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AN ULTRAMETRIC SPACE OF EISENSTEIN POLYNOMIALS

AND RAMIFICATION THEORY

MANABU YOSHIDA

(Communicated by Matthew A. Papanikolas)

Abstract. We give a criterion whether given Eisenstein polynomials over a
local field K define the same extension over K in terms of a certain non-
Archimedean metric on the set of polynomials. The criterion and its proof
depend on ramification theory.

1. Introduction

Let K be a complete discrete valuation field, k its residue field (which may
be imperfect) of characteristic p > 0, vK its valuation normalized by vK(K×) = Z,
OK its valuation ring, Ω a fixed algebraic closure of K, and K̄ the separable closure
in Ω. The valuation vK can be extended to Ω uniquely and the extension is also
denoted by vK . Let L/K be a finite Galois extension with ramification index e and
inertia degree 1. Denote by OL the integral closure of OK in L. Take a uniformizer
πL of OL and its minimal polynomial f over K, which is an Eisenstein polynomial
over K. Let Ee

K be the set of all Eisenstein polynomials over K of degree e. For
two polynomials g =

∑
aiX

i, h =
∑

biX
i ∈ Ee

K , we put

vK(g, h) := min
0≤i≤e−1

{vK(ai − bi) +
i

e
}.

Then the function vK(·, ·) defines a non-Archimedean metric onEe
K (cf. Lemma 3.1).

For any g ∈ Ee
K , we put Mg = K(πg), where πg is a root of g. For any real number

m ≥ 0, we consider the following property:

(Te
m) For any g ∈ Ee

K , if vK(f, g) ≥ m, then there exists a K-
isomorphism L ∼= Mg.

This property does not depend on the choice of πL (cf. Proposition 6.1). Let
uL/K be the largest upper numbering ramification break of L/K in the sense of
[Fo] (cf. Sect. 2). Then we can prove the following (Proposition 4.1):

Proposition 1.1. The property (Te
m) is true for m > uL/K and is not true for

m ≤ uL/K − e−1.

This proposition is a consequence of results of Fontaine on a certain property
(Pm) (cf. Appendix). Since both vK(f, g) and uL/K are in e−1Z, the truth of (Te

m)

is constant for uL/K − e−1 < m ≤ uL/K . Therefore, we want to know the truth
of (Te

m) for m = uL/K . The property (Te
m) behaves mysteriously at the break
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m = uL/K . It depends on the ramification of L/K and the residue field k. Our
main theorem in this paper is the following (Corollary 5.3):

Theorem A. If L/K is tamely ramified, then (Te
m) is true for m = uL/K if and

only if the residue field k has no cyclic extension of degree e. If L/K is wildly
ramified, then (Te

m) is true for m = uL/K if and only if the residue field k has no
cyclic extension of degree p.

We reduce the proof of this theorem to the abelian case by showing that (Te
m)

is equivalent to a certain property (Pe
m), which has such a reduction property

(Proposition 6.3). To prove the abelian case, we show that, by using the properties
of the ultrametric space Ee

K , the truth of the property (Te
m) for m = uL/K is

equivalent to the surjectivity of the norm map Nm−1 : U
ψ(m−1)
L /U

ψ(m−1)+1
L →

Um−1
K /Um

K between the graded quotients of the higher unit groups of L and K,
where ψ is the Hasse-Herbrand function of L/K (Proposition 6.5). Finally, we
calculate its cokernel by using the well-known exact sequence (Proposition 6.8)

0 → Gψ(m−1)/Gψ(m−1)+1 → U
ψ(m−1)
L /U

ψ(m−1)+1
L

Nm−1−→ Um−1
K /Um

K ,

where Gi is the ith lower numbering ramification group in the sense of [Se] (cf.
Remark 2.2). The vanishing of Coker(Nm−1) is equivalent to the conditions in
Theorem A.

Our results are useful for computations to construct explicit extensions over K
which satisfy given conditions. For example, such computations are required in
[SY], [YY1] and [YY2]. Indeed, the proof of Proposition 5.1(1) in [SY] is based
on our results. In [YY1] and [YY2], our approaches are used to identify totally
ramified extensions over Qp.

Plan of this paper. In Section 2, we give a review of the classical ramification theory.
In Section 3, we recall a notion of ultrametric space on polynomials. In Section 4,
we define the property (Te

m), which is the main object in this paper. In Section
5, we state our main theorem and its consequences. In Section 6, we prove the
main theorem. In the Appendix, we consider similar properties (P′

m) and (Pm). To
remove confusion, we clarify the relation between the four properties which appear
in this paper:

(Pm) ⇐⇒ (P′
m) =⇒ (Pe

m) ⇐⇒ (Te
m),

where the last equivalence requires the condition m > 1.

Notation. We fix an algebraic closure Ω of K and denote by K̄ the separable closure
of K in Ω. We denote by OK , mK , πK and vK , respectively, the valuation ring
of K, its maximal ideal, a uniformizer of K and the valuation on K normalized
by vK(K×) = Z. We assume throughout that all algebraic extensions of K under
discussion are contained in Ω. The valuation vK of K extends to Ω uniquely and
the extension is also denote by vK . If M is an algebraic extension of K, then we
denote by OM the integral closure of OK in M , and by mM the maximal ideal of
OM . For any integer n ≥ 1, we put Un

K = 1+mn
K and Un

L = 1+mn
L. Put U

0
K = O×

K

and U0
L = O×

L by convention.

Conventions. Throughout this paper, we assume that L/K is an unferociously
ramified1 extension. We do not consider the trivial case L = K.

1We mean by an unferociously ramified extension an algebraic extension whose residue field
extension is separable.
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2. Ramification theory

In this section, we recall the classical ramification theory for Galois extensions
of K. Our notation is based on [Fo], Section 1. Let L be a finite Galois extension
of K with Galois group G. There exists an element α ∈ OL such that OL = OK [α]
(the existence of such an element is proved in [Se], Chap. III, Sect. 6, Prop. 12).
The order function iL/K is defined on G by

iL/K(σ) = inf
a∈OL

vK(σ(a)− a) = vK(σα− α)

for any σ ∈ G. Then the ith lower numbering ramification group G(i) of G is defined
for a real number i ≥ 0 by

G(i) = {σ ∈ G | iL/K(σ) ≥ i}.
The transition function ϕ̃L/K : R≥0 → R≥0 of L/K is defined by

ϕ̃L/K(i) =

∫ i

0

�G(t)dt

for any real number i ≥ 0, where �G(t) is the cardinality of G(t). This is a piecewise-
linear, monotone increasing function, mapping the interval [0,+∞) onto itself. Its

inverse function is denoted by ψ̃L/K . The following lemma is a fundamental prop-
erty of these functions:

Lemma 2.1 ([Fo], Prop. 1.4). Let L be a finite Galois extension of K. Let f be the
minimal polynomial of α over K and β an element of Ω. Put i = supσ∈G vK(σ(α)−
β) and u = vK(f(β)). Then we have

u = ϕ̃L/K(i), ψ̃L/K(u) = i.

We define the order function uL/K on G by

uL/K(σ) = ϕ̃L/K(iL/K(σ))

for any σ ∈ G. Then the uth upper numbering ramification group G(u) of G is
defined for a real number u ≥ 0 by

G(u) = {σ ∈ G | uL/K(σ) ≥ u}.

Remark 2.2. Denote byGi, G
u, ϕL/K and ψL/K , respectively, the ith lower number-

ing ramification group, the uth upper numbering ramification group, the transition
function and its inverse function in the sense of [Se], Chapter IV. The relation be-
tween our notation and that of [Se] is the following: For any real number i, u ≥ −1,
we have

Gi = G((i+1)/e), Gu = G(u+1)

and
ϕL/K(i) = ϕ̃L/K((i+ 1)/e)− 1, ψL/K(u) = eψ̃L/K(u+ 1)− 1,

where e is the ramification index of L/K.

Denote the largest lower (resp. upper) numbering ramification break by

iL/K = inf{i ∈ R | G(i) = 1}, uL/K = inf{u ∈ R | G(u) = 1}.

The graded quotients of (G(u))u≥1 are abelian and killed by p ([Se], Chap. IV,

Sect. 2, Cor. 3). In particular, G(u) is abelian and killed by p for u = uL/K if L/K
is wildly ramified.
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We assume that L/K is totally ramified. If there is no confusion, we write
ψ = ψL/K for simplicity.

Proposition 2.3 ([Se], Chap. V, Prop. 8). For any integer n ≥ 0, N(U
ψ(n)
L ) ⊂ Un

K

and N(U
ψ(n)+1
L ) ⊂ Un+1

K , where N := NL/K is the norm map.

This proposition allows us, by passage to the quotient, to define the homomor-
phisms

Nn : U
ψ(n)
L /U

ψ(n)+1
L → Un

K/Un+1
K (n ≥ 0).

The homomorphism Nn is a nonconstant polynomial map ([Se], Chap. V, Sect. 6,
Prop. 9).

Proposition 2.4 ([Se], Chap. V, Sect. 6, Prop. 9). For any integer n ≥ 0, the
following sequence is exact:

0 → Gψ(n)/Gψ(n)+1
θn→ U

ψ(n)
L /U

ψ(n)+1
L

Nn−→ Un
K/Un+1

K ,

where θn is defined by σ �→ σ(πL)/πL.

Remark 2.5. The polynomial Nn is separable since θn is injective. Hence if the
residue field k is separably closed, then we have

0 → Gψ(n)/Gψ(n)+1
θn→ U

ψ(n)
L /U

ψ(n)+1
L

Nn−→ Un
K/Un+1

K → 0.

3. An ultrametric space of monic irreducible polynomials

In this section, we define a non-Archimedean metric on the set, denoted by
PK , of all monic irreducible polynomials over K. For f, g ∈ PK , we denote by
Res(f, g) the resultant of f and g. Then vK(Res(·, ·)) defines a non-Archimedean
metric on PK (see [Kr] or [PR], Sect. 4, for the proofs). It is well known that

vK(Res(f, g)) =
∑
i,j

vK(αi − βj) = deg(f)vK(f(β)) = deg(g)vK(g(α)),

where αi (resp. βj) runs through all the roots of f (resp. g) and α (resp. β) is a root
of f (resp. g). The third and fourth presentations are independent of the choice of
roots by the irreducibility of polynomials. Denote by Ee

K the set of all Eisenstein
polynomials over K of degree e. For f , g ∈ Ee

K , we put

vK(f, g) = e−1vK(Res(f, g)) = vK(f(πg)),

where the last equality follows from the above equality. Then the function vK(·, ·)
also defines a non-Archimedean metric on Ee

K . There is a useful formula to calculate
the metric on Ee

K :

Lemma 3.1 ([Kr]). Let f, g ∈ Ee
K . Write f(X) = Xe + ae−1X

e−1 + · · · + a0
and g(X) = Xe + be−1X

e−1 + · · · + b0. Then we have

vK(f, g) = min
0≤i≤e−1

{vK(ai − bi) +
i

e
}.
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4. The property (Te
m)

In this section, we define the property (Te
m) and determine the truth for any

real number m ≥ 0 except a neighborhood of the break uL/K . The proofs in this
section essentially depend on [Fo], Proposition 1.5. Let L/K be a finite Galois
totally ramified extension of degree e. Take a uniformizer πL of L. Let f ∈ Ee

K be
the minimal polynomial of πL over K. For any g ∈ Ee

K , we put Mg = K(πg), where
πg is a root of g. For any real number m ≥ 0, we consider the following property:

(Te
m) For any g∈Ee

K , if vK(f, g) ≥ m, then there is aK-isomorphism
L ∼= Mg.

Let uL/K be the upper numbering ramification break of L/K. Then we have the
following:

Proposition 4.1. (i) If m > uL/K , then (Te
m) is true.

(ii) If m ≤ uL/K − e−1, then (Te
m) is not true.

Proof. (i) By assumption, we have vK(f, g) = vK(f(πg)) ≥ m > uL/K . According
to Lemma 2.1, we have

sup
σ∈G

vK(πg − σ(πL)) = ψ̃L/K(vK(f(πg))) > ψ̃L/K(uL/K) = iL/K .

Hence there exists σ0 ∈ G such that

vK(πg − σ0(πL)) > iL/K = sup
σ �=1

vK(σ(πL)− πL) = sup
σ �=1

vK(σ(σ0(πL))− σ0(πL)).

By Krasner’s lemma, we have L ∼= K(σ0(πL)) ⊂ K(πg) = Mg.
(ii) This follows from Lemma 4.2 below immediately. �

Lemma 4.2. Let g ∈ Ee
K . If vK(f, g) = uL/K − e−1, then we have L �∼= Mg.

Proof. By assumption we have vK(f(πL)) = vK(f, g) = uL/K−e−1. By Lemma 2.1
we have

sup
σ∈G

vK(πg − σ(πL)) = ψ̃L/K(uL/K − e−1) = iL/K − 1

ed
,

where d := �G(uL/K). By multiplying e with the above equation, we have

vL(πg − σ0πL) = eiL/K − 1

d
,

for some σ0 ∈ G. If we suppose L = Mg, then the left-hand side is an integer.
However, the right-hand side is never an integer. This is a contradiction. Hence we
have L �= Mg. �

5. Main theorem

In this section, we state our main theorem and its consequences. Let L/K be a
finite totally ramified Galois extension of degree e.

Theorem 5.1. The property (Te
m) for m = uL/K is equivalent to the condition

Homcont(Gk, G(iL/K)) = 1.

Corollary 5.2. Assume k is a quasi-finite field. Then (Te
m) is not true for m =

uL/K .
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Proof. By assumption, we have

Homcont(Gk, G(iL/K)) = Homcont(Ẑ, G(iL/K)) ∼= G(iL/K) �= 1.

We obtain the desired result by Theorem 5.1. �

Theorem A is a consequence of the following:

Corollary 5.3. If L/K is tamely ramified, then (Te
m) for m = uL/K is equivalent

to the condition k×/(k×)e = 1. If L/K is wildly ramified, then (Te
m) for m = uL/K

is equivalent to the condition k/℘(k) = 0, where ℘(X) := Xp −X.

Proof. Assume L/K is tamely ramified. Then the group G = G(iL/K) is isomor-
phic to a finite cyclic group μe of order e. Note that k contains the eth roots of
unity. Hence we have Homcont(Gk, μe) ∼= k×/(k×)e by Kummer theory. The de-
sired result follows by Theorem 5.1. Assume L/K is wildly ramified. Then we have
G(iL/K)

∼=
⊕

Z/pZ. Therefore, we obtain Homcont(Gk, G(iL/K)) ∼=
⊕

k/℘(k) by
Artin-Schreier theory. By Theorem 5.1, the proof is complete. �

6. Proof of the main theorem

6.1. Reduction to the abelian case. In this subsection, we reduce the proof of
Theorem 5.1 to the case where L/K has only one ramification break so that L/K
is abelian. To complete this, we consider the property (Pe

m) below. Let L/K be a
finite Galois totally ramified extension of degree e.

(Pe
m) For any finite totally ramified extension M/K of degree e, if

there exists an OK-algebra homomorphism OL → OM/amM/K ,

then there exists a K-isomorphism L ∼= M .

Proposition 6.1. The property (Te
m) is equivalent to (Pe

m) for any real number
m > 1.

Proof. Let L/K be a finite Galois totally ramified extension of degree e. Take a
uniformizer πL of L and f ∈ Ee

K its minimal polynomial over K. Assume that
(Te

m) is true for f and m > 1. Then we show that (Pe
m) is also true for L/K and

m. Suppose there exists an OK-algebra homomorphism η : OL → OM/amM/K for

a totally ramified extension M of K of degree e. By Lemma 6.2 below, we have
vK(β) = 1/e, where β is a lift of η(πL) in OM . Hence β is a uniformizer of M .
Take the minimal polynomial g ∈ Ee

K of β over K. By the well-definedness of η,
we have vK(f, g) = vK(f(β)) ≥ m. Since the property (Te

m) is true for f and m,
we have L = Mg

∼= M .
Conversely, we assume that (Pe

m) is true for L/K and m > 1. Then we show
that (Te

m) is also true for f and m. Suppose vK(f, g) ≥ m for an element g ∈ Ee
K .

Note that vK(f(πg)) = vK(f, g) ≥ m, where πg is a root of g. Then the map
OL → OMg

/amMg/K
defined by πL �→ πg is an OK -algebra homomorphism. Since

(Pe
m) is true for L/K and m, we have L ∼= Mg. �

Lemma 6.2. Let L/K be a finite totally ramified extension of degree e, πL a
uniformizer of L and m > 1 a real number. Assume there exists an OK-algebra
homomorphism η : OL → OM/amM/K for an algebraic extension M of K. Then we

have vK(β) = 1/e, where β is any lift of η(πL).
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Proof. Assume there exists an OK -algebra homomorphism η : OL → OM/amM/K .

Put u = πe
L/πK . Then u is a unit, so that η(u) is also. Since βe ≡ η(u)πK in

OM/amM/K and m > 1, we have vK(βe) = vK(πK) = 1. Hence vK(β) = 1/e. �

Proposition 6.3. Let L be a finite Galois totally ramified extension of K of degree
e and K ′ the fixed field of L by H := G(uL/K). Take a uniformizer πL of L. Let f
(resp. f ′) be the minimal polynomial of πL over K (resp. K ′). Then the property

(Te
m) is true for f and m = uL/K if and only if (Te′

m) is true for f ′ and m = uL/K′ ,
where e′ is the ramification index of L/K ′.

Proof. If L/K is tamely ramified, then we have K = K ′. Hence there is nothing
to prove. Thus we may assume L/K is wildly ramified, so that m = uL/K > 1. By
definition, L/K ′ is also wildly ramified, so that m = uL/K′ > 1. By Proposition 6.1,
(Te

m) for f and m = uL/K is equivalent to (Pe
m) for L/K and m = uL/K . Similarly,

(Te′

m) for f ′ and m = uL/K′ is equivalent to (Pe′

m) for L/K ′ and m = uL/K′ . Thus

it is enough to prove that (Pe
m) for L/K and m = uL/K is equivalent to (Pe′

m) for
L/K ′ and m = uL/K′ . This is a direct consequence of the following lemma:

Lemma 6.4 ([SY], Lem. 2.2). Let L and K ′ be as in Proposition 6.3. Let M be
an algebraic extension of K. The following conditions are equivalent:
(i) There exists an OK-algebra homomorphism OL → OM/a

uL/K

M/K .

(ii) The field K ′ is contained in M , and there exists an OK′-algebra homomorphism

OL → OM/a
uL/K′

M/K′ . �
6.2. The proof of the abelian case. In this subsection, we complete the proof
of Theorem 5.1. It suffices to show the abelian case by Proposition 6.3. Then the
break uL/K is an integer by the Hasse-Arf theorem ([Se], Chap. V, Sect. 7, Thm. 1).
Therefore, it suffices to prove the integer break case:

Proposition 6.5. Assume uL/K is an integer. Then Theorem 5.1 is true.

Proof. Put m = uL/K . Let L/K be a finite Galois totally ramified extension of
degree e such that uL/K is an integer. Take a uniformizer πL of L and its minimal
polynomial f over K. Let g ∈ Ee

K . Put Mg = K(πg), where πg is a root of g.
We write f = Xe + ae−1 + · · · + a0 and g = Xe + be−1 + · · · + b0. We want to
show that if vK(f, g) = m, then the equality L = Mg is equivalent to the condition
Homcont(Gk, G(iL/K)) = 1.

First, we prove that it suffices to consider g of the following form by replacing f
with a suitable one:

g = gu := Xe + ae−1X
e−1 + · · ·+ a1X + ua0,

where u is an element of Um−1
K \Um

K . By Lemma 3.1 and the assumption that uL/K

is an integer, we have

vK(f(πg)) = min
0≤i≤e−1

{vK(ai − bi) +
i

e
} = vK(a0 − b0) = m.

Thus we have b0 = ua0 for some u ∈ Um−1
K \Um

K . Let f0 := Xe + be−1X
e−1 + · · ·+

b1X+a0. Note that vK(f, f0) = min1≤i≤e−1{vK(ai− bi)+ i/e} > m. According to
Proposition 4.1, the extension defined by f0 coincides with L. By replacing f with
f0, we reduce the problem to the desired situation.

Second, we show that L = Mu for any u ∈ Um−1
K \Um

K if and only if the mapNm−1

is surjective, where Mu/K is the extension defined by gu and Nm−1 is the norm
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map defined in Section 2. Assume L = Mu for any u ∈ Um−1
K \Um

K . By Lemma 2.1,
we have vK(σ0(πL)−πMu

) = iL/K for some σ0 ∈ G. Take u′ := πMu
/σ0(πL) ∈ L =

Mu. Note that vL(1−u′) = eiL/K−1 by the equality vK(σ0(πL)−u′σ0(πL)) = iL/K

and ψ(m−1) = eiL/K−1 by Remark 2.2. Thus we have u′ ∈ U
ψ(m−1)
L \Uψ(m−1)+1

L .
Moreover, we have ua0 = N(πMu

) = N(u′σ(πL)) = N(u′)N(σ(πL)) = N(u′)a0, so
that we have N(u′) = u. Conversely, we assume that the map Nm−1 is surjective.

Then there exists an element u′ of U
ψ(m−1)
L \ U

ψ(m−1)+1
L such that N(u′) = u.

Note that π′
L := u′πL is a uniformizer of L and vK(π′

L− πL) = iL/K . Let f ′ be the
minimal polynomial of π′

L over K. By Lemma 6.7 below, we have vK(π′
L − πL) =

supσ∈G vK(π′
L − σ(πL)). According to Lemma 2.1, we have

vK(f, f ′) = vK(f(π′
L))

= ϕ̃L/K(sup
σ∈G

vK(π′
L − σ(πL))) = ϕ̃L/K(vK(π′

L − πL))

= ϕ̃L/K(iL/K) = uL/K = m.

By the ultrametric inequality, we have

vK(gu, f
′) ≥ min{vK(f, gu), vK(f, f ′)} = m.

The constant term of f ′ is the same as the one of gu. Then we have vK(gu, f
′) �= m

by Lemma 3.1 and thatm is an integer. Thus we have vK(gu, f
′) > m. According to

Lemma 2.1, we have L = Mu. Therefore, we reduce the truth of (Te
m) form = uL/K

to the surjectivity of the map Nm−1. Thus it is enough to prove Coker(Nm−1) ∼=
Homcont(Gk, G(iL/K)). It follows from Lemma 6.8 below immediately as n =
m− 1. �

Remark 6.6. In the proof of Theorem 6.5, we do not require the assumption that
L/K is abelian. We need only the assumption that uL/K is an integer.

Lemma 6.7. We have

vK(π′
L − σ(πL))

{
< iL/K σ ∈ G \G(iL/K),

= iL/K σ ∈ G(iL/K).

Therefore, we have vK(π′
L − πL) = iL/K = supσ∈G vK(π′

L − σ(πL)).

Proof. Suppose σ �∈ G(iL/K). Then we have vK(πL − σ(πL)) < iL/K . Hence we
have

vK(π′
L − σ(πL)) = vK(π′

L − πL + πL − σ(πL))

= min{vK(π′
L − πL), vK(πL − σ(πL))}

= min{iL/K , vK(πL − σ(πL))} < iL/K .

Next, we consider the case σ ∈ G(iL/K). Then we have vK(πL − σ(πL)) = iL/K so

that πL/σ(πL) ∈ U
eiL/K−1

L . Note that

vK(π′
L − σ(πL)) = vK(u′ πL

σ(πL)
− 1) +

1

e
.

To prove that the RHS is equal to iL/K , we show that u′ · πL/σ(πL) ∈ U
eiL/K−1

L \
U

eiL/K

L . This is equivalent to u′ · πL/σ(πL) �≡ 1 in U
eiL/K−1

L /U
eiL/K

L . To prove

this, it suffices to show that N(u′ · πL/σ(πL)) �≡ 1 in Um−1
K /Um

K by considering the

norm map Nm−1 : U
ψ(m−1)
L /U

ψ(m−1)+1
L → Um−1

K /Um
K with ψ(m− 1) = eiL/K − 1.
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Since N(u′) �≡ 1 (mod Um
K ) and N(πL/σ(πL)) = 1, we have N(u′ · πL/σ(πL)) =

N(u′)N(πL/σ(πL)) = N(u′) �≡ 1 (mod Um
K ). �

Lemma 6.8. Let L be a totally ramified Galois extension of K and n be an integer
≥ 0. Then we have

Coker(Nn) ∼= Homcont(Gk, Gψ(n)/Gψ(n)+1).

Proof. Let K0 (resp. L0) be the completion of the maximal unramified extension
of K (resp. L). Apply Proposition 2.4 to L0/K0. Then the sequence

0 → Gψ(n)/Gψ(n)+1 → U
ψ(n)
L0

/U
ψ(n)+1
L0

→ Un
K0

/Un+1
K0

→ 0

is exact. The Galois group Gk acts on L0 and K0 continuously. Define the action
of Gk on Gn/Gn+1 by the trivial action. Since L/K is totally ramified, the action
of G on L0 is compatible with the Gk-action. Thus the above sequence is exact as
continuous Gk-modules. Writing out the corresponding exact cohomology sequence,
and taking into account that H1

cont(Gk, k̄) = 0, we obtain

k → k → H1
cont(Gk, Gψ(n)/Gψ(n)+1) → 0.

Consequently, we have Coker(Nn) ∼= H1
cont(Gk, Gψ(n)/Gψ(n)+1). Since Gk acts on

Gψ(n)/Gψ(n)+1 trivially, this is equal to Homcont(Gk, Gψ(n)/Gψ(n)+1). Hence the
result follows. �

Remark 6.9. This lemma is a generalization of [Se], Chap. XV, Sect. 2, Prop. 3.

7. Appendix

Throughout this appendix, we assume that k is perfect. We consider a property
(P′

m), which is similar to (Te
m). We completely determine the truth of (P′

m) by
showing that (P′

m) is equivalent to (Pm). Let L be a finite Galois extension of K.
Take an element α of OL such that OL = OK [α]. Let f be the minimal polynomial
of α over K and PK the set of all monic irreducible polynomials over K. For any
g ∈ PK , we put Mg = K(β), where β is a root of g. Consider the following property
for any real number m ≥ 0:

(P′
m) For any g ∈ PK , if vK(Res(f, g)) ≥ deg(g)m, then there exists

a K-embedding L ↪→ Mg.

If f and g are contained in Ee
K , then vK(Res(f, g)) ≥ deg(g)m is equivalent to

vK(f, g) ≥ m. Hence the property (P′
m) is stronger than (Te

m).
For a finite Galois extension L/K and real numbers m ≥ 0, we consider the

following property:

(Pm) For any algebraic extension M/K, if there exists an OK-alge-
bra homomorphism OL → OM/amM/K , then there exists a K-

embedding L ↪→ M .

Fontaine proved the following:

Proposition 7.1 ([Fo], Prop. 1.5). Let L be a finite Galois extension of K and e
the ramification index of L/K. Then there are the following relations:
(i) If m > uL/K , then (Pm) is true.

(ii) If m ≤ uL/K − e−1, then (Pm) is not true.
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The author proved the following:

Proposition 7.2 ([Yo], Prop. 3.4). Let L be a finite Galois extension of K. If
m < uL/K , then (Pm) is not true.

As a similar result of our main theorem, the truth of (Pm) at the ramification
break depends on the ramification of L/K and the residue field k:

Proposition 7.3 ([SY], Thm. 1.1). Let L be a finite Galois wildly ramified exten-
sion of K. Then the property (Pm) is true for m = uL/K if and only if k has no
Galois extension whose degree is divisible by p.

Remark 7.4. If L/K is at most tamely ramified, then (Pm) is not true form = uL/K .
This is shown in the proof of Proposition 3.3 in [Yo].

In fact, we have the following:

Proposition 7.5. For any real number m ≥ 0, (P′
m) is equivalent to (Pm).

Proof. Let L be a finite Galois extension of K. Choose an element α ∈ OL such
that OL = OK [α]. Let f be the minimal polynomial of α over K. Assume that
(P′

m) is true for f and m. Then we show that (Pm) is also true for L/K and
m. Suppose there exists an OK-algebra homomorphism η : OL → OM/amM/K

for an algebraic extension M of K. Let β be a lift of η(α) in OM . Then we
have vK(f(β)) ≥ m. Let g be the minimal polynomial of β over K. Then we
have vK(Res(f, g)) = deg(g)vK(f(β)) ≥ deg(g)m. By the property (P′

m), there
exists a K-embedding L ↪→ K(β) ⊂ M . Conversely, assume that (Pm) is true
for L/K and m. Then we show that (P′

m) is also true for L/K and m. Suppose
vK(Res(f, g)) ≥ deg(g)m for an arbitrary polynomial g ∈ PK . Then we have
vK(f(β)) ≥ m, where β is a root of g. Put M = K(β). The map OL → OM/amM/K

defined by α �→ β is an OK -algebra homomorphism. By the property (Pm), there
exists a K-embedding L ↪→ M . �

Therefore, we have the following two consequences from Propositions 7.1, 7.2,
and 7.3:

Corollary 7.6. Let L be a finite Galois extension of K. Then the property (P′
m)

is true for m > uL/K and is not true for m < uL/K .

Corollary 7.7. Let L be a finite Galois wildly ramified extension of K. Then the
property (P′

m) is true for m = uL/K if and only if k has no Galois extension whose
degree is divisible by p.
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