R, σ, t) → Aμ(S
−1R, σ, t).

Since ϕ is injective, Aμ(ϕ) is injective by Corollary 3.4. Since we identify R and
S−1R with their images in the respective TGW algebras, commutativity of (3.1)
just says that the restriction of Aμ(ϕ) to R coincides with ϕ. In particular Aμ(ϕ)
maps each element of S to an invertible element. Hence, by the universal property
of localization, there is an induced map

(5.4) ψ : S−1Aμ(R, σ, t) → Aμ(S
−1R, σ, t).
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Since the image of ψ contains S−1R as well as all the generators Xi, Yi, ψ is sur-
jective. Suppose a ∈ S−1Aμ(R, σ, t), ψ(a) = 0. By part (a), S consists of regular
elements in Aμ(R, σ, t) and thus the canonical map Aμ(R, σ, t) → S−1Aμ(R, σ, t)
is injective and can be regarded as an inclusion. Then sa ∈ Aμ(R, σ, t) for some
s ∈ S. The restriction of ψ to Aμ(R, σ, t) coincides with Aμ(ϕ). So Aμ(ϕ)(sa) =
ψ(sa) = ψ(s)ψ(a) = 0. Since Aμ(ϕ) is injective we get sa = 0; hence a = 0. This
proves that ψ is injective, hence an isomorphism. �

6. μ-Consistency

For any D = (R, σ, t) ∈ TGWn(k) and any parameter matrix μ over k× of size
n, we let Lμ,D denote the intersection of all Zn-invariant ideals in R containing the
set

Nμ,D :=
{
σiσj(titj)− μijμjiσi(ti)σj(tj) | i, j = 1, . . . , n, i �= j

}
∪
{
tjσiσk(tj)− σi(tj)σk(tj) | i, j, k = 1, . . . , n, i �= j �= k �= i

}
.

(6.1)

Let T be the intersection of all Zn-invariant multiplicative subsets ofR containing
{t1, . . . , tn}. Concretely, T is the set of all products of elements from the set

{
σg(ti) |

g ∈ Zn, i ∈ {1, . . . , n}
}
. For an ideal I of R we let Ie be the extension of I in T−1R,

that is, the ideal in T−1R generated by I. For an ideal J of T−1R we let Jc = J∩R,
called the contraction of J . The extension and contraction operations are order-
preserving and we have Jce = J for any ideal J ⊆ T−1R (see for example [1]).

Theorem 6.1. Let μ ∈ PMn(k) and let D = (R, σ, t) ∈ TGWn(k) be a regular
TGW datum. Put R̄ = R/

(
(Lμ,D)ec

)
. Then

(a) (Lμ,D)ec = (ker ρμ,D)ec,
(b) (R̄, σ̄, t̄) is μ-consistent,
(c) Aμ(R, σ, t)/Jμ,D  Aμ(R̄, σ̄, t̄),

where Jμ,D is the sum of all graded ideals J in A = Aμ(R, σ, t) such that J ∩A0 ⊆
ρ
(
ker(ρμ,D)ec

)
.

Proof. We proceed in steps.

(1) (ker ρμ,D)ec is a Zn-invariant ideal of R. Indeed, suppose r ∈ ker(ρμ,D)ec.
Then sr ∈ ker ρμ,D for some s ∈ T . Let i ∈ {1, . . . , n}. Then, in Aμ(R, σ, t),
we have 0 = Xiρ(sr)Yi = ρ(σi(sr))XiYi = ρ(σi(r)σi(s)σi(ti)) since s belongs
to the center of R, which means that σi(r)σi(sti) ∈ ker ρμ,D. Hence, since

σi(sti) ∈ T , we have σi(r) ∈ (ker ρμ,D)ec. Similarly σ−1
i (r) ∈ (ker ρμ,D)ec.

(2) (Lμ,D)ec ⊆ (ker ρμ,D)ec. By the properties of extension and contraction of
ideals, the claim is equivalent to showing Lμ,D ⊆ (ker ρμ,D)ec. By step (1),
(ker ρμ,D)ec is Zn-invariant. Thus it is enough to show thatNμ,D ⊆ (ker ρμ,D)ec.
For any i �= j we have in Aμ(R, σ, t),

(6.2) σiσj(tj)XjXi = XjXitj = XjXiYjXj = μijXjYjXiXj = μijσj(tj)XiXj

so that

(6.3) σiσj(tj)σiσj(ti)XjXi = μijμjiσj(tj)σi(ti)XjXi.

Multiplying (6.3) from the right by YiYj and usingXjXiYiYj = σjσi(ti)σj(tj) ∈
T we conclude that

(6.4) σiσj(titj)− μijμjiσj(tj)σi(ti) ∈ (ker ρμ,D)ec.
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Let i, j, k ∈ {1, . . . , n} be three different indices. Using that, as before, r ∈
R, rXiXjXk = 0 ⇒ r ∈ (ker ρμ,D)ec, relation (2.5) implies

σjσk(tk)σiσjσk(tk)σiσj(tj)μijσkσj(tj)μikσk(tk)μjkσiσk(tk)

− μjkσk(tk)μikσjσk(tk)μijσj(tj)σiσjσk(tj)σiσk(tk)σiσjσk(tk) ∈ (ker ρμ,D)ec.

(6.5)

Dividing by μijμjkμik and factoring we get

(6.6)
(
σiσj(tj)σkσj(tj)− σj(tj)σiσjσk(tj)

)
· σk(tk)σiσk(tk)σjσk(tk)σiσjσk(tk)

∈ (ker ρμ,D)ec.

Since σk(tk)σiσk(tk)σjσk(tk)σiσjσk(tk) ∈ T this implies that

(6.7) σiσj(tj)σkσj(tj)− σj(tj)σiσjσk(tj) ∈ (ker ρμ,D)ecec = (ker ρμ,D)ec.

Applying σ−1
j to (6.7), using that (ker ρμ,D)ec is Zn-invariant by step (1), we

get together with (6.4) that Nμ,D ⊆ (ker ρμ,D)ec.

We will now show that we have the following commutative cube:

R̄� �

ρ̄

��

��
λT̄ �� T̄−1R̄ = T−1R� �

ρ̂

��

R

ρ=ρμ,D

��

��
λT ��

π(Lμ,D)ec

�� ��������������
T−1R

ρ̃

��

πL
μ,˜D

�� ��������������

Aμ(R̄, σ̄, t̄) �
� �� Aμ(T̄

−1R̄, σ̂, t̂)

Aμ(R, σ, t) ��

�� �����������
Aμ(T

−1R, σ̃, t̃)

�
�������������

(6.8)

Here D̃ = (T−1R, σ̃, t̃), σ̃g ∈ Autk(T
−1R) is the unique extension of σg, t̃i =

ti/1 ∈ T−1R, T̄ is the image in R̄ of T , and σ̂g is the extension of σ̄g from R̄

to T̄−1R̄, t̂i = t̄i/1 ∈ T̄−1R̄, and t̄i is the image of ti in R̄. Note that localizing
at T in T−1R has no effect; thus (Lμ, ˜D)ec = Lμ, ˜D. The vertical arrows are all

instances of the natural transformation ρμ. The maps in the bottom square are the
result of applying the functor Aμ to the respective maps above. The top square is
commutative by the exactness of the localization functor. Thus the bottom square
is commutative by functoriality of Aμ. Each vertical square is commutative due
to the naturality (3.1). Surjectivity of Aμ(π(Lμ,D)ec) and Aμ(πL

μ,˜D
) follows by

Corollary 3.2. The localization map λT (λT̄ ) is injective since elements of T (T̄ )
are regular in R (R̄). It remains to prove injectivity of ρ̂, ρ̄, Aμ(λT̄ ) and Aμ

(
πL

μ,˜D

)
.

(3) ρ̂ is injective; i.e. (T̄−1R̄, σ̂, t̂) is μ-consistent, To prove this we will use the
diamond lemma in the form of [4, Theorem 6.1] and will freely use terminology
from that paper. Put k = T̄−1R̄. Let X = {X±1

1 , . . . , X±1
n }. Let MX±1

i
be the

k-bimodules which are free of rank 1 as left k-modules: MX±1
i

= kX±1
i and
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with right k-module structure given by X±1
i r = σ̂±1

i (r)X±1
i . Let k〈X〉 be the

tensor ring on the k-bimodule M =
⊕

x∈X Mx. Let I1 be the two-sided ideal
in k〈X〉 generated by the set

(6.9)
{
X±1

i X∓1
i − 1 | i = 1, . . . , n

}
∪{

Xε2
i2
Xε1

i1
−σ̂

(ε2−1)/2
i2

σ̂
(ε1−1)/2
i1

(τi2i1)
ε1ε2Xε1

i1
Xε2

i2
| ε1, ε2 ∈ {1,−1}, 1 ≤ i1 < i2 ≤ n

}
,

where

(6.10) τji =
μij σ̂j(t̂j)

σ̂iσ̂j(t̂j)
∈ T̄−1R̄.

One verifies that there are well-defined homomorphisms of Zn-graded algebras

Cμ(T̄−1R̄, σ̂, t̂) → k〈X〉/I1,
Xi �→ Xi,

Yi �→ t̂iX
−1
i ,

r �→ r,

k〈X〉/I1 → Cμ(T̄−1R̄, σ̂, t̂),

Xi �→ Xi,

X−1
i �→ t̂−1

i Yi,

r �→ r,

(6.11)

which obviously are inverse to each other. Moreover they are also morphisms
of k-bimodules. So, by Lemma 2.7, Aμ(T̄

−1R̄, σ̂, t̂)  k〈X〉/I1 as Zn-graded
k-algebras and as k-bimodules. Consider the following reduction system:

Xε2
i2
Xε1

i1
−→ σ

(ε2−1)/2
i2

σ
(ε1−1)/2
i1

(τ ε1ε2ji )Xε1
i1
Xε2

i2
, ε1, ε2 ∈ {1,−1}, 1 ≤ i1 < i2 ≤ n,

Xε
i X

−ε
i −→ 1, ε ∈ {1,−1}, i ∈ {1, . . . , n}.

These reductions extend uniquely to k-bimodule homomorphisms from the ap-
propriate submodules of k〈X〉. Clearly 〈X〉irr = {Xg1

1 · · ·Xgn
n | g ∈ Zn}. There

are no inclusion ambiguities, but four types of overlap ambiguities:

Xε3
i3
Xε2

i2
Xε1

i1
, Xε2

i2
Xε1

i1
X−ε1

i1
, Xε2

i2
X−ε2

i2
Xε1

i1
, Xε

i X
−ε
i Xε

i ,

the last of which is trivially resolvable. The two middle ones are easily checked
to be resolvable, while the first one is resolvable due to the identity σ̂k(τij) =
τij if i, j, k ∈ {1, . . . , n} are different, which hold in T̄−1R̄ since tjσiσk(tj) −
σi(tj)σk(tj) ∈ (Lμ,D)ec. Thus, by [4, Theorem 6.1], the natural map⊕

g∈Zn

kXg1
1 · · ·Xgn

n → k〈X〉/I1

is an isomorphism of k-bimodules, in fact of Zn-graded k-bimodules, since the
reductions are homogeneous. Since Aμ(T̄

−1R, σ̂, t̂) is isomorphic to k〈X〉/I1 as
graded algebras and as k-bimodules, we in particular have for the degree zero
component that the k-bimodule map k → k〈X〉/I1 → Aμ(T̄

−1R̄, σ̂, t̂)0 sending
1 to 1 is an isomorphism, which is what we wanted to prove.

(4) ρ̄ and Aμ(λT̄ ) are injective. This follows from injectivity of ρ̂ and λT̄ and
Corollary 3.4. This proves statement (b).

(5) Aμ(πL
μ,˜D

) : Aμ(T
−1R, σ, t) → Aμ(T̄

−1R̄, σ, t) is an isomorphism. Observe

that for D̃ the contraction and extension are identity operations, since the
t̃i are already invertible. Consider πL

μ,˜D
: (T−1R, σ, t) → (T−1R, σ, t). As

already noted, Corollary 3.2 implies that Aμ(πL
μ,˜D

) is surjective. The kernel of

Aμ(πL
μ,˜D

) ◦ ρ̃ is by the commutativity of (6.8) equal to ker(ρ̂ ◦ πL
μ,˜D

) = Lμ, ˜D

since (T̄−1R̄, σ̂, t̂) is μ-consistent by step (4). But by step (2), Lμ, ˜D is contained
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in ker(ρ̃). Thus the restriction of Aμ(πL
μ,˜D

) to ρ̃(T−1R) is injective; hence

Aμ(πL
μ,˜D

) is injective by Lemma 3.3.

(6) ker(ρμ,D)ec ⊆ Lec
μ,D. By (6.8) and the injectivity of ρ̄ we have ker(ρμ,D) ⊆

ker
(
Aμ(π(Lμ,D)ec)◦ρμ,D

)
= ker(ρ̄◦π(Lμ,D)ec

)
= (Lμ,D)ec. This proves statement

(a).
(7) ker

(
Aμ(π(Lμ,D)ec)

)
= Jμ,D. This follows from Lemma 3.3 and the fact that

the kernel of Aμ(π(Lμ,D)ec) ◦ ρμ,D is equal to the kernel of π(Lμ,D)ec , which is
(Lμ,D)ec = (ker ρμ,D)ec, by step (2) and step (6). This proves statement (c).

�

We can now deduce the main result of the paper.

Proof of Theorem A. LetD be the TGW datum (R, σ, t) and ρμ,D : R → Aμ(R, σ, t)
be the canonical map of R-rings. By Theorem 6.1(a), ρμ,D is injective if and only
if Lμ,D = {0}, which by definition of Lμ,D is equivalent to the set Nμ,D, defined
in (6.1), being equal to {0}. But Nμ,D = {0} just means that relations (1.2) and
(1.3) hold. This proves the required equivalence.

It only remains to prove the independence of the two conditions (1.2) and (1.3).
It is clear that (1.2) does not follow from (1.3) because the latter does not depend
on μij . In Example 2.8, condition (1.2) is satisfied but ρμ,D : R → Aμ(R, σ, t) is
the zero map, and hence the TGW datum (R, σ, t) is not μ-consistent. Thus, by
Theorem A, condition (1.3) cannot hold (this can also be verified directly; relation
(2.9) shows that Nμ,D contains a nonzero, even invertible, element). This proves
that condition (1.3) does not follow from (1.2) either. �

We also obtain the following corollaries.

Corollary 6.2. Assume ϕ : (R, σ, t) → (R′, σ′, t′) is a morphism between regular
TGW data. Let μ ∈ PMn(k) and suppose (R, σ, t) is μ-consistent. Then (R′, σ′, t′)
is also μ-consistent.

Proof. This follows from ϕ(Nμ,(R,σ,t)) = Nμ,(R′,σ′,t′). �

Corollary 6.3. Let μ ∈ PMn(k). If (R, σ, t) ∈ TGWn(k) is regular and μ-consis-

tent, then Aμ(λS) : Aμ(R, σ, t) → Aμ(S
−1R, σ̃, t̃) is injective for any regular Zn-

invariant multiplicative set S ⊆ R.

Proof. Use Corollary 6.2 and Corollary 3.4. �

7. Weak μ-consistency and crossed product algebra embeddings

In this section we show that sometimes a TGW datum (R, σ, t) which is not μ-
consistent may nevertheless be replaced by another TGW datum (R′, σ′, t′) which is
μ-consistent and such that the corresponding TGW algebras are isomorphic. Such
TGW data will be called weakly μ-consistent (see definition below).

Theorem 7.1. Let μ ∈ PMn(k) and let D = (R, σ, t) ∈ TGWn(k) be regular. Then
the following statements are equivalent.

(i) ρμ,D(ti) is regular in ρμ,D(R) for all i.

(ii)
(
ker ρμ,D

)ec
= ker ρμ,D.

(iii) Aμ(πLec
μ,D

) : Aμ(R, σ, t) → Aμ(R̄, σ̄, t̄) is an isomorphism.

(iv) Aμ(λT ) : Aμ(R, σ, t) → Aμ(T
−1R, σ̃, t̃) is injective.
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(v) There exists a morphism ψ : (R, σ, t) → (R′, σ′, t′) from (R, σ, t) to a μ-
consistent regular TGW datum (R′, σ′, t′) ∈ TGWn(k) such that Aμ(ψ) :
Aμ(R, σ, t) → Aμ(R

′, σ′, t′) is an isomorphism.

Proof. That (i) ⇔ (ii) is immediate by definition. The equivalence (ii) ⇔ (iii)
follows from Theorem 6.1(c). The equivalence (iii) ⇔ (iv) follows from the cube
(6.8). Trivially (iii) implies (v) because (R̄, σ̄, t̄) is μ-consistent by Theorem 6.1(b).
We prove (v)⇒(i). Let r ∈ R, i ∈ {1, . . . , n} and assume that ρμ,D(rti) = 0.
Thus Aμ(ψ)(ρμ,D(rti)) = 0. By naturality (3.1) we get ρμ,D′(ψ(rti)) = 0, where
D′ = (R′, σ′, t′). But ψ(ti) = t′i and ρμ,D′ is injective, so we get ψ(r)t′i = 0.
Since D′ is regular we have ψ(r) = 0. Hence, by naturality, Aμ(ψ)(ρμ,D(r)) = 0;
thus ρμ,D(r) = 0; since Aμ(ψ) is bijective. This proves that ρμ,D(ti) is regular in
ρμ,D(R). �

Theorem 7.1(v) motivates the following definition.

Definition 7.2. A regular TGW datum satisfying the equivalent conditions in
Theorem 7.1 is called weakly μ-consistent.

As an application, we prove that (weakly) μ-consistent TGWA can be embedded
into crossed product algebras.

Recall that a group graded algebra S =
⊕

g∈G Sg such that each Sg (g ∈ G)
contains an invertible element is called a G-crossed product over Se. One can show
(see for example [12]) that any G-crossed product S is isomorphic as a left Se-
module to the group algebra Se[G] =

⊕
g∈G Seug with product given by

s1ugs2uh = s1ζg(s2)α(g, h)ugh

for some unique maps ζ : G → Aut(S) and α : G×G → (Se)
× satisfying

ζg(ζh(a)) = α(g, h)ζgh(a)α(g, h)
−1,(7.1a)

α(g, h)α(gh, k) = ζg(α(h, k))α(g, hk),(7.1b)

α(g, e) = α(e, g) = 1(7.1c)

for all g, h, k ∈ G, a ∈ Se, where e ∈ G is the identity element. Then S is denoted
by Se �

ζ
α G.

Theorem 7.3.

(a) Let μ ∈ PMn(k) and D = (R, σ, t) ∈ TGWn(k). Assume that t1, . . . , tn ∈ R×.
Then, if D is μ-consistent (equivalently, if (1.2) and (1.3) hold), there is a
unique σ-twisted 2-cocycle α : Zn × Z

n → R× for which there exists a graded
k-algebra isomorphism

ξμ,D : R�
σ
α Z

n → Aμ(R, σ, t)

satisfying

ξ(rug) = rXg1
1 · · ·Xgn

n .

(b) If μ ∈ PMn(k) and (R, σ, t) ∈ TGWn(k) is regular and weakly μ-consistent,
then Aμ(R, σ, t) can be embedded into a Zn-crossed product algebra:

Aμ(R, σ, t)
Aμ(πLμ,D

)

�
�� Aμ(R̄, σ̄, t̄) �

� Aμ(λT̄ )�� Aμ(T̄
−1R̄, σ̂, t̂)

(ξ
μ,̂D

)−1

�
�� T̄−1R̄ �

σ̂
α Z

n,
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where R̄ = R/(Lμ,D)ec, σ̄g(r+(Lμ,D)ec) = σg(r)+(Lμ,D)ec, t̄i = ti+(Lμ,D)ec,

T̄ is the image of T in R̄, λT̄ : R̄ → T̄−1R̄ is the localization map, D̂ =
(T̄−1R̄, σ̂, t̂), σ̂g(s

−1r) = σ̄g(s)
−1σ̄g(r) for s ∈ T̄ , r ∈ R̄. t̂i = t̄i/1 and the

ideal (Lμ,D)ec and the set T were defined in the beginning of Section 6.

Proof. (a) This follows by Lemma 2.7 and the above comments on crossed products.
(b) By definition of weakly μ-consistency, Aμ(πLμ,D

) is an isomorphism. By

Theorem 6.1(b), Aμ(R̄, σ̄, t̄) is μ-consistent. Corollary 6.3 implies that Aμ(λT̄ ) is

injective. By Corollary 6.2, D̂ is μ-consistent, so the last isomorphism follows from
part (a). �
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