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EICHLER COHOMOLOGY

OF GENERALIZED MODULAR FORMS

OF REAL WEIGHTS

WISSAM RAJI

(Communicated by Ken Ono)

Abstract. In this paper, we prove the Eichler cohomology theorem of weakly
parabolic generalized modular forms of real weights on subgroups of finite
index in the full modular group. We explicitly establish the isomorphism for
large weights by constructing the map from the space of cusp forms to the
cohomology group.

1. Introduction

Eichler cohomology is the center of attention in this paper. In [13], we prove the
Eichler cohomology theorem for generalized modular forms of large integer weights
using supplementary series. In [6], we use Stokes’s theorem to prove similar results
on integer weights with modifications on the multiplier system. However, when
one tries to use the classical methods to derive Eichler cohomology theorems for
real weights, obstacles with the definition of supplementary series arise. In [7], we
extend the methods used in [6] to prove the isomorphism theorem for real weights
without any restriction on the weight. Note that in [7], the isomorphism from
the space of cusp forms to the cohomology group is not as naturally defined as
the corresponding isomorphism in this paper. We use similar methods as in [4] to
derive the same results for parabolic generalized modular forms of real weights.

Definition 1.1. A generalized modular form belonging to a subgroup Γ of finite
index in the full modular group of real weight k and multiplier system v is a function
F (z) satisfying:

(1) F (z) is analytic in the upper half plane H.
(2) F (z) satisfies a transformation law

(1.1) F (Mz) = v(M)(cz + d)kF (z)

with | v | not necessarily 1 that depends only on the transformation M ,
where

M =

(
a b
c d

)
∈ Γ.

Note that the multiplier system v : Γ → C satisfies the consistency condition

(1.2) v(M1M2)(c3z + d3)
k = v(M1)v(M2)(c1M2z + d1)

k(c2z + d2)
k,
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where

Mi =

(
ai bi
ci di

)
∈ Γ

for i = 1, 2, 3 and M3 = M1M2.
The k-th power in (1.1) is determined by the convention

(1.3) wk =| w |k eik argw,

where −π ≤ argw < π, for 0 �= w ∈ C.
We denote by {Γ, k, v} the C-vector space of generalized modular forms on the

group Γ of real weight k and multiplier system v.
We shall assume that our generalized modular forms are weakly parabolic gener-

alized modular forms which means that | v(P ) |= 1 for all parabolic matrices P . It
is important to mention that in [4], the multiplier system is assumed to be unitary,
which means that | v(M) |= 1 for all matrices M ∈ Γ.

We rewrite (1.1) as

(1.4) F (Mz)v(M)−1(cz + d)−k = F (z).

We introduce the stroke operator, which is given by

(1.5) (F |kv)(z) = F (Mz)v(M)−1(cz + d)−k.

Thus (1.4) becomes

(1.6) F |kv= F.

It follows that

(1.7) F |kv M1M2 = (F |kv M1) |kv M2.

Let S =
(

1 λ
0 1

)
, λ > 0, generate the subgroup Γ∞ of translations in Γ. Since

F satisfies (1.1), then in particular

F (z + λ) = v(S)F (z) = e2πiκF (z)

with 0 ≤ κ < 1. Thus if F is meromorphic in H and its poles do not accumulate at
infinity, F has the Fourier expansion at ∞,

(1.8) F (z) =

∞∑
m=−m0

ame2πi(m+κ)z/λ

valid for y = �z > y0. Γ also has t ≥ 0 inequivalent parabolic classes. Each of
these classes corresponds to a cyclic subgroup of parabolic elements in Γ leaving
fixed a parabolic cusp on the boundary of R, the fundamental region of Γ. We as
well denote by R̄ the closure of the fundamental region R.

Now let q1, q2, ..., qt be the inequivalent parabolic cusps (other than infinity) on
the boundary of R and let Γi be the cyclic subgroup of Γ fixing qj , 1 ≤ j ≤ t.
Suppose also that

Qj =

(
∗ ∗
cj dj

)

is a generator of Γi; Qj is necessarily parabolic. For 1 ≤ j ≤ t, put v(Qj) = e2πiκj ,
0 ≤ κj < 1. Also F has the following Fourier expansion at qj :

(1.9) F (z) = (z − qj)
−k

∞∑
m=−mj

am(j)e−2πi(m+κj)/λj(z−qj),
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valid for y = �z > yj . Here λj is a positive real number called the width of the
cusp qj and defined as follows. Let

Aj =

(
0 −1
1 −qj

)
,

so that Aj has determinant 1 and Aj(qj) = ∞. Then λj > 0 is chosen so that

A−1
j

(
1 λj

0 1

)
Aj

generates Γj , the stabilizer of qj . We let C+(Γ, k, v) denote the space of entire
weakly parabolic generalized modular forms of real weight k and multiplier system
v on Γ which, in addition to being holomorphic in H, has only terms with m+κ ≥ 0
in (1.8) and m + κj ≥ 0 in (1.9) for all 1 ≤ j ≤ t. Also, let C0(Γ, k, v) denote
the subspace of weakly parabolic generalized cusp forms which is a subspace of
C+(Γ, k, v) but has only terms with m+ κ > 0 in (1.8) and m+ κj > 0 in (1.9) for
all 1 ≤ j ≤ t .

2. Eichler cohomology for generalized modular forms

of integer weights

We start with definitions inherited from the classical theory of Eichler cohomol-

ogy. We now state what is known by Bol’s identity [1]. With M =
(

∗ ∗
c d

)
∈ Γ,

(2.1)
dk+1

dzk+1

{
(cz + d)kF (Mz)

}
= (cz + d)−k−2F (k+1)(Mz),

where F (k+1) denotes the (k + 1)-th derivative of F . From (1.7), we see that if
F ∈ {Γ,−k, v}, then F (k+1) ∈ {Γ, k + 2, v}. The converse leads to what is called
Eichler integrals (i.e. the polynomial periods). Actually Eichler integrals of weight
−k emerge when one takes the (k + 1)-fold integral of a modular form of weight
k + 2. As a result,

(2.2) F |−k
v M = F (z) + pM (z),

where pM (z) is a polynomial of degree less than or equal to k.

Definition 2.1. F (z) satisfying (2.2) is called an Eichler integral. Furthermore,
{pM} is called the system of period polynomials of f (or F ).

Note that {pM | M ∈ Γ} occurring in (2.2) satisfy the following consistency
condition:

(2.3) pM1M2
= pM1

|−k
v M2 + pM2

for all M1 and M2 in Γ.

Definition 2.2. If C1 = {pM | M ∈ Γ} is any collection of polynomials of degree
less than or equal to k such that (2.2) is satisfied, call {pM | M ∈ Γ} a cocycle.

Definition 2.3. If C2 = {pM | M ∈ Γ} is a set of polynomials of degree less than
or equal to k such that there exists a polynomial p with pM = p |−k

v M − p, then
{pM | M ∈ Γ} is called a coboundary.

Observe that the coboundary satisfies (2.3).



386 WISSAM RAJI

Definition 2.4. Let Pk denote the complex vector space of polynomials of degree
less than k. Then H−k,v(Γ, Pk) is defined by C1/C2.

Parabolic cohomology plays an important role in the theory of automorphic
integrals; these are cocycles {pV | V ∈ Γ} which satisfy the following additional
condition:

Let Q0 = S,Q1, ..., Qt be a complete set of parabolic representatives for Γ. Then
for each h, 0 ≤ h ≤ t, there exists a polynomial ph of degree ≤ r such that
pQh

= ph | Qh − ph.

Definition 2.5. H̃−k,v(Γ, Pk) is a subgroup of H−k,v(Γ, Pk) defined as the space
of parabolic cocycles modulo the coboundaries.

Eichler determined the structure of this space in terms of the space of classical
automorphic forms. His theorem for classical modular forms [2] states that the
vector space C+(Γ, k + 2, v)⊕ C0(Γ, k + 2, v̄) is canonically isomorphic to the first
cohomology group H−k,v(Γ, Pk).

In [6], we obtain a new result on generalized modular forms related to Eichler
cohomology. We map the vector space C+(Γ, k + 2, v) ⊕ C0(Γ, k + 2, v̂) into a
modified first cohomology group. Here the action of Γ on Pk is again by way of
the slash operator in weight −k, but the multiplier system is modified to v̂ = vvE ,
where vE is the multiplier system of a nontrivial entire weakly parabolic generalized
modular form of weight 0 and where v∗ is a unitary multiplier system in weight
k + 2.

3. Eichler cohomology of arbitrary real weight

Let k be an arbitrary real number and v a multiplier system for Γ of weight k.
Let P be a vector space of functions g holomorphic in H which satisfy the growth
condition

| g(z) |< K(| z |ρ +y−σ), y = �z
for some positive constant K, ρ and σ. Since the weight here is not necessarily in
Z, polynomials of fixed degree cannot serve as the underlying space of functions in
the definition of the Eichler cohomology groups we study. Instead, we employ as
the underlying space the collection P. This space was introduced in [4, p. 612] in
the context of the Eichler cohomology theory for unitary (i.e. the usual) modular
forms of arbitrary real weight. It is worth mentioning that the space P is preserved
under the stroke operator.
N.B. Individual elements of P need not be preserved under the stroke operator.

Definition 3.1. F is an automorphic integral of real weight −k with respect to Γ
provided F is meromorphic in H, satisfies

(3.1) F |−k
v M − F ∈ P for M ∈ Γ,

and has left finite expansion at each parabolic point of R.

As a direct consequence of the consistency condition (1.2) for an MS v in weight
k, the slash operator satisfies

(3.2) F |−k
v M1M2 = (F |−k

v M1) |−k
v M2, for M1,M2 ∈ Γ,
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where F is any function defined on H. In turn, (3.2) implies both (1.2) (put F ≡ 1)
and the “additive cocycle condition”

(3.3) ρM1M2
= ρM1

|−k
v M2 + ρM2

, for M1,M2 ∈ Γ,

where the ρM are the periods of F occurring in (3.1). The set {ρM : M ∈ Γ} is
called a cocycle with respect to |−k

v . A coboundary is a collection {ρM : M ∈ Γ} of
elements in P such that

(3.4) ρM = ρ |−k
v M − ρ, for M ∈ Γ,

with ρ a fixed element of P. Since every coboundary is a cocycle, we may define the
Eichler cohomology group H−k,v(Γ,P) as the quotient space: cocycles/coboundaries.

We introduce the subspace H̃−k,v(Γ,P) of “parabolic” cohomology classes in
H−k,v(Γ,P). A cocycle {ρM : M ∈ Γ} in P is called parabolic if there exists ρh in
P with the property

(3.5) ρQh
= ρh |−k

v Qh − ρh, 1 ≤ h ≤ t.

(Recall that Qh ∈ Γ is a parabolic element such that Γqh = 〈Qh,−I〉, where Γqh is
the stabilizer of the parabolic cusp qh in Γ.) A coboundary is clearly a parabolic
cocycle, so we may form the quotient group: parabolic cocycles/coboundaries. The

resulting subspace H̃−k,v(Γ,P) of H−k,v(Γ,P) is called the parabolic Eichler coho-
mology group.

Theorem 3.2. For any real number k and for v a weakly parabolic multiplier
system, we have

(3.6) H−k,v(Γ,P) = H̃−k,v(Γ,P).

Theorem 1 is a restatement of Theorem 2 in [4] but with a weakly parabolic
multiplier system rather than a unitary one. For the proof of Theorem 2 in [4],
Knopp mentions that the theorem is a consequence of a result of B.A. Taylor and
the proof is given in [4, pp. 627-628]. After careful examination of Knopp’s proof
for the above theorem for classical modular forms, it turns out that the same proof
can be adopted for Theorem 1 above. This is due to the fact that | v(P ) |= 1 for
all parabolic matrices P and that the proof of Theorem 2 in [4] deals only with the
parabolic elements of the group Γ considered.

The proof of one part of Theorem 4 is based on the construction of a certain
holomorphic function Φ. Also the construction of Φ involves the introduction of
the “Generalized Poincaré Series”.

Definition 3.3. Let w be a multiplier system for Γ. Let k′ be a positive even
integer large enough and let {φV } be a parabolic cocycle of weight −k which sat-
isfies the additional condition that φS = 0. Then the Generalized Poincaré Series
Ψ({φV }, k, w; z) = Ψ(z) is given by

(3.7) Ψ(z) =
∑
V ∈Θ

φV (z)w̄(V )(cz + d)−k′
,

where Θ is a complete set of coset representatives for Γ/Γ∞ and V =
(

∗ ∗
c d

)
.

Here | w | is not necessarily 1. The estimation of the cocycle is done in the same
way as in [4]. The only difference the multiplier system plays is in the convergence
of the Poincaré series. Recall that

(3.8) | w(V ) | ≤ Kμ(V )α,
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whereK is a positive constant, and α is another constant depending on the modulus
of the multiplier system at the generators of Γ and μ(V ) = a2+ b2 + c2 + d2, where
a, b, c, d are the entries of V . Thus after carefully examining the bound for the
cocycle in [[4], Lemma 6], a similar bound for the cocycle can be derived here by
only taking the bound of the multiplier system into consideration. Thus

(3.9) | φV (z)w̄(V )(cz + d)−k′ | ≤ K∗
1 (c

2 + d2)e+1+α(| z |η +y−η),

where z = x + iy, η = 6e − 2k, e = max(ρ/2, σ + k/2) with ρ and σ constants
independent of the particular generator involved in the estimation of the cocycles.
It is important to mention that the Generalized Poincaré series converges absolutely
for k′ > ψ = 2e+ 4 + 2α.

Theorem 3.4. For k′ > ψ, the Generalized Poincaré Series (3.7) converges abso-
lutely and, in fact, Ψ ∈ P.

Since by Theorem 2 the series converges absolutely for sufficiently large k′, it
follows that

(3.10) Ψ |kv M = w(M)(γz + δ)k
′
Ψ(z)− w(M)(γz + δ)k

′
g(z)φM (z),

for M =
(

α β
γ δ

)
∈ Γ, where g(z) is the generalized Eisenstein series

(3.11) g(z) =
∑
V ∈Θ

w̄(V )(cz + d)−k′
.

We now state and prove a theorem that is similar to Theorem 3 in [4] but under the
condition that v is a multiplier system associated with weakly parabolic generalized
modular forms.

Theorem 3.5. Let k be any real number, k > ψ > 0 and v a weakly parabolic
multiplier system of weight k. Suppose{φV | V ∈ Γ} is a parabolic cocycle of weight
−k in P; that is, φV ∈ P, φV1V2

= φV1
|−k
v V2 + φV2

, for all V1, V2 ∈ Γ, and for
each j such that 0 ≤ j ≤ t, there exists φQj

= φj |−k
v Qj − φj. Then there exists a

function Φ, holomorphic in H, such that

(3.12) Φ |−k
v V − Φ = φV

for all V ∈ Γ, and with expansions at the parabolic cusps qj , 0 ≤ j ≤ t, of the form

(3.13) Φ(z) = φj(z) + (z − qj)
−k

∞∑
m=−mj

am(j) exp

{
−2πi(m+ κj)

λj(z − qj)

}
,

for 1 ≤ j ≤ t,

(3.14) Φ(z) = φ0(z) +
∞∑

m=−m0

am(0) exp

{
2πi(m+ κ)z

λ

}

for j = 0.

The construction of Φ involves the Poincaré series defined above.

Proof. Let {φV } be a parabolic cocycle in P for Γ of weight −k and multiplier
system v. For V ∈ Γ, put

(3.15) φ∗
V = φV − (φ0 |−k

v V − φ0).
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Thus {φ∗
V } is a parabolic cocycle in P. Notice that φ∗

S = (φ0 | S − φ0) − (φ0 |
S−φ0) = 0. As a result we can form the Poincaré series Ψ({φ∗

V }, k′, w; z) = Ψ∗(z),
and Ψ∗(z) ∈ P. Now let F ∗(z) = −Ψ(z)/g(z). Then F ∗ |−k

v M − F ∗ = φ∗
M , for

M ∈ Γ. Defining F (z) = F ∗(z) + φ0(z), we have

(3.16) F |−k
v M − F = φ∗

M + φ0 | M − φ0 = φM

for M ∈ Γ. Following [4], we see that g(z) �= 0 and thus F is meromorphic in H.
Since g has finitely many zeroes in R̄ ∩H, F has finitely many poles in R̄ ∩H.

For each j, 0 ≤ j ≤ t, consider the function Fj = F − φj . Then we have

Fj | Qj − Fj = (F | Qj − F )− (φj | Qj − φj) = φQj
− φQj

= 0,

and thus it follows that

Fj(z) = (z − qj)
−k

∞∑
m=−∞

am(j) exp

{
−2πi(m+ κj)

λj(z − qj)

}
,

for 1 ≤ j ≤ t,

F0(z) =
∞∑

m=−∞
am(0) exp

{
2πi(m+ κ)z

λ

}
,

for j = 0.
Also by the same argument as in [4], F (z) has expansions of the form (3.13),

(3.14).
Since F may have poles in H we need to modify it to obtain the function Φ of

Theorem 3. It follows from [11] that there exists f ∈ {Γ, k, vu} with poles at given
principal parts at finitely many points of R̄ ∩ H and is otherwise holomorphic in
R with possible exceptions at the cusps. In [8], Knopp and Mason proved that
given a multiplier system of a generalized modular form v, then v can be written
as v = vEvu, where vE is the multiplier system of an entire generalized modular
form E of weight 0 and vu is unitary. Note that E(z) is an entire generalized
modular form of dimension 0 that has no zeroes or poles [8]. The existence of such
a function E(z) can be found in [5]. As a result, fE is a generalized modular form
of weight −k and multiplier system v that has its poles and zeroes as f . We now
form Φ = F − fE. Notice that by results from Petersson in [11], there exists such
an f ∈ {Γ,−k, v} which has poles whose principal parts agree with those of F in
R̄ ∩H. Since fE |−k

v M = fE for M ∈ Γ, we still have Φ |−k
v M − Φ = φM . Since

fE has a pole of finite order at each parabolic cusp, then Φ has the expansions
(3.13) and (3.14) at those cusps. Finally, Φ is holomorphic in R̄ ∩H. �

We now state the main theorem in this paper. Notice that the result here
follows from Theorem A* in [7]. However, in the present paper, we are explicitly
constructing the isomorphism which seems to arise naturally and which actually
fails for small weights due to convergence issues of the generalized Poincaré series.

Theorem 3.6 (The Main Theorem). Let ψ be an integer computable depending on
k and v. If k ≤ −2 or k > ψ > 0 with v a multiplier system of weight k, then
H−k,v(Γ,P) = H̃−k,v(Γ,P) are isomorphic to C0(Γ, k + 2, v̄).

Case 1 (k ≤ −2). By the Mittag-Leffler theorem for automorphic forms, there
exists G′ ∈ {Γ,−k, vu} such that G′ is holomorphic in H and G′ has a principal
part at each cusp that agrees precisely with the principal part at the cusp of the
expansion of Φ. As in the proof of Theorem 3 above and due to the result of Knopp
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and Mason in [8], we can write v = vuvE , where E is again an entire generalized
modular form of weight 0. Now let G = G′E, thus G ∈ {Γ,−k, v}, holomorphic in
H and has a principal part at each cusp as that of G′. So put Φ∗ = Φ−G. Then Φ∗

is holomorphic in H and has expansion (3.13) at each cusp qj in which no negative
power in the local parameter appears and as a result, | Φ∗(z) |< K(| y |ρ +y−σ)
for constants K, ρ, σ and for z = x+ iy ∈ H ∩ R̄. Also

Φ∗ |−k
v −Φ∗ = φM , M ∈ Γ.

Notice also as in [4], if we get that | Φ∗(z) |< K(yα+y−β) for z ∈
⋃

V ∈Γ/Γ∞
V (R̄)∩

H, then Φ∗ ∈ P and hence H−k,v(Γ,P) = 0. To prove this, we follow the same proof

as in [4, p. 622] by constructing f(z) = y−k/2 | Φ∗(z) |, y = �z > 0. Then for

M =
(

∗ ∗
c d

)
∈ Γ,

f(Mz) =| v(M) | f(z) + y−k/2 | v(M) || φM (z) | .
The only difference here from that of [4] is that | v(M) | is not necessarily equal to
1 for nonparabolic elements M of Γ. As a result, we get the same inequality with a
change in the estimate as in [4, p. 623] and after carefully checking that Lemma 8
is still valid for our purposes:

| Φ∗(z) |≤ yk/2
(

1

my
+ y

)
−k/2 | v(V ) |

{
KR

(
1

my
+ y

)ρ

+ y−σ +K1(y
ρ0 + y−σ0)

}
,

where KR,K1, σ0, ρ0 and m are positive constants.

Case 2 (k > ψ). The proof of this case follows exactly as the proof of Theorem 1
in [4] for the case r > 0 with two differences that will be mentioned below.

1. The first difference is the weakly parabolic multiplier system that is considered
here. It turns out that the multiplier system will not impact the proof if we make
sure that the theorems used by Knopp continue to work here. Specifically, in
the proof of Theorem 1 in [4], Knopp used three theorems from Niebur [9, 10].
Thus showing that those theorems will also work for the case of weakly parabolic
multiplier systems will be sufficient to deduce the proof of Theorem 4 for the case
k > ψ in the present paper.

2. The other difference is the existence of a function f ∈ {Γ, r, v} in [4, p. 623]
(the case r > 0) which has poles of prescribed principal parts at each of the cusps
q1, ..., qt and is holomorphic in H. However, the existence of this function is also
guaranteed for a weakly parabolic multiplier by multiplication of f with an entire
generalized modular form E of weight 0. This method is used in the present paper
in the proof of Theorem 3 and is also repeated in the proof of this theorem for the
case k ≤ −2.

We now list the extensions of the three theorems of Niebur that were mentioned
above in the context of weakly parabolic multiplier systems. The generalization
of Theorem N1 in the context of weakly parabolic generalized modular forms is
proved as Theorem 1 in [14]. In fact, in [14], we generalize two theorems from [9, 10]
(mentioned in [4] as Theorems N1N2) to the case of weakly parabolic generalized
modular forms.

Generalization of Theorem N1. Let k > ψ > 0, where ψ is an integer com-
putable depending on k and v. Let m0 be a nonnegative integer and a−1, ..., a−m0

complex numbers. Then there exists F , an automorphic integral of weight −k with
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respect to Γ, which is holomorphic in H and at finite cusps q1, ..., qt and which has
an expansion (3.13) with principal part

(3.17) a−m0
e2πi(−m0+κ)z/λ + ...+ a−1e

2πi(−1+κ)z/λ

at q = ∞. The function F has the transformation properties

(3.18) F |−k
v V = F, V ∈ Γ∞

and

(3.19) F |−k
v −F =

∫ i∞

V −1∞
G(τ )(τ − z̄)kdτ, V ∈ Γ− Γ∞,

where G ∈ C0(Γ, k+2, v̄) is determined by a−m0
, ..., a−1 and the path of integration

is a vertical line. Furthermore, F | V − F is a parabolic cocycle in P.

The following theorem is a generalization of a theorem from [9] that was men-
tioned in [4] as Theorem N2. It is actually the converse of the generalization of
Theorem N1.
Generalization of Theorem N2. Let ψ be an integer computable depending on k
and v. Let k > ψ and let G ∈ C0(Γ, k+2, v̄). Then there exists an automorphic in-
tegral F satisfying (3.18) and (3.19) such that F is holomorphic in H and at q1, ..., qt.

The following theorem is again a generalization of Theorem N3 from [4] but for
weakly parabolic multiplier systems. It follows as well from the main result of
[12], where relations between Fourier coefficients of generalized modular forms were
determined using the circle method.

Generalization of Theorem N3. Let ψ be an integer computable depending
on k and v. For k > ψ, if there exists F̃ ∈ {Γ,−k, v} which is holomorphic in H

and at q1, ..., qt and which has principal part (3.17) at q0 = ∞, then the function

F of Theorem A is in {Γ,−k, v} and in fact F = F̃ . In this case the cusp form G
of (3.19) is ≡ 0.
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