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ABSTRACT. For k being the first uncountable cardinal w; or k being the cardi-
nality of the continuum ¢, we prove that it is consistent that there is no Banach
space of density « in which it is possible to isomorphically embed every Ba-
nach space of the same density which has a uniformly Gateaux differentiable
renorming or, equivalently, whose dual unit ball with the weak* topology is a
subspace of a Hilbert space (a uniform Eberlein compact space). This com-
plements a consequence of results of M. Bell and of M. Fabian, G. Godefroy,
and V. Zizler which says that assuming the continuum hypothesis, there is
a universal space for all Banach spaces of density x = ¢ = w; that have a
uniformly Gateaux differentiable renorming. Our result implies, in particular,
that SN\N may not map continuously onto a compact subset of a Hilbert space
with the weak topology of density k = w1 or k = ¢ and that a C(K) space for
some uniform Eberlein compact space K may not embed isomorphically into
Lo /co.

1. INTRODUCTION

A classical result of Banach and Mazur states that every separable Banach space
can be isometrically embedded into the Banach space C([0,1]). In this paper we
deal with the problem of embedding nonseparable Banach spaces of a given class
into a single nonseparable space. We are interested in two uncountable densities,
wy and ¢. Since a continuous onto map ¢ : K — L (for K, L compact Hausdorff
spaces) gives an isometric embedding T'(f) = f o ¢ of the Banach space C'(L) into
C(K), we have the following strictly related notions of universality:

Definition 1.1. Let X be a class of Banach spaces. We say that X € X is
(isometrically), a universal space for the class X if for every Y € X there is an
(isometric) isomorphism onto its range 7' : Y — X.

Let K be a class of compact Hausdorff spaces. We say that K € K is a universal
space for the class K if for every L € K there is a continuous onto map T : K — L.

The following proposition shows that universal compact Hausdorff spaces and
universal Banach spaces are closely related.
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Proposition 1.2. Suppose K is a class of compact Hausdorff spaces and X is a
class of Banach spaces such that for each K € K, C(K) € X and for each X € X,
the dual unit ball Bx~ with the weak® topology is in IC. If K is a universal compact
space for K, then C(K) is an isometrically universal Banach space for X.

Proof. Let X € X. Tt is well known that X isometrically embeds into C'(Bx+). By
the hypothesis, Bx« € K, and so, K continuously maps onto Bx~, which means
that C(Bx~) isometrically embeds into C'(K). Composing this isometric embedding
with the isometric embedding of X into C(Bx~), we obtain the desired embedding
of X into C(K). O

Let x be an infinite cardinal. Examples of pairs of classes K and X satisfying
the hypothesis of the above proposition are:

e the class of all compact spaces of weight < x and the class of all Banach
spaces of density < k,

e the class of all Eberlein compact spaces (compact subsets of Banach spaces
with the weak topology) of weight < x and the class of all weakly compactly
generated Banach spaces (WCG) of density < k&,

e the class of all uniform Eberlein compact spaces (compact subsets of Hilbert
spaces with the weak topology) of weight < x and the class of all Banach
spaces which have a uniformly Gateaux differentiable renorming (UG) of
density < k.

The nonexistence of a universal Banach space implies, by the above, the nonexis-
tence of a corresponding universal compact space, but the opposite direction is not
immediate. There are some reasons for this. First, C'(K) may be universal without
K being universal, as in the case of K = [0, 1] for the class of separable Banach
spaces and metrizable compact spaces (however C'(K) is isomorphic to C'(A), where
A is the Cantor set, which is universal for metrizable compact spaces). Secondly,
there are universal Banach spaces which are not isometrically universal. For exam-
ple, consider a strictly convex renorming (||x + y|| = 2 for ||z|| = ||y|| = 1 implies
x = y) of C([0,1]) (which exists by Theorem 9 of [5]) and notice that this space
continues to be an isomorphically universal space but cannot isometrically include
spaces whose norm is not strictly convex.

In the case of nonseparable Banach spaces we encounter mainly negative results
concerning universality or results showing that to obtain a universal space one has
to assume additional set-theoretic axioms. For example, it was proved in [2] that
there are no universal WCG Banach spaces of density w; or ¢ nor universal Eberlein
compact spaces of weight wy or c.

Assuming the continuum hypothesis, the compact space SN\ N is a universal
compact space of weight ¢ and by the above proposition fo/co = C(SN \ N) is
an isometrically universal Banach space for the class of spaces of density ¢ = wj.
However, it was shown in [7] that it is consistent that there is no isomorphically
universal space of density ¢. K. Thompson and the second author noted that a
version of the proof from [7] gives the consistency of the nonexistence of a universal
Banach space of density w;.

In [3] M. Bell showed that assuming k“ = & there is a universal uniform Eberlein
compact space of weight k. M. Fabian, G. Godefroy and V. Zizler showed that the
class of Banach spaces satisfying the hypothesis of Proposition corresponding
to the class of uniform Eberlein compact spaces is the class of UG Banach spaces.
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So, these two results imply by Proposition that there are universal UG Banach
spaces of density ¢ = w;. M. Bell also showed in [3] that it is consistent that there
is no universal Eberlein compact space of density w;. The main result of this paper
is to complement the above result by its Banach space version. Actually the full
result is considerably stronger:

Theorem 1.3. For k = w1 and for k = ¢, it is consistent that there is no Banach
space X of density Kk such that every UG Banach space of density k embeds into
X. In particular, there is no universal Banach space for the class of UG Banach
spaces of density k.

As in the case of the class of separable spaces, the notions of universality and
isometrical universality do not coincide for the class of UG spaces: a universal UG
Banach space may not be an isometrically universal UG Banach space, and this
follows from the fact that WCG Banach spaces can be renormed to be strictly
convex (see [I]).

The above theorem implies in particular that, consistently, ¢, /co does not con-
tain an isomorphic copy of some UG Banach spaces of density ¢. This is related to
some recent results of M. Dzamonja and L. Soukup [8] as well as to recent results
of S. Todorcevic ([I3]) concerning the consistent existence of C'(K)s for K Corson
compact which do not embed into £, /co. Also, the arguments as in the proof of
Proposition give that SN\ N cannot be mapped onto some compact subset of
a Hilbert space with density K with the weak topology.

The notation is fairly standard, the Banach spaces terminology follows [9] and
the set-theoretic terminology follows [I1]. Given a function f, we denote by G the
graph of f. Fn.,(n,D) stands for all finite partial functions from {0,...,n — 1}
into D and Fn,(w, D) (resp. Fn<,(w, D)) for all finite (resp. countable) partial
functions from w into D. If X is a set, then [X]' denotes the collection of one-
element subsets of X. If A is a Boolean algebra and a € A, then [a] denotes the
basic clopen set of the Stone space of A determined by a, that is, the set of all
ultrafilters of A containing a. A partial order has precaliber w; if and only if every
uncountable subset of it includes an uncountable subset where every finite subset
has a lower bound.

Definition 1.4. A Boolean algebra A is a c-algebra if it is generated by elements
{A¢; : £ < K,i < w} of countably many pairwise disjoint antichains A; = {A¢; :
¢ < K} (collections of pairwise disjoint elements of A) such that

(c) Ag, iy V...V Ag, i # 14 for any distinct pairs (i1,1), ..., (%m,&m) € W X K.

We use a fact proved in [3] (Theorems 2.1 and 2.2) based on the results of []
that the Stone space of a c-algebra A is a uniform Eberlein compact space. The
link between uniform Eberlein compact spaces and UG Banach spaces is based on
the following;:

Theorem 1.5 (Theorem 2, [10]).

(1) A Banach space X admits an equivalent uniformly Gateauz differentiable
norm if and only if the dual unit ball Bx~ equipped with the weak* topology
is a uniform Eberlein compact space.

(2) A compact space K is a uniform Eberlein compact space if and only if C(K)
admits an equivalent uniformly Gateaux differentiable norm if and only if
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there is a Hilbert space H and a bounded linear operator from H onto a
dense set in C(K).

The main idea of the proofs is to construct a large family of generic c-algebras
and prove that given a UG Banach space X one of the algebras is sufficiently generic
over X to prevent a possibility of an isomorphic embedding of the Banach space
C(K) where K is the Stone space of the algebra. The c-algebras are constructed
by partial order of approximations (see Definitions 2.1l and B]) and the method of
forcing is used to make conclusions about their consistent existence (see [11]).

2. DENSITY w;g

This section is devoted to the proof of the main result (Theorem [[3]) for the
case kK = wy. The following partial order will approximate the generic c-algebras of
cardinality wq, one of which will induce a Banach space UG without an isomorphic
embedding into a given Banach space UG.

Definition 2.1. P is the forcing notion consisting of conditions p = (np, Dp, F}),
where n, € w, D, € [w1]<¥ and F, C Fn<,(np, D)) are such that |F,| < w and
[n, x Dy C F,, ordered by p < q if n, > n,, D, O D,, F, 2 F, and

(P) given f € F,, there is g € F, such that Gy N (ny x Dg) C Gy,

Given a model V' and a P-generic filter G over V, for each £ € w; and each i € w,
we define in V[G] the following set:

Aei={f € Fne,(w,wr) : 3p € G such that f € F, and f(i) = £}
Let B be the subalgebra of the Boolean algebra p(Fn,(w,w;)) generated by the
sets {Ae;: (4,8) €Ew xwr}.
Lemma 2.2. For every £ € wy, © € w and every q € P there is p < q such that
€D, andi < nyp.

Proof. Let n, = max(i + 1,n,) and D, = D, U{¢}, F, = F, U [n, x D,]*. Clearly
p € P. As the graph of every new partial function in F}, has empty intersection
with (ng x Dy), we conclude that p < g. O

Proposition 2.3. In V[G], we have that for any fized i € w, (A¢;i)e<w, are pairwise
disjoint nonempty sets and whenever (i1,&1), ..., (i, k), (4,€) are distinct pairs, then

Agi\ (Agy iy U Udg, i) # 0.

Therefore, the Boolean algebra B generated by them is a c-algebra of cardinality wq
and its Stone space K is a uniform Eberlein compact space of weight w1.

Proof. For all distinct (i1,&1), ..., (ix, &), (¢,€), by Lemma and the fact that
[n, x Dp]' C F, for any p € P, we have
{(Zaﬁ)} € AE,i \ (Afl,il u..u Afk,ik)~

So each Ag¢; is nonempty and the condition (c) of Definition [4lis satisfied. It also
follows directly from the fact that the f’s are functions and that any {(i,£)} € A¢
that for a fixed i € w, (A¢,i)e<w, are pairwise disjoint and nonempty.

For each (i,€) € w X wy, let Ag,i be a P-name for A ;.
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Definition 2.4. Given p; = (n1, D1, F1),p2 = (na, Do, F5) € P, we say that they
are isomorphic if n; = ny and there is an order-preserving bijection e : Dy — Do
such that e|p,np, = id and for all f € Fn.,(w,w1), f € Fy if and only if e[f] € F5,
where e[f](i) = e(f(3)).

Lemma 2.5. Let p, = (n, Dg, Fi) in P, for 1 < k < m, be pairwise isomorphic
conditions such that (Dy)1<k<m 5 a A-system with root D. Then, there is p € P,
p < p1,...,pm such that for any distinct 1 < i,7 < n, any distinct 1 < k, k' <m
and any & € Dy \ D and £’ € Dy \ D we have

P I+ AE,Z N Ag/,’i/ =

Proof. We define p = (n,, D,, F,) by letting n, = n, D, = D; U---U D,, and
F,=F,U---UF,,. Let us prove that p € P and that p < p; for every 1 <k <m.

As finite unions of finite sets, D), and F,, are countable. Notice that [n x D,]' =
[nx D' U---Ulnx Dyt CF U---UF,, = F, and that F, C Fnc,(n,D;) U
<+ UFney,(n,Dp) C Frne,(n,D,), so that p € P.

Fix 1 <k < m and let us now show that p < p;. By the definition of p, n, = n,
D, O Dy and F), D Fy. Given f € F,, (P) of Definition 2] is trivially satisfied if
f € Fy. So, suppose f € Fy/ \ Fy for some k' # k and let e be the order-preserving
bijection from Dy onto Dy. Since pr and pys are isomorphic and f € Fy/, we get
that g = e[f] € Fj. Let us prove that Gy N (ni X Di) = GgN(np x D) € Gg4: given
(1,€) € Gy N (ng x Dy), we have that f(i) = £ and since f € Fjy C n, x Dy, we
get that £ € D, N Dy = D. Then g(i) = e[f](7) = e(f(3)) = e(§) =&, since & € D.
This proves that Gy N (ng x D) € G4 and concludes the proof that p < pj, for all
1<k<m.

Now let 1 < 4,4’ < n be distinct, 1 < k < ¥’ < m and let £ € Dy \ D and
¢ € Dy \ D. Note that in F, there is no function f such that f(i) = £ and
f(@") =¢&'. Let G be a P-generic filter such that p € G. Given any p’ € G, there is
p"" € G such that p” < p,p’. By (P) of Definition 1] no function g € Fj,» satisfies
g(i) = & and g(i') = &’; hence there is no such function in p’. It follows from the
definition of the A¢;’s that A¢; N Ag iy = 0 in V[G]. Since G was an arbitrary
P-generic filter containing p, we conclude that p I+ Aé@ N Aé,ﬂq = 0. (]

Theorem 2.6. P has precaliber wy and hence satisfies the c.c.c.

Proof. Let (pa)a<w, C P, where each p, = (g, Do, Fy). By the A-system lemma,
we may assume that (Dg)a<w, 1S a A-system with root D. By standard counting
arguments, we may assume without loss of generality that n, = n for every a < wy
and some fixed n € w. By thinning out using further counting arguments, we
can assume that for every o < f < wi, po and pg are isomorphic. Now, given
a1 < ... < ap < wi, by Lemma 23] there is p < pa,, ..., Pa,, - O

Lemma 2.7. Let py, = (n, Dg, Fi) in P, for 1 < k < m, be pairwise isomorphic
conditions such that (Dy)i1<k<m 1S a A-system with root D. Given, for all1 <k <
m, & € Dy \ D and distinct iy, < n, there isp € P, p < p1,...,pm such that

p - Aé1,i1 n---N Aé,,“im # .
Proof. We define p = (ny,, D, F},) by letting n, =n, D, = Dy U---U D,, and
F,=FRU---UF, U{fo},
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where fo = {(i1,&1), .-+, (im,&n)}- Let us check that p € P and that p < py for
every 1 <k <m.

As finite unions of finite sets, D), and F}, are finite. Notice that [n x D,]! = [n x
Di]'U---U[nx D]t € FiU---UF,, C F, and that F,\{fo} C Fn<y(n,D1)U---U
Fney,(n,Dy,) € Fney(n,D,). Since fo € Fne,(n,D1U---UD,,) C Fne,(n, D),
we get that p € P.

Fix 1 <k < 'm and let us now verify that p < pi. By the definition of p, n, = n,
Dy, O Dy, and F), O Fy,. To check (P) of Definition 2] given f € F),, let us consider
three cases:

Case 1. If f € Fy, then (P) is trivially satisfied.

Case 2. If f € Fy \ Fy for some k' # k, let e be the order-preserving bijection
from Dy onto Dj. Since pi and pgs are isomorphic and f € Fys, we get that
g = e[f] € Fy. Let us prove that Gy N (ng x D) = Gy N (np, x D) C G4: given
(i,€) € Gy N (ni x Dy), we have that f(i) = &, and since f € Fiy C np x Dy, we
get that £ € D, N Dy = D. Then g(i) = e[f](i) = e(f(i)) = e(§) =&, since & € D.
This proves that G N (ny x Dy) C Gy, as we wanted.

Case 3. If f = fo = {(il,fl), ey (im,fm)}, then Gf N (nk X Dk) = {(’Lk,fk)} C Fy
by Definition 211

Finally, since fy € F},, p forces that fo e Aél,z‘l Nn---N Ag ;. 80 that

71}71/

plbAg ; N nAg o #0,

£m vim

which concludes the proof. (Il

Definition 2.8. X is the product of wy copies of P, with finite supports, that is,
¥ = {0 :dom(c) = P: dom(o) € [wa]<“},

ordered by o1 < oy if dom(o1) D dom(os) and for every a € dom(os), o1(a) <
oa(a). Given S C wo, let

Ys¢={o €3 :dom(s) C S}.
Proposition 2.9. Given vy € wa, the forcing X,,\ (.} 18 isomorphic to ¥.

Proof. Lift to P a bijection between ws and ws \ {70}. O

Theorem 2.10. V= E “ = wy and there is no Banach space X of density wy such
that for every uniform Eberlein compact space K of weight at most wi, C(K) can
be isomorphically embedded into X 7.

Proof. We work in V. By contradiction, suppose that such a Banach space exists
in V> and let X be a Y-name for it. Since ¥ forces that X has density w;, let
(Un)n<w, be a family of ¥-names such that ¥ IF {9, : < w;} is a dense subse of
X.

1Unfortunately, the Banach space X will not belong to any intermediate model: since new
reals are being added all the time, no old complete metric space remains complete. So we cannot
make use of any factorization of ¥ unless we are willing to deal with normed noncomplete spaces
over the rationals and approximations (possibly nonlinear) of linear operators into its completion.
We have chosen a simpler approach, in our opinion, and work in V' with the full product X.
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For each F € [w1]<¥, let Axr C ¥ be a maximal antichain in ¥ such that for
every o € Ar,

either o I [ Y " dyl > 20 o - [| > ] < 2.
ner ner

Since ¥ is c.c.c., each Az is countable and for each 0 € Ax, |dom(o)| < w. Then,
the set
U{dom(a) :0 € Az for some F € [wy]<“}

has cardinality at most wy. Fix 79 € wy such that for every F € [wq
o€ Ar, v ¢ dom(o).

Since X ~ B\ {v0} X Biro} ~ Lo\ {v0} X P, let us consider in VZw2\ 701 X Z (0} the
Stone space K, of the algebra generated by the family (A¢ ;i(70))¢cw, icw added by
Yy ~ P over V¥e2\(70} . By Proposition 2.3} K., is a uniform Eberlein compact
space of weight wy. Let us show that C(K,,) does not embed isomorphically into
X. For each (i,€) € w x wi, let Ag; be a Y-name for A¢ ;(70).

Suppose there is 7' : C (Ky) = X an isomorphic embedding and, without loss
of generality, assume that X I+ |7'|| = 1. Let po € X. Now find p; < po and m € w
such that py IF 3 [|[ 71| < .

For each o < wy, let {&k(a) : 1 <k <m} Cw; \ a have cardinality m and take
0o € X with 0, < p; and 71 (), ..., nm(a) € wy such that

]<¢ and every

. ) 1
oo lFVI<k<m ||T(XA€k(a)’k(yo)) — Oyl < m

Let 5o = 0alw\{r0} € Vws\{ro} a0d 0a(70) = (a; Da, Fi). Without loss of gener-
ality, we may assume that &;(a),...,&n(@) € Dy. Using the A-system lemma, we
may assume that (Dg)a<w, 1S a A-system with root D and that & (a),...,&x () €
Dy \ D for each o < w; and for all @ < w; the conditions o,(7y0) are pairwise
isomorphic.

By Proposition 23] ¥,,,\ (,} is isomorphic to ¥ and since, by the productivity
of precaliber w; and Lemma 2.6, ¥ has precaliber w1, so does Yo\ {0} So, given
ap < -+ < apy, there is s € ¥y,,\ (4o} such that s < sq,5..., 54, -

Let F = {m(a1),...,nm(am)} and since Ax is a maximal antichain in ¥ which
is contained in ¥\ (o}, Ar is also a maximal antichain in ¥\ (,}. Then, there
is s’ € Ar and s” € ¥,,\ (4.} such that s < s, s’

Since s” < s’ and s’ € Ar, either

8" I (97 o)+ F Vi (o) | < 2

or
S// I+ ||1.J7r,1(a1) + -+ i]»f]m(am)” > 2.
Let us now get a contradiction.

> 2.

Case 1. 8" forces that ||V, (a,) + - + V5, (am)

In this case, let p € P be such that p < g4, (Y0),-.-,04,, (70) obtained by
Lemma [Z5] and let ¢ = (s”,p) € . Then, 0 < §",p and ¢ < 04y,...,04,,-
So,

olbVI<k <K <m Afk(ak),ik (70) N Agk/(o‘k/)vik’ (70) =10
so that

I IX g gy o0l T F Xl i o] = 1



1274 CHRISTINA BRECH AND PIOTR KOSZMIDER

Since 0 < 04y,-.-,0a,,,

1

) - vﬁk(ak)H <—,

cIEVL<k<m (T(x4, . (o) m

so that, using the fact that X I- ||| = 1, we get that

o |F ||U771(a1) +ooet i}ﬁ'"L(am)

< Z Oty = POt o) 2T O, L o)l
k=1
. L
= HX Agl(al),il(’)’o)] oot X[Agm(am),im(%)]n tme <2,
contradicting the fact that ¢ < s” and
S// I+ ||1.J7r,1(a1) + -+ i]»f]m(am)” > 2.

"

Case

T + vﬁnl(am)” S 2'

In this case, let p € P be such that p < g4, (70),-.-,04,, (70) obtained by

Lemma 27 and let 0 = (s”,p) € . Then, 0 < §”,p and 0 < 0nyy...,04,,-
So,
0 IF A, (0 (0) N N A ()0, (10) 70
so that
ol ”X[Aél(al),il(vo)] T T X g (s (0)] I=m.
Since 0 < 04y,-.-,0a,,,

1

olEVI<k<m |T(xp, ) = O (e[l < —

Ep(ag),ig (’YO)]

so that, using the fact that o < s”, we get that

ol 1704 Ley ) T F Xl )]
< ||Z (X, o, )zmon) Breten)) + D )|
k=1
< ||v771(a1 +oeeet Uﬁm(am) % <3,

which contradicts the fact that ¥ I 3 - HT‘1|| < m.
Since the condition py € ¥ was arbitrary, we showed that a dense subset of X
forces the nonexistence of the embedding T'; hence it does not exist in V[G]. g

3. DENSITY ¢

This section is devoted to the proof of the main result (Theorem [[3]) for the
case Kk = ¢. The following partial order will approximate the generic c-algebras
of cardinality ws = ¢, one of which will induce a Banach space UG without an
isomorphic embedding into a given Banach space.

Definition 3.1. Q is the forcing notion of conditions ¢ = (Dg, F,), where D, €
[w2]=¥ and F,; C Fn<,(w, D,) are such that |F,| <w and [w x Dy|* C F,, ordered
by p < q if D, O Dy, F), O F, and

(Q) Given f € F,, there is g € F, such that Gy N (w x Dy) C Gy.
Proposition 3.2. Q is o-closed.
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Proof. Let (¢n)new € Q be such that ¢,+1 < g, for all n € w, where each ¢, =
(Dn, Fy). Define ¢ = (Dg, Fy) by Dy = U,,c, Dn and Fy = U, ., Fn- As countable
unions of countable sets, Dy and Fy, are countable. Also, [w x D]t = |, ¢, ([w x
Du]") € Unew Fn = Fy and Fy € U, e, Frcw(w, Dyp) © Frcy,(w, Dy), so that
q € Q.

Fix n € w and let us now prove that ¢ < ¢,,. Clearly D, O D,, and F; 2 D,,.
To prove (Q) of Definition Bl given f € F,, there is k € w such that f € Fj.
If £ < n, then ¢, < qi, so that f € Fy, C F,, and we are done. If k > n, since
gk < @n, there is g € F,, such that Gy N (w x D,,) € G,4. If suffices now to notice
that g € F,, C Fj,. O

new

Lemma 3.3. For every £ € wy and every g € Q there is p < q such that § € D).

Proof. Let D, = D, U{&}, F, = F, U [w x {€}]'. Clearly p € P. As the graphs of
all new partial functions in F), have empty intersections with (w x D,) we conclude
that p < q. ([l

Given a model V' and a Q-generic filter G over V, for each £ € wy and each i € w,
we define in V[G] the following set:

A¢i ={f € Fn<,(w,ws) : 3¢ € G such that f € F, and f(i) = £}
Let B be the Boolean algebra generated by {A¢; : (4,€) € w X wa}.

Proposition 3.4. In V[G], we have that for a fized i € w, (A¢i)ecw, are pairwise
disjoint nonempty sets and whenever (i1,&1), ..., (ix, &k ), (4,€) are distinct pairs, then

A&i \ (Afhh U..u Aflmik) 75 0.

Therefore, the Boolean algebra B generated by them is a c-algebra of cardinality wo
and its Stone space K is a uniform Eberlein compact space of weight ws.

Proof. The proof is similar to the proof of Proposition |
For each (i,£) € w X wa, let Ag,i be a Q-name for Ag ;.

Definition 3.5. Given ¢; = (D1, F1),q2 = (D2, F5) € Q, we say that they are
isomorphic if there is an order-preserving bijection e : D1 — Ds such that e|p,np, =
id and for all f € Fn<,(w,ws), f € Fy if and only if e[f] € F», where ¢[f](i) =

e(f(2)).

Lemma 3.6. Let qp = (Dg, Fy) in Q, for 1 < k < m, be pairwise isomorphic
conditions such that (Dy)i<k<m 15 a A-system with a countable root D. Then,
there is ¢ € Q, ¢ < q1,...,qn such that for any distinct 1,7’ € w, any distinct
1<k,k <mand any £ € Dy \ D and & € Dy \ D we have

qIF Ag ;N Az, =0.

Proof. We define ¢ = (Dgy, F,) by letting D, = D1U---UD,,, and Fy = F1U- - -UF,,.
Let us prove that ¢ € Q and that g < g for every 1 < k < m.

As finite unions of countable sets, D, and F, are countable. Notice that wx D, =
(wxD)U---U(wxDy,) CFHU---UF, =F, and that F;, C Fn<,(w,D1)U---U
Fn<,(w,Dy,) € Fnc,(w,Dy), so that ¢ € Q.

Fix 1 < k < m and let us now show that g < g;. By the definition of ¢, D, 2 Dy,
and Fy DO Fi. Given f € F,, (Q) of Definition Bl is trivially satisfied if f € Fj.
So, suppose f € Fy \ F, for some k' # k and let e be the order-preserving bijection
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from Dy onto Dy. Since ¢, and g are isomorphic and f € Fy/, we get that
g = e[f] € Fj. Let us prove that Gy N (w x D) = G4 N (w x D) C G4: given
(i,€) € Gy N (w x Dy), we have that f(i) = £ and since f € Fiy C w X Dy, we get
that & € Dy, N Dy, = D. Then g(i) = e[f](i) = e(f(2)) = e(§) = &, since £ € D.
This proves that Gy N (w x Dy) € G4 and concludes the proof.

Now let 4,7’ € w be distinet, 1 <k <k <mandlet £ € Dy\ D and ¢’ € Dy \ D.
Note that in Fj there is no function f such that f(i) = £ and f(¢') = ¢'. Let G
be a Q-generic filter such that ¢ € G. Given any ¢’ € G, there is ¢’ € G such
that ¢” < ¢,q’. By Definition Bl (Q), no function g € Fy satisfies g(i) = £ and
g(i") = &’; hence there is no such function in Fy. It follows from the definition of
the A¢;’s that A¢; N Ae iy = 0 in V[G]. Since G was an arbitrary Q-generic filter
containing ¢, we conclude that ¢ IF Aé,i N Ag‘/,i' = 0. O

Theorem 3.7. Assuming CH, given (¢o)a<w, C Q, there is I € [wa]“? such that
for every ay < -+ < am €1, there is ¢ € Q, ¢ < Goy,-- -, 4a,,- In particular, Q
satisfies the wo-c.c.

Proof. Given (¢a)a<w, C Q, using CH, the A-system lemma for countable sets
(see [11]) and standard counting arguments we can find a set I € [wz]“2 such that
(ga)aer are pairwise isomorphic. Now, given a; < -+ < ay, € A, by Lemma [Z5]
thereis ¢ € Q, ¢ < qay,- - -, qa,,, which concludes the proof. O

Lemma 3.8. Let qx = (Dg, Fy) in Q, for 1 < k < m, be pairwise isomorphic
conditions such that (Dy)1<k<m 1S a A-system with a countable root D. Given, for
all1 <k <m, & € Di\ D and distinct iy, € w, there isq € Q, ¢ < q1,...,Gm Such
that

ql-Ag ;NN Ag £

&1,01
Proof. We define ¢ = (D, F,,) by letting D, = D, U---U D,,, and
F,=FU---UF,U{fo},

where fo = {(i1,&1),-.-, (im,&n)}- Let us check that ¢ € Q and that ¢ < g for
every 1 <k <m.

As finite unions of countable sets, D, and Fj are countable. Notice that [w x
D' =wxDi]'U---Ujwx Dy]' CFH U---UF,, CF, and that F, \ {fo} C
Frn<,(w,D1)U---UFn<,(w,Dy,) C Fn<,(w,Dy). Since fo € Fn<,(w,D1U---U
D) € Fn<,(w, Dy), we get that g € Q.

Fix 1 < k < m and let us now verify that ¢ < ¢i. By the definition of ¢, D, 2 Dy,
and F,; DO Fi. To check (Q) of Definition Bl given f € F,, let us consider three

cases:

Case 1. If f € Fy, then (Q) is trivially satisfied.

Case 2. If f € Fys \ Fy, for some k' # k, let e be the order-preserving bijection
from Dy, onto Dj. Since g and gi are isomorphic and f € Fj/, we get that
g = e[f] € Fy. Let us prove that Gy N (w x Di) = G4 N (w x D) C Gy given
(1,€) € Gy N (w x Dy), we have that f(i) = ¢ and since f € Fiy C w x Dy, we get
that £ € Dy N Dy = D. Then g(i) = e[f](i) = e(f(i)) = e(§) = &, since £ € D.
This proves that Gy N (w x Dy) € Gy, as we wanted.

Case 3. If f = fo = {(i1,&1),..., (im,&m)}, then Gy N (w x D) = {(ix,&k)} C Fi
by Definition 3.1
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Finally, since fo € Fy, q forces that foed; . n---nA

&1,

qI- Az m---mAgwm £ 0,

§1,01

which concludes the proof. |

and we get that

Emyim

Definition 3.9. II is the product of w3 copies of Q, with countable supports; that
" 11 = {r : dom(r) — Q : dom(r) € [ws] <},
ordered by m; < g if dom(7;) 2 dom(mz) and for every a € dom(ma), m () <g
ma(a). Given S C ws, let
IIg = {m € I : dom(w) C S}.
R is the product of Cohen forcing adding we Cohen reals with II, that is,
R = Fne,(we,2) x II.

Proposition 3.10. Given vy € w3, the forcing 11\ (y,} is isomorphic to 11 and,
therefore,

R = Fncy(w2,2) x I~ Fre,(wa,2) X 143 X Q~ R x Q.

Proof. Lift a bijection between ws and ws \ {7} to an isomorphism of II and
g\ {v0}- O

Given a model V' of CH and an R-generic filter G over V, for each vy € w3, each
€ € wy and each 7 € w, we define in V[G] the following set:

Aci(vo) ={f € Fncy(w,w2)NV : I(C,7) € G such that f € Fr,y and f(i) = £}

Let B,, be a subalgebra of the Boolean algebra p(F'n<,(w,ws)) generated by
{A¢i(0) : (1,€) € w X wa}.

Proposition 3.11. In V[G], we have that for every vy € ws and a fized i €
w, (Aei(0))e<ws are pairwise disjoint nonempty sets and whenever (i1,&1), ...,
(ir,&k), (1,€) are distinct pairs, then

Agi(70) \ (Agy i (V0) U oo U Agy i (0)) # 0.

Therefore, the Boolean algebra B, generated by them is a c-algebra of cardinality
wo and its Stone space K., is a uniform Eberlein compact space of weight ws.

Proof. Fix g € w3. The proof is similar to the proof of Proposition 23] using
Lemma [3.3] |

Since now we work in V', for each vy € ws and each (i,£) € w X wa, let Agyi('yo)
be an R-name for A¢ ;(v0).

Lemma 3.12. Assuming CH, given (74)a<w, C R, there is I € [wa]¥? such that
for every ay < --- <y €1, thereisr €R, r < rqy,...,Tqa,, - In particular, R is
wa-C.C.

Proof. Let (a)a<w, C R, where each ro, = (Cu,7a). Let By = dom(7y) € [w3]=.
Using CH, the A-system lemma for countable sets and standard counting arguments
we can find a set I € [wz]“? such that

e (B.)acr is a A-system with countable root B,

o (dom(Cy))aer is a A-system with finite root A,

o Cylan =Cgla forany a < g eI,
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o for every £ € B, (D, (¢)))acr is a A-system with countable root D¢
e and (74(€))aers are pairwise isomorphic.

Fix oy < -+ < ag € I. Let us define r = (Cy,m,): put Cp = Co, U---UCy,,
and dom(m,) = Ba, U---U B, . For each £ € B, let 7,.(§) € Q be the condition
given by Lemma 3.6 such that m.(¢) < m4,(8),...,7qa,, (). If &€ € By, \ B, let
7T7~(§) = T‘—Oék (5)

Clearly r € R and C, < C,, by the definition, for all 1 < k < m. Also, both for
€€ Bandfor € € By, \ B, m:(§) < 74, (§), s0 that r <r,, foralll <k<m. O

Theorem 3.13. If CH holds in V, then VR E “there is no Banach space X of
density ¢ = wo such that for every uniform Eberlein compact space K of weight at
most ¢, C(K) can be isomorphically embedded into X 7.

Proof. First note that R IF ¢ = wy. By the product lemma (see [I1]), for any generic
G C R, the extension V[G] is of the form V[H;][Hz], where Hj is a II-generic over V
and Hy is Fney(ws, 2)-generic over V[H;]. The first forcing II satisfies the ws-c.c.
by Lemma and is o-closed by Proposition[3.2] so V[H;] has the same cardinals
as in V' and satisfies the CH. The second forcing is equal to Fn,(wa, 2) since finite
functions are the same in V' and V[H;]. Hence V[G] can be viewed as an extension
of a model of CH by the Cohen forcing which adds we Cohen reals. It is well-known
(see [11]) that ¢ = wy holds in such models.

We work in V. By contradiction, suppose that in V® there is a Banach space
which contains an isomorph of every UG Banach space of density wy. Let X be an
R-name for it. Since R I [d(X)| = ¢ = wy, we get that R I [X| = ¢ = ws, so that
there is a family of R-names (,),<w, such that R IF X = {&, : < w}.

For each F € [wa]<¥, let Axr C R be a maximal antichain in R such that for
every r € Ar,

either r I || Z Uyl > 1 or 7 - || ZU,,H <1
neFrF neF

Since R is wy-c.c., each Ax has cardinality at most w; and for each (C,7) € Ar,
|dom(7)| < w. Then, the set

U{dom(w) : (O, ) € Ax for some F € [wo]<¥ and C € Fnc,(wq,2)}

has cardinality at most ws. Fix vy € w3 such that for every F € [wo]<¥
(C,m) € Ar, v ¢ dom(m).

In VR let K., be the Stone space of the c-algebra generated by the family
(A¢i(70))¢ews,icw and let us show that C(K,) does not embed isomorphically into
X. For each (i,£) € w X wa, let A¢; be an R-name for A¢ ;(7o).

Suppose there is 7" : C(K,,) — X an isomorphic embedding and without loss of
generality, assume that R I [|7]| = 1. Let 7’ € R and find r/ </ and m € w such
that 7 I- |71 < 7.

For each o < wa, let {&k(a) : 1 <k < m} Cw;y \ a have cardinality m and take
rq € R with 7, < 7" and n1(a),...,nm(a) € wy such that

and every

To I+ V1 S k S m T(X[Aék(a),k(”m)]) = ’L.)ﬁk(a).

Let 7o = (Com Wa)v Sa = (Ca; '/Toz‘wz\{’yo}) € Fn(w% 2) X ng\{'yo} and 71—04(’70) =
(Dq, Fy). Without loss of generality, by Lemma B3 we may assume that & (a), ...,
&m(a) € D,. Using CH and the A-system lemma for countable sets, we may assume
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that (Dga)a<w, is a A-system with a countable root D and that & (), ..., &n(a) €
D, \ D for each @ < wy and that for each o < wq the conditions 7, (y9) are
isomorphic in the sense of Definition

By Proposition B.I0, Fn(ws,2) x I\ 4,3 is isomorphic to R. So, given a; <

- < Quy, we can apply Lemma t0 Sayy---s8aq,, and get s € Fn(ws,2) x
Iy {40} Such that s < sq,,..., Sa,,-

Let F = {m(ai1),...,nm(am)} and since Ax is a maximal antichain in R which
is contained in F'n(wa, 2) X I\ (0}, AF is also a maximal antichain in F'n(ws, 2) x
o\ {70} Then, thereis s’ € Ar and s” € F'n(wg,2) xIL,,\ (4, such that s < s, s".
Since s” < s’ and s’ € Ar, either

s I [0y (ar) + - F Vg (@) | < 1

or
s - 105, () + -+ Pny (@) || > 1
Case 1. 8" forces that |05, (a,) + -+ D5, (an) | > 1.

In this case, let ¢ € Q be such that ¢ < 7o, (V),---,Ta,, (Y0) obtained by
Lemma [B0l and let r = (s”,q) € R. Then, r < ", r <7r4,y...,7q,, and r < g <
Tay (70), - -+ Ta,, (Y0)- So,

riEVI< k<K <m o Ag o, (0) N Aék/(ak/)7ik/ (70) =0
so that
P IX A gy iy ol T XL gy i ol = 1

Since r < 7qy5- -5 Ta,

rlFV1<k<m T(X[Aék(%),ik or]) = Vit ()

so that, using the fact that R I ||| = 1, we get that
05, a0y + o+ e | S XA L Gon T T X, ol E L

contradicting the fact that r < s” and
s - ||7}ﬁ1(a1) + -+ 1.}777)1(04711,)” > 1.

Case 2. 5" forces that |05, (ay) + -+ + Ogy o | < 1-

In this case, let ¢ € Q be such that ¢ < 7o, (0),---,Ta,, (70) obtained by
Lemma B8 and let r = (s”,¢) € R. Then, r < s", r <r4,,...,7q,, and r < g <
Ty (’70)3 s oy, (70)' SO&

r - Agl(al)vil () N---N Agm(@m)»im (70) # 0
so that
P X G0 T Xl Gl =7

Since r < 7qyy 05 Tay,

rikvl<k<m T(X[Ask<ak>,ik (o)) = Vinlan)s

so that, using the fact that R I ||7~1|| < m and that r < s”, we get that
T O B o [ F SRS M

which contradicts our assumption.
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Since the condition ' € R was arbitrary, we showed that a dense subset of R

forces the nonexistence of the embedding T'; hence it does not exist in V[G]. O
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