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ABSTRACT. Consider the delay differential equation z’(t) = —f(z(t — 1)),
where f € C(R,R) is odd and satisfies zf(z) > 0 for ¢ # 0. When a =
limg, 0 % and 8 = limz— 0o % exist, there is at least one Kaplan-Yorke

periodic solution with period 4 if min{e, 8} < § < max{a,8}. When this

condition is not satisfied, we present several sufficient conditions on the ex-
istence/nonexistence of such periodic solutions. It is worthy of mention that
some results are on the existence of at least two Kaplan-Yorke periodic solu-
tions with period 4 and in some cases we do not require the limits o and/or
[ to exist. Hence our results not only greatly improve but also complement
existing ones. Moreover, some of the theoretical results are illustrated with
examples.

1. INTRODUCTION

Consider the delay differential equation
(1.1) 2(t) = —f(alt - 1)),
where
(1.2) f € C(R,R) is odd and satisfies = f(x) > 0 for = # 0.

There is a rich literature on the periodic solutions of (L) (see, for example, [7,
10, T1] and the references therein). Most of the results are on periodic solutions of
special types, especially the Kaplan-Yorke periodic solutions.

Note that, after scaling time, any Kaplan-Yorke periodic solution can be trans-
formed to a Kaplan-Yorke periodic solution with period 4. A periodic solution
z : R — R with period 4 of (I)) is said to be a Kaplan-Yorke periodic solution
with period 4 if x satisfies

(1.3) x(t) >0 fort € (0,1),x(—t) = —x(t) and z(t + 2) = —x(¢) for t € R.

As shown by Kaplan and Yorke [9], such special solutions of (II]) can be found by
studying a related system of coupled ordinary differential equations.
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Kaplan-Yorke Theorem. Suppose that (L2) holds and that

_ f(@) — lim @
(1.4) o= i}g}) = and 8= mlgx;o -
exist (allowing either one to be 0 or oo). If min{c, f} < § < max{a, 8}, then (LI)
has a Kaplan-Yorke periodic solution with period 4.

The above Kaplan-Yorke Theorem Was first proved by Kaplan and Yorke [9] un-
der the additional assumption that F'(z fo z)dz — 00 as ¢ — oco. Later, Nuss-
baum [I5] showed that this assumptlon is unnecessary. Since then, many results on
existence and multiplicity of periodic solutions to delay differential equations have
been established by using the same technique. To name a few, see [I, 2] B], 4, 5] [6]
7, [8, [12], 13| T4, [16]. However, almost all results on existence of multiple periodic
solutions did not provide any information about the minimal period. This is one
of the motivations of this paper. We show that 4 is the minimal period. Moreover,
some of the above results on multiplicity are about periodic solutions of different
periods. Another contribution of this paper is to establish results on existence of
at least two Kaplan-Yorke periodic solutions with period 4. We mention that the
technique employed in this note can also be used to obtain sufficient conditions on
the existence of any number of Kaplan-Yorke periodic solutions with period 4.

One drawback of the condition min{e, 8} < § < max{a, 8} in the Kaplan-Yorke
Theorem is that only the limiting behavior of the function f at 0 and oo is involved.
On the one hand, one may wonder what will happen if the limits do not exist. On
the other hand, how will other local behavior of f affect the existence of periodic
solutions? Moreover, it is natural to consider the cases where the inequalities are not
strict and even the cases where the inequalities are not satisfied. Such cases include
max{a, 8} < §, min{a, 8} > § and a = 3 = T. To the author’s knowledge, there
are no results for these cases. One purpose of this paper is to establish results on
the existence of Kaplan-Yorke periodic solutions with period 4 for these situations.

To study the existence of Kaplan-Yorke periodic solutions of (1)) with period
4, we rely on Hamiltonian systems. Let x be a Kaplan-Yorke periodic solution
of (CI)with period 4. Set y(t) = (¢t —1). Then (z,y) satisfies the following system
of ordinary differential equations:

d(t) = —fy(t)),
(1.5) {yw>— F((t)).

Define F(x fo z)dz. Then F(z) is strictly increasing for x > 0 since f
satisfies (EIZI) Obv10usly, H(z,y) = F(x) + F(y) is the Hamiltonian of (L3).
On every level set of the Hamiltonian of (LH) there is exactly one orbit of the
system. For ¢ > 0, the solution (x.(t),y.(t)) of (LX) with the initial condition
(2(0),y(0)) = (c,0) is periodic and its minimal period is denoted by T'(c). As
F(zc(t)) + F(yc(t)) = F(c), it follows that the closed orbit T'c = {(x.(¢),y.(¢))|t €
R} is symmetric with respect to the z-axis, the y-axis, the lines = y and y = —uz,
respectively. We can easily prove that the four intersection points of I'. with the
two axes in the counterclockwise direction are respectively: A = (z.(0),4.(0)) =

(¢,0), B = (ze(52),5.(12)) = (0,¢), € = (we(T2), ye(552)) = (—¢,0) and D =

(xc(STZL(C) )s yc(%(c))) = (0, —c). Now let E be the first intersection point of I, with

the line y = z. Then F = (:vc(TéC)),xc(Téc))) = (F'(3F(c), F'(3F(0))).
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Let 6.(t) be the angle from the positive z-axis to the ray from (0,0) to
(2c(t),ye(t)). Then tan(6.(t)) = cht; This quantity will play an important role in
our discussion. It follows from (LX) that

(1.6) 0.(t) = xc(t)f(xxcg(z)) izgggf(yc(t))

Now, we are ready to present the main results of this paper.

2. MAIN RESULTS AND PROOFS

The Kaplan-Yorke Theorem tells us that (LI has a Kaplan-Yorke periodic so-
lution with period 4 when min{a, 5} < § < max{c, 3}. In this section, we will see
what will happen when this condition is not satisfied. First, we present a result on
the nonexistence of a Kaplan-Yorke periodic solution.

Theorem 2.1. Assume that either @ > 5 forx #0 or xz) < g forx #0.

If @ is not the constant function 5 in any neighborhood of 0, then (ED]) has no
Kaplan-Yorke periodic solution with period 4.

Proof. We first consider the case where %r) > 5 for z # 0. Given ¢ > 0, for
0 <t <T(c),it follows from ([LG) that

T22(t) + Zy2(t) o«
2.1 0(t) > 2= 277 —
2y W= Tammen 2
Moreover, the inequality ([2.1) is strict at some ¢ € [0,T(c)] as @ is not the
constant function § in any neighborhood of 0. Then integrating (Z.I) on the interval
[0,T(c)] yields

T(c) -
2w = / . (t)dt > §T(c),
0

which implies that T'(¢) < 4. The case He) < 5 for x # 0 will similarly lead to

x

T(c) > 4. Thus, in either case, (II)) has no Kaplan-Yorke periodic solution with
period 4 and this completes the proof. O

Example 2.2. Consider the delay differential equation
2'(t) = =l — 2? ()] (t - 1),

where 7 > 0. We concentrate on solutions with values in the interval (—1,1). Let

y(t)=1In 1”?; Then y satisfies

(2.2) y'(t) = —fly(t - 1)),

where f(v) = n(e?” —1)/(1 + €2?). Obviously, f is odd and vf(v) > 0 for v # 0.
It is easy to see that lim,_,q @ = n and lim,_, fSJv) = 0. It follows from the
Kaplan-Yorke Theorem that ([2:2)) has a Kaplan-Yorke periodic solution with period

4 when n > 7. With the help of Theorem 2.1 we prove that the condition n > 7

is also necessary for (Z2]) to have a Kaplan-Yorke periodic solution with period 4.
f(v)
t

It is clear tha is not a constant function in any neighborhood of 0. Now, we

show that €

1 +e21, < v for v # 0 or equivalently

(2.3) gv) =1 —-v)e?*-1-v<0 for v > 0.
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Clearly, the inequality (23] is true when v > 1. When 0 < v < 1, by a simple
calculation, we get

(2.4) g(0)=0 and  ¢'(v)=(1-2v)e* -1
and
(2.5) Jg0)=0 and  ¢"(v) = —4dve®

It follows from (2.5) that ¢’(v) < 0 for v > 0. This, combined with (2.4), imme-
diately yields ([2.3]). Therefore, @ < § for v # 0 when < 7. By Theorem .1}
equation (Z2)) has no Kaplan-York periodic solution with period 4. Hence (Z2]) has
a Kaplan-Yorke periodic solution with period 4 if and only if n > 7.

The assumptions in Theorem 2.J] mean that for > 0, the graph of the function
f(x) remains either above or below the line y = Zx and does not agree with
y = S on the segment containing the origin. Therefore, if (LI has a Kaplan-
Yorke periodic solution with period 4, then the graph of f(z) must cross the line
y = 5w, transversally, at least once at some z > 0. By symmetry, a similar

conclusion also holds on the x < 0 side.

Theorem 2.3. Assume that a < % and

M_z)_oo

T 2

(2.6) lim 2 <

Tr—00
Then (L) has at least one Kaplan-Yorke periodic solution with period 4.

Proof. Tt follows from (26]) that @ > 7 for all z large enough. This, combined
with the fact that v < Z, implies that there exists h > 0 such that f(h) = Z and

(2.7) flx) > Sx for z > h.

It follows from [Z1) that F(z) — oo as ¢ — oo. For ¢ > F~Y(2F(h)), let t. €
(0, Tff)) such that y.(t.) = h. Then t. € (0, (C)) as yc( Il )) F~ 1(F(C ) > h.
According to Kaplan and Yorke [9], we know that 7(0%) = 2% and hence T'(07) > 4
since a < 5. In order to complete the proof, it suffices to show that there exists
¢o > 0 such that T'(¢g) < 4 since T'(c) is a continuous function of ¢ for ¢ € (0, 00). By
way of contradiction, we assume that T'(¢) > 4 for all ¢ > 0. In particular, for any
¢ > FY(2F(h)), denote 8, (t) = 0.(t) — Zt. Then 0,(0) = 0, 8, (0) = £ — = > ¢

and 0.(X2) =7 7.7 < (Tt follows that there exists & € (0, 72) such that

0. (§C) =0, i.e., 0,(&) = 5. With the help of (L€) and (ZT), we note that 6,(t) > &
fort, <t < Téc). This gives & € (0,t.). Then 0 < y.(&.) < y.(t.) = h and hence

Te(€e) = 00 as ¢ = 00 by F(¢) = F(xe(&e)) + F(ye(ée)) < F(ae(&e)) + F(h) and
F(c) = oo as ¢ = co. Moreover, there exist a subsequence {y. (. )} of {y.(&)}
and p € [0, h] such that y., (&) — p as n — oo. It follows from 6, ({.,) = 5 that

‘.
2 f(ze, (&) _ Z) _ .2 (Z T (e, (&) )
2 (E) ( cealed) 2) 2 (6 e
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Letting n — oo gives us

lim 22 <M _ z) — hm o (6 (f(zcn@cn)) ~ z)

T—r00 i 2 n—00 n .’L'Cn (é-cn) 2
g (e (T Fe (&)
oo TN e, (6e)
™
= p? (5 f (P))
p

< o9,

a contradiction to (2Z.6]). This completes the proof. 0

Remark 2.4. Note that ([2.8) automatically holds when 8 > 7. Therefore, Theo-
rem greatly improves the Kaplan-Yorke Theorem.

Example 2.5. Let f(z) = Zz(1.2 — 0.2cosz + (22 — 1)/(1 + 2%/3)). For this
function, o = %’T < 5 but 3 does not exist. Thus the Kaplan-Yorke Theorem is
inapplicable. However, the assumptions of Theorem [Z3] are satisfied and hence (L))
has at least one Kaplan-Yorke periodic solution with period 4.

Theorem 2.6. Assume that there exist positive constants b and d with b <
F~Y(3F(d)) such that

(2.8) f(z) < S for0<z<b

and

(2.9) flx)> T forb <z <d.
f(z)

Moreover, suppose is not the constant function 3 in any neighborhood of 0 and

R
(2.10) fla)>Za+ M ford; <z <d,

where M = maxo<y<p(5y* — yf(y)) and dy > 0 satisfies F(dy) + F(b) = F(d).
Then (L) has at least one Kaplan-Yorke periodic solution with period 4.

Proof. Tt suffices to show that there exists a ¢ > 0 such that T'(c) = 4. As T'(c) is
continuous in ¢, we can complete the proof by proving T'(d) < 4 and

(2.11) T(c)>4 for 0 < ¢ < b.

We first proceed by way of contradiction to prove that T(d) < 4. Assume that
T(d) > 4. Let 04(t) = 04(t) — Zt. Then by ([2.10),

—0Td(<(1())) -0 T(d)
(Il = 2270 <y,
o) = fa il
d() = d —§>O.

Let £ € (0, @) be the smallest such that %/(f) = 0or () = 5. Now let

t € (0, %) such that y4(f) = b. Then < T as y (P9 = F-1(LF(d)) > b. Tt
follows that z4(t) = d; and hence by (2.9) and (2.I0),

0,(t) > fori<t< T
This implies that £ < t. So
di = zq(t) <zg(§) <d  and 0 <ya(§) <yalt) =0
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As 0)(t) > T for t € [0,€), there exists 1 € (&, %) such that #/(n) < 5. Otherwise,
T(d) T(d)

0,(t) > 5 for t € [0,—5*]. This gives 7 > 5 - == and hence T(d) < 4, a

contradiction to the assumption that T'(d) > 4. Obviously,

di = zq(t) <wa(n) <wza(§) <d  and 0 <ya(§) <yaln) <yalt) =0>.
In view of (2I0), we have

Faaln) > Gaalo) + o

za(n)J (a(n) = 53(n) = M = Zy3(n) = ya(n) f(a(n).

This gives 0(n) > 7, a contradiction to the choice of 7. This proves that T'(d) < 4.
Now, we prove ([2ZI1)). In fact, for 0 < ¢ < b, we have from (L6]) and (2.8) that

ze(t) f(ze(t) + ye(t) f(ye(t)) < T
z2(t) + y2(t) T2
As before, the equality in the above inequality (ZI2) does not always hold since

@ is not the constant function 7 in any neighborhood of 0. Integrating (Z.I2)
over the interval [0,7'(c)], we get 2m < §T'(c). This immediately gives (2.I1I) and
the proof is complete. O

In Theorem 23] and Theorem 26 we assumed that o < 5. When a > 7,

we can have the following two results, the proofs of which are similar to those of
Theorem [2.3] and Theorem and thus are omitted.

Theorem 2.7. Assume that o > T, limg ;o0 wQ(g—@) = 00 and lim,_, F(z) =

0o. Then (L)) has at least one Kaplan-Yorke periodic solution with period 4.

(2.12) 0.(t) =

Theorem 2.8. Assume that there exist positive constants b and d with b <
F~Y(3F(d)) such that
f(x) > Za for0 <z <b and f(x) < Za forb<a<d

Moreover, suppose L&) s not the constant Junction 5 in any neighborhood of 0 and

flx) < Zo—2 ford; <x<d,
where m = maxo<y<p(yf(y) — 5y*) and dy > 0 satisfies F(dy) + F(b) = F(d).
Then (L) has at least one Kaplan-Yorke periodic solution with period 4.

In Theorems 2.3 Z.6H2Z.8, we obtained some new sufficient conditions on the
existence of at least one Kaplan-Yorke periodic solution with period 4. In the
following, we present some results on the existence of at least two such periodic
solutions.

Theorem 2.9. Under the assumptions of Theorem 28], if max{a, 8} <7, then (L)
has at least two Kaplan-Yorke periodic solutions with period 4.

Proof. According to Kaplan and Yorke [9], we have T(0%) = 2% > 4 and T'(c0) =
%’T > 4. From the proof of Theorem [2:6] we know that T'(d) < 4. Then it is easy to
see that there exist ¢; and ¢y such that 0 < ¢; < ¢ and T'(¢1) = T'(¢c2) = 4. This
completes the proof. O

Similarly, from the proofs of Theorem 2.6] Theorem 2.8 and Theorem 2.7 we
can obtain the following results.
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Theorem 2.10. Under the assumptions of Theorem 2.8, if min{c, B} > 7, then
(@I has at least two Kaplan-Yorke periodic solutions with period 4.

Theorem 2.11. Under the assumptions of Theorem 2.8], if « < T and lim xQ(% —
f(w)) oo, then (L)) has at least two Kaplan-Yorke periodic solutions wzth period 4.

Example 2.12. Let

_ fO(-T)v HAES [0700)7
flz) = { —fo(—2), z <0,
where
r(r—1+73), 0<z<2,
folz) = x(—%x—l—”;“r’), 2 <z <4,
us YR T > 4.

Obviously, f € C(R,R), fis odd, zf(z) >0forz #0anda=8=3 -3 < %
Then the Kaplan-Yorke Theorem cannot be applied. By a simple computation, we

have (@)
_ FO x), J?ZO,
Pz { Fo(—x), x <0,
where
%x?’—i—%(%—l)xz, 0<z<2,
Fo(l‘): —i.’[?’—l-%l'z—%, 2§(E§4,
”T_le—i—l?, x> 4.
Choose b =1 and d = 2. Then f(1) = F, f(z) < Fxz for 0 <z <1and f(z) > Tz
for1 <z <2 Notethat F(1)=3+5 -4 =2—¢ FQ)=7+2, F(d) =5 +3.
Since F(z) is strictly increasing in [0, 2] and F(v/2) = ¥+%—1 < I+43=F(d),

Wehave\/_<d1. For\/_§$§2,

™ ™ 2(v/2 — 1) T M
=—— ) > Sy =
i Ll i S
where M = maxo<y<1 (59> —yf(y)] = maxo<y<1 y*(1-y) = 5. So we have verified
all the assumptions of Theorem[Z6l Therefore, by Theorem 2.9] we know that (I])

has at least two Kaplan-Yorke periodic solutions with period 4.

Finally, we discuss the case where a = 8 = 7.

Theorem 2.13. Assume that o = 8 = 5 and that there exists b > 0 such that
@ < 5 for0 <z <band @ is not the constant function % in any neighborhood

ofO Ifhmx_>oo x (f(‘r) %) = 0o, then (ILI)) has at least one Kaplan-Yorke periodic
solution with period 4.

Proof. It follows from the proofs of Theorem 2] and Theorem 23] that T'(c) > 4
for 0 < ¢ < b and T(cg) < 4 for some ¢y > 0, respectively. Therefore, there exists
¢* > 0 such that T'(¢*) = 4. This completes the proof. |

Example 2.14. Let
™ 22(2% - 1)
fa) = 5@ (”W)-
It is easy to check that the assumptions of Theorem 2.3 are satisfied and hence (L))
has at least one Kaplan-Yorke periodic solution with period 4.
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We can also obtain the following result from the proofs of Theorem 2.3l and
Theorem 2.8

Theorem 2.15. Under the assumptions of Theorem B8, if a = f = § and

limy oo x%@ -3

tions with period 4.

) = oo, then (1)) has at least two Kaplan-Yorke periodic solu-
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