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Abstract. We give a necessary and sufficient condition for an automorphism
of the Hilbert scheme of points on a K3 surface (not necessarily algebraic) to
be induced by an automorphism of the surface. We prove furthermore that
the group of birational transformations of a projective irreducible holomorphic
symplectic manifold is finitely generated.

Introduction

Compact irreducible holomorphic symplectic manifolds are higher dimensional
analogues of K3 surfaces and share many of their well-known properties. Their
second integral cohomology space carries a natural weight-two Hodge structure and,
due to a result of Beauville [5], it can be endowed with a natural nondegenerate
quadratic form generalizing the intersection pairing of a K3 surface.

IfX is a compact irreducible holomorphic symplectic manifold, the group Aut(X)
of its biholomorphic automorphisms is discrete, and any automorphism f ∈ Aut(X)
induces by pull-pack an isometry of H2(X,Z) for the quadratic form qX , yielding
a natural map:

Φ: Aut(X) −→ O(H2(X,Z), qX), f �→ f∗.

It is an important issue to understand to what extent an automorphism of X is
determined by the isometry induced on H2(X,Z).

If X is a K3 surface, the strong Torelli theorem of Burns–Rapoport [11] gives a
precise answer: the map Φ is injective and for every isometry φ ∈ O(H2(X,Z), qX),
which is an isomorphism of integral Hodge structures and maps a Kähler class of
X to a Kähler class, there exists an automorphism f ∈ Aut(X) such that f∗ = φ.
Using this theorem and lattice theory results, Nikulin [25] obtained an essentially
complete understanding of the finite abelian automorphism groups of K3 surfaces.
These results have been extended to nonabelian groups by Mukai [23] and to infinite
order automorphisms by McMullen [22]. In higher dimensions, Debarre [14] and
Namikawa [24] provided counterexamples to various analogues of the global Torelli
theorem. However, Verbitsky [33] and Markman [20] recently proved the following
version of the Global Torelli theorem. Denote by Mon2(X) ⊂ GL(H2(X,Z)) the
group of monodromy operators. The following version of the global Torelli theorem
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holds: for every φ ∈ Mon2(X) which is an isomorphism of integral Hodge structures
and maps a Kähler class of X to a Kähler class, there exists an automorphism
f ∈ Aut(X) such that f∗ = φ.

It is difficult to construct interesting automorphisms of irreducible holomorphic
symplectic manifolds. We refer to Beauville [3, 4], Boissière–Nieper-Wißkirchen–
Sarti [8], Camere [12], O’Grady [26] and Oguiso–Schröer [31] for some constructions
concerning Hilbert schemes of two points on K3 surfaces, generalized Kummer va-
rieties, Fano varieties of lines on cubic fourfolds, double covers of EPW sextics
or O’Grady’s resolutions of some moduli spaces of sheaves on K3 or abelian sur-
faces. The situation is particularly interesting when X is the Hilbert scheme S[n]

of n points on a K3 surface S. In this case, Beauville [4, Proposition 10] proved
that the map Φ is injective, and Markman [21] obtained a very precise character-
ization of the group of monodromy operators that could, in the near future, help
in constructing new automorphisms. There is for the moment one standard way to
construct automorphisms of S[n] by starting from automorphisms of S, yielding a
morphism Aut(S) → Aut(S[n]) whose image consists of natural [7] automorphisms
of S[n]. The first main result of this paper (Theorem 1) is a characterization of the
automorphisms obtained this way. It is easy to see that all these automorphisms
leave invariant the class in H2(S[n],Z) of the exceptional divisor of S[n], so it is
natural to ask whether this condition is sufficient: we give in Theorem 1 a positive
answer. The proof given here relies on some relations between the Kähler cones of
S and S[n] stated in Lemma 1. Note that a precise conjecture for the determination
of the Kähler cone of S[n] is provided by Hassett–Tschinkel [17, Conjecture 1.2].

Denote by Bir(X) the group of bimeromorphic transformations of an irreducible
holomorphic symplectic manifold X. If X is nonprojective, Oguiso [29, Theo-
rem 1.5], [27, Theorem 1.4], [28, Theorem 1.6] proved that the groups Aut(X) and
Bir(X) are finitely generated by showing that they are almost abelian of finite rank
(meaning that they are isomorphic to some Zr, up to finite kernel and cokernel)
and constructed projective examples where both groups are not almost abelian of
finite rank. The second main result of this paper (Theorem 2) answers a question
of Oguiso [27] by showing that when X is projective, the group Bir(X) is finitely
generated. The proof relies on the recent proof of the global Torelli theorem by
Verbitsky and Markman [20, 33].

1. Basic tools on holomorphic symplectic manifolds

Let X be an irreducible holomorphic symplectic manifold of dimension 2n (with
n ≥ 1). In the Hodge decomposition H2(X,C) = H2,0(X)⊕H1,1(X)⊕H0,2(X) we
putH1,1(X)R := H1,1(X)∩H2(X,R). The Kähler cone KX is the open convex cone
in H1,1(X)R of classes which can be represented by a positive closed (1, 1)-form.

We denote by qX the canonical Beauville–Bogomolov [5] symmetric bilinear
form on H2(X,Z) (we keep this notation also for its extension to H2(X,R) and
H2(X,C) and for the associated quadratic form). This form is nondegenerate of
signature (3, b2(X)− 3) on H2(X,R) and it is such that H1,1(X) is orthogonal to
H2,0(X)⊕ H0,2(X). The restriction of qX to H1,1(X)R has signature (1, b2(X)−3)
and for every Kähler class ω ∈ KX , we have qX(ω) > 0.

Put SX := {α ∈ H1,1(X)R | qX(α) > 0}. The signature of qX implies that SX is
the disjoint union of two open convex cones: the one containing the Kähler cone is
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denoted by CX and called the positive cone; the other component is denoted by C′
X

and we have the property: x ∈ CX ⇔ (−x) ∈ C′
X .

If ω ∈ KX , then qX(ω, ·) is strictly positive on CX and for any effective divisor
D on X, we have qX(ω, [D]) > 0 [18, §1.11]. In the particular case when X is a
K3 surface, this property characterizes the Kähler cone [2]: if ω ∈ CX is such that
qX(ω, d) > 0 for any class d of an effective divisor on X such that d2 = −2, then
ω ∈ KX .

Denote by AX ⊂ H1,1(S)R the ample cone, generated by the first Chern classes
c1(L) of the ample line bundles L on X. We have AX ⊂ KX .

Let Peftr(X) ⊂ H1,1(X, )R be the set of pseudo-effective transcendental classes,
i.e. classes which can be represented by a closed positive (1, 1)-current. Results of
Debarre [15, §3.3], Huybrechts [19, Proposition 1] and Boucksom [10] show that it
is a convex closed cone such that KX ⊂ Peftr(X) and CX ⊂ Peftr(X).

The Néron-Severi group is NS(X) := H1,1(X)R ∩ H2(X,Z), of Picard number
ρ(X) := rk(NS(X)), and the transcendental lattice T(X) is the orthogonal comple-
ment of NS(X) in H2(X,Z). We denote the signature of a lattice by (n1, n2, n3),
where n1 is the number of positive eigenvalues, n2 the number of the zero eigenval-
ues and n3 the number of the negative eigenvalues of the associated real quadratic
form. There are three possibilities:

• hyperbolic type: NS(X) is nondegenerate, of signature (1, 0, ρ(X)− 1) and
T(X) has signature (2, 0, b2(X)− ρ(X)− 2);

• parabolic type: NS(X) ∩ T(X) is of dimension 1, NS(X) has signature
(0, 1, ρ(X)− 1) and T(X) has signature (2, 1, b2(X)− ρ(X)− 3);

• elliptic type: NS(X) is negative definite, of signature (0, 0, ρ(X)) and T(X)
has signature (3, 0, b2(X)− ρ(X)− 3).

By Huybrechts [18, Theorem 3.11], X is projective if and only if NS(X) is hyper-
bolic.

2. The Hilbert scheme of points on a K3 surface

Let S be a K3 surface (not necessarily algebraic) and n ≥ 2. We denote by
Sn the product of n copies of S, pi : S

n → S the projection onto the i-th factor,
S(n) := Sn/Sn the symmetric quotient of S, where the symmetric group Sn acts
by permutation of the variables, π : Sn → S(n) the quotient map, Δ the union
of all the diagonals of Sn and D := π(Δ) its image in S(n). We denote by S[n]

the Hilbert scheme (or Douady space if S is not algebraic) which parametrizes
the analytic subspaces of S of dimension zero and length n. By Beauville [5],
S[n] is an irreducible holomorphic symplectic manifold. The Hilbert–Chow mor-
phism (Douady–Barlet morphism in the nonalgebraic case) ρ : S[n] → S(n) is pro-
jective and bimeromorphic, and it is a resolution of singularities. We denote by
E := ρ−1(D) the exceptional divisor, which is irreducible.

There exists an injective morphism ι : H2(S,C) → H2(S[n],C) such that

H2(S[n],C) = ι
(
H2(S,C)

)
⊕ C[E]

(we set e := [E]), which is constructed as follows: for α ∈ H2(S,C), there exists a
unique β ∈ H2(S(n),C) such that π∗β = p∗1α + · · ·+ p∗nα and we put ι(α) := ρ∗β.
The morphism ι is compatible with the Hodge decomposition [5, Proposition 6].
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After normalisation, the form q := qS[n] satisfies q(ι(α)) = α2 for α ∈ H2(S,C),
q(e) = −8(n − 1) and e is orthogonal to ι

(
H2(S,C)

)
. There exists a class δ such

that 2δ = e and H2(S[n],Z) = ι
(
H2(S,Z)

)
⊕ Zδ (see [5]).

There exists a natural morphism of groups −n : Pic(S) → Pic(S[n]) constructed
as follows: for any line bundle L ∈ Pic(S), the line bundle

⊗n
i=1 p

∗
iL projects to

a line bundle L on Pic(S(n)) and one defines Ln := ρ∗L. By construction we have
c1(Ln) = ι(c1(L)). Denoting by (Pic(S))n the set of line bundles Ln, one has

Pic(S[n]) ∼= (Pic(S))n ⊕ ZD with D2 ∼= O(−E) and c1(D) = −δ. The following

lemma which compares the Kähler cones of S and S[n] via ι is the key to Theorem 1.

Lemma 1.

(1) ι (CS) ⊂ CS[n] .
(2) If ω := ι(ω0) + λe ∈ CS[n] , then ω0 ∈ CS. We have

ι (CS) = CS[n] ∩ ι
(
H1,1(S)R

)
.

(3) ι(KS) ∩ KS[n] = ∅. If ω = ι(ω0) + λe ∈ KS[n] , then λ < 0 and ω0 ∈ KS.

Proof.
1. Let Zn be the isospectral Hilbert scheme, which is defined by Haiman [16] as

the reduced fiber product of S[n] with Sn over S(n) and Z̃n → Zn a resolution of
singularities. We have a commutative diagram

Z̃n
g ��

f

��

Sn

π

��
S[n] ρ �� S(n)

where f and g are surjective. For each α ∈ H2(S,C), one sees immediately that ι(α)
is such that f∗ι(α) = g∗(p∗1α+ · · ·+ p∗nα). For ω ∈ KS , ωn := p∗1ω + · · ·+ p∗nω is a

Kähler class of Sn; hence g∗(ωn) is pseudo-effective, so f∗(ι(ω)) ∈ Peftr(Z̃n). Since
pseudo-effectivity is stable by considering the preimage (in the sense of currents, see
Debarre [15, §3.1]) by surjective maps between compact varieties (a class is pseudo-
effective if and only if its preimage is), this implies that ι(ω) ∈ Peftr(S

[n]), which
excludes that ι(ω) is contained in the connected component C′

S[n] . We conclude
that ι(CS) ⊂ CS[n] .

2. If ω = ι(ω0) + λe ∈ CS[n] , we have ω2
0 − 8λ2(n− 1) = q(ω) > 0; hence ω2

0 > 0.
Assume that ω0 ∈ C′

S . Then (−ω0) ∈ CS , so by the first assertion and by convexity
we get ω + ι(−ω0) = λe ∈ CS[n] , which is absurd; hence ω0 ∈ CS .

3. If ω ∈ KS, then q(ι(ω), e) = 0; hence ι(ω) is not a Kähler class for S[n]. If
ω = ι(ω0) + λe ∈ KS[n] , we have 0 < q(ω, e) = −8λ(n− 1) since e is the class of an
effective divisor, which implies λ < 0. By the second assertion we have ω0 ∈ CS . If
ω0 /∈ KS there exists an effective divisor D on S such that ω0 · [D] ≤ 0. Hence ι([D])
is again the class of an effective divisor, and we have q(ω, ι([D])) = ω0 · [D] ≤ 0, a
contradiction. �

Remark 1. The argument used for the first assertion has been communicated to
us by Daniel Huybrechts. If S is algebraic (hence projective), one can argue in a
different way, avoiding the use of currents. Denote by Ξn ⊂ S× S[n] the universal
family and by p, q the respective projections on S and S[n]; the morphism p is flat.
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For L ∈ Pic(S), put ψ(L) := det(q∗p
∗L) ∈ Pic(S[n]). Beltrametti–Sommese [6,

Theorem A.1] proved that the map ψ : Pic(S) → Pic(S[n]) satisfies

ψ(L) = Ln ⊗O(−E).

By Catanese–Göttsche [13], ψ(L) is very ample if and only if L is n-very ample,
which means that for any zero dimensional subscheme ξ ⊂ S of length less than
or equal to n, the canonical map H0(S,L) → H0(S,L ⊗ Oξ) is surjective. In
particular, if L is ample, then for k big enough, Lk is very ample and Lkn is n-very
ample [6, Lemma 0.1.1]; hence ψ(Lkn) is very ample. Since S is projective, there
exists a very ample line bundle L; hence c1(L) ∈ AS . We get

c1(ψ(L
kn)) = kn · ι(c1(L))− e ∈ AS[n] ,

which excludes that ι(c1(L)) ∈ C′
S[n] ; otherwise, by convexity, we would have

e ∈ C′
S[n] .

3. Classification of natural automorphisms

Let S be a K3 surface and n ≥ 2. Any automorphism ψ ∈ Aut(S) induces an
automorphism denoted ψ[n] ∈ Aut(S[n]), called natural, and the induced morphism
Aut(S) → Aut(S[n]) is injective [7]. By the relation ψ[n] ◦ ρ = ρ ◦ ψ(n), where
ψ(n) is the automorphism of S(n) induced by ψ, and by the fact that a natural
automorphism leaves globally invariant the exceptional divisor E, one obtains that
the action of ψ[n] on H2(S[n],Z) can be decomposed as (ψ[n])∗ = (ψ∗, id) in the
decomposition H2(S[n],Z) ∼= H2(S,Z)⊕ Zδ (where ι is implicit).

Let f ∈ Aut(S[n]). Since the exceptional divisor E is rigid, the geometric prop-
erty f(E) = E (i.e. E is globally invariant) is equivalent to the algebraic property
f∗e = e. We prove that this only condition characterizes the natural automor-
phisms.

Theorem 1. Let S be a K3 surface and n ≥ 2. An automorphism f of S[n] is
natural if and only if it leaves globally invariant the exceptional divisor.

Proof. The automorphism f induces an isometry f∗ of the lattice
(
H2(S[n],Z), q

)
,

and if f leaves globally invariant the exceptional divisor, we have f∗(δ) = δ. Since
δ is orthogonal to ι

(
H2(S,Z)

)
for the form q, f∗ stabilizes ι

(
H2(S,Z)

)
; hence it

decomposes as f∗ = (ϕ, id), where ϕ is a Hodge isometry of the lattice H2(S,Z)
since ι is compatible with the Hodge decomposition, as explained in §2.

Let ω ∈ KS[n] . By Lemma 1 one can decompose it as ω = ι(ω0) + λe with
ω0 ∈ KS . Then

f∗(ω) = ι(ϕ(ω0)) + λe ∈ KS[n] ,

so by Lemma 1 again it follows that ϕ(ω0) ∈ KS . By the global Torelli theorem for
K3 surfaces, the effective Hodge isometry ϕ is induced by a unique automorphism ψ
of S such that ψ∗ = ϕ.

The natural automorphism ψ[n] of S[n] induced by ψ satisfies (ψ[n])∗(δ) = δ and
(ψ[n])∗|H2(S,Z) = ϕ, so (ψ[n])∗ = f∗ on H2(S[n],Z). By Beauville [4, Proposition 10]

the map Aut(S[n]) → O(H2(S[n],Z)) is injective, so f = ψ[n]. �

Remark 2. A similar classification result of automorphisms of generalized Kummer
varieties is proven by Boissière–Nieper-Wißkirchen–Sarti [8, Theorem 4.1]. The
proof there uses different techniques since the generalized Kummer varieties admit
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nontrivial automorphisms which act trivially on the second cohomology group [8,
Corollary 4.3].

4. Applications and examples

Let S be a K3 surface and n ≥ 2. For f ∈ Aut(S[n]), we define the index of f
by

λ(f) :=
q(f∗(e), e)

q(e)
,

in such a way that in NS(S[n]) we have f∗(e) = λ(f)e + ι(d) for some d ∈ NS(S).
Any natural automorphism has index 1, and for any natural automorphism f and
any automorphism g ∈ Aut(S[n]) we have

λ(f ◦ g) = λ(g) = λ(g ◦ f).
In particular λ(f ◦ g ◦ f−1) = λ(g); hence the index is invariant for the action of
Aut(S) on Aut(S[n]) by conjugation.

Boissière [7, Proposition 2] proves by topological arguments that if ρ(S) = 0, then
all automorphisms of S[n] are natural. Theorem 1 gives in particular an algebraic
argument. We study here the case ρ(S) ≥ 1.

Proposition 1. Let S be a K3 surface and n ≥ 2. If S is of elliptic type or of
hyperbolic type with ρ(S) = 1, then f ∈ Aut(S[n]) is natural if and only if λ(f) = 1.

Proof. If λ(f) = 1, then f∗(e) = e + ι(d). Since f∗ is an isometry, we get d2 = 0.
If S is of elliptic type, this implies that d = 0; hence f∗(e) = e and by Theorem 1,
f is a natural automorphism. The other implication is clear. In the hyperbolic case
with ρ(S) = 1, one has NS(S) ∼= Zd with d2 > 0 and the argument is similar. �

It would be interesting to understand if the invariant λ : Aut(S[n]) → Z is enough
to characterize the natural automorphisms. The previous result shows that this is
the case for the generic algebraic K3 surface and in the elliptic case. It is not easy
to find examples of nonnatural automorphisms of S[n]. In fact there are, up to now,
only two known examples. Take S ⊂ P3 to be a generic K3 surface containing no
line. Beauville [4, §6] constructs an involution i on S[2] as follows: for a reduced
subscheme ξ ∈ S[2], the line L through the two points in the support of ξ cuts
the surface S in another length two subscheme ξ′ ∈ S[2]. One can prove that
the obtained birational map i : S[2] ��� S[2], ξ �→ ξ′ extends to an automorphism.
Denoting by h the class of a hyperplane divisor, one computes that i∗(δ) = −3δ+4h
and i∗(h) = −4δ+3h (see Debarre [14, Théorème 4.1] or Oguiso [30, Lemma 4.3]).
Since λ(i) = −3, this involution is not natural. The second example, which is
inspired by the first one, is due to Oguiso ([30]; see also Amerik [1]). Consider a K3
surface S admitting two embeddings as a quartic in P3, given by two different very
ample line bundles H1, H2, whose classes are denoted by h1, h2. Each embedding
induces an involution i1, i2 on S[2] as before, satisfying the following relations:

i∗jhj = 3hj − 4δ, i∗j δ = −3δ + 2hj , j = 1, 2,

i∗1h2 = 8h1 − h2 − 8δ, i∗2h1 = 8h2 − h1 − 8δ.

Consider the composition i = i1 ◦ i2. Then i∗δ = 10h1−2h2−7δ, so λ(i) = −7 and
i is not natural (see also Oguiso [30, Lemma 4.6]). One can easily see from these
computations that i is of infinite order.
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5. The group of birational transformations

Let X be a projective irreducible holomorphic symplectic manifold. Using the
global Torelli theorem of Verbitsky [33] and Markman [20], we prove that the group
Bir(X) is finitely generated. Our proof is a generalization of the argument of
Sterk [32] related to the automorphism group of projective K3 surfaces.

Given f ∈ Bir(X), the correspondence by the closure in X×X of the graph of f
induces an automorphism f∗ ∈ GL(H2(X,Z)). It is known (see Markman [20] and
the references therein) that f∗ ∈ O(H2(X,Z), qX) and f∗ ∈ Mon2Hdg(X), where

Mon2Hdg(X) denotes the subgroup of Mon2(X) of monodromy operators preserving
the Hodge structure. Consider the group of birational transformations preserving
the holomorphic two-form:

Bir0(X) := {f ∈ Bir(X) | f∗ωX = ωX}.
Since every f ∈ Bir(X) induces a Hodge isometry of H2(X,Z) and H2,0(X) is
generated by ωX , there is a character χ : Bir(X) −→ C

∗ defined by f∗ωX = χ(f)ωX

and Bir0(X) = Ker(χ) is a normal subgroup of Bir(X).

Lemma 2. Let X be a projective irreducible holomorphic symplectic manifold. The
quotient Bir(X)/Bir0(X) is a finite cyclic group.

Proof. The argument is similar as in Sterk [32, Lemma 2.1] or Beauville [4, Propo-
sition 7]. Set T(X)R := T(X) ⊗Z R and E := (H2,0(X) ⊕ H0,2(X)) ∩ H2(X,R).
There is an orthogonal decomposition:

T(X)R = E ⊕ (T(X)R ∩H1,1(X)).

Since X is projective, T(X) is of signature (2, 0, ρ(X)−2). Note that qX is positive
on E, so it is negative on the second space. The isometry f∗ ∈ O(T(X)) induced
by f ∈ Bir(X) preserves this decomposition and it is unitary on each space, so
the eigenvalues of f∗ ∈ O(T(X) ⊗Z C) have modulus 1. Since they are algebraic
integers, they are roots of unity. In particular, the minimal polynomial of χ(f) is
a cyclotomic polynomial Φn for some integer n. The polynomial Φn divides the
characteristic polynomial of f∗ ∈ GL(T(X)), so the Euler number of n is smaller
than or equal to rk(T(X)) and the possible values for n are bounded. This shows
that χ(Bir(X)) ⊂ C∗ is a finite group. �
Theorem 2. If X is a projective irreducible holomorphic symplectic manifold, then
Bir(X) is a finitely generated group.

Proof. We follow Markman [20] to generalize Sterk’s argument [32, Proposition 2.2].
By Lemma 2, it suffices to prove that Bir0(X) is finitely generated. Consider the
restriction morphism:

ρ : Mon2Hdg(X) −→ O(NS(X)).

Set CNS := CX ∩ NS(X) and O+(NS(X)) := {g ∈ O(NS(X)) | g(CNS) = CNS}. By
Markman [20, Lemma 6.23], the group Γ := Im(ρ) is an arithmetic subgroup of
finite index in O+(NS(X)), so Γ is finitely generated [9, Theorem 6.12]. Define

ΓT :=
{
g ∈ Γ | g|T(X) = id

}
.

The group ΓT is an arithmetic subgroup of Γ, so it is again finitely generated.
Denote by Pex the set of prime exceptional divisors of X (i.e. the set of reduced
irreducible effective divisors of X whose Gram matrix is negative definite). Set
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WExc to be the subgroup of Mon2Hdg(X) generated by reflections by elements of
Pex [20, Definition 6.8, Theorem 6.18]. Define

ΓBir := {g ∈ Γ | g(Pex) = Pex},
ΓT,Bir := {g ∈ ΓT | g(Pex) = Pex}.

One has a semi-direct decomposition Γ ∼= ρ(WExc)� ΓBir [20, Lemma 6.23]. Since
elements of WExc act trivially on T(X), one deduces that ΓT

∼= ρ(WExc) � ΓT,Bir,
so ΓT,Bir is a quotient of ΓT; hence it is finitely generated.

Denoting by Mon2Bir(X) the subgroup of Mon2Hdg(X) of monodromy operators

induced by birational transformations of X, one has Ker(ρ) ⊂ Mon2Bir(X) and
ΓBir

∼= Mon2Bir(X)/Ker(ρ) (see [20, Lemma 6.23 and (3) p. 26]), so

ΓT,Bir
∼=

{
g ∈ Mon2Bir(X) | g|T(X) = id

}
/
{
g ∈ Mon2Bir(X) | g|NS(X) = id

}
∼=

{
f ∈ Bir(X) | f∗

|T(X) = id
}
/
{
f ∈ Bir(X) | f∗

|H2(X,Z) = id
}
.

Since X is projective, one has Bir0(X) ∼=
{
f ∈ Bir(X) | f∗

|T(X) = id
}
, and it is

well known that
{
f ∈ Bir(X) | f∗

|H2(X,Z) = id
}

is a finite group (see [18, Proposi-

tion 9.1]): a birational transformation acting trivially on the second cohomology
space leaves invariant a Kähler class, so extends to an automorphism by Fujiki’s
theorem and is an isometry for the Calabi–Yau metric uniquely associated to this
Kähler class; the assertion follows then from the fact that the group of isometries
of a compact Riemannian manifold is compact and Aut(X) is discrete. As a con-
sequence, Bir0(X) is finitely generated. �

As mentioned by Oguiso [27, Question 1.6], it is not known whether Aut(X) is
of finite index in Bir(X), so the following question remains open:

Question 1. For X a projective irreducible holomorphic symplectic manifold, is
the group Aut(X) finitely generated?

The key difference between understanding automorphisms and birational trans-
formations of X via various types of subgroups of O(NS(X)) is that, in the moduli
space of marked irreducible holomorphic symplectic manifolds, two elements with
the same period are always bimeromorphic [18, Theorem 4.3] but, contrary to the
case of K3 surfaces, in higher dimensions they are not automatically isomorphic.
This also explains why constructing automorphisms of X from the action on the lat-
tice H2(X,Z) is much more difficult for higher dimensional irreducible holomorphic
symplectic manifolds than for K3 surfaces.
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