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ABSTRACT. We give a sufficient and necessary condition on the sequence {a, }
of integers that for any integer [ > 1, every integer can be represented in the
form €ja; +€41a;41 + - - - +egag, where g; € {—1, 1} (’L =0LIl+1,..., k) This
generalizes the known result on integral-valued polynomial values. Moreover,
we show that such sequences exist with any growth rate. This answers two
problems posed by Bleicher. We also pose several problems for further research.

1. INTRODUCTION

In [1], Bleicher proved the following interesting result: for any given integer
k > 2, every integer can be represented in the form

n=e 1" +e2" + - et®, g e{-1,1}, i=12,...,t

Yu [T1] generalized the result to integral-valued polynomials with fixed divisor equal
to 1. Boulanger and Chabert [2] considered the problem in the ring of algebraic
integers O of a cyclotomic field K. For related research, one may refer to [3], [,
B, [7, [8] and [9]. Starting from the result on kth powers, Bleicher [I] posed the
following two problems.

Problem 1. Does there exist a constant ¢ > 1 and an increasing sequence of
integers {a;} with a; > ¢" for every positive integer ¢ such that for every positive
integer n, there is a positive integer m and a choice of ¢; = +1 for which n =

Yoimy giai?
Problem 2. On the assumption that Problem 1 is answered affirmatively, is there
an upper bound for possible choices of ¢?

For sequences, Erdds and Surdnyi [6] proved the following result: Let 0 < a; <
as < --- be a sequence of integers. If (a) the sequence contains infinitely many
odd numbers; (b) for some m, all positive integers > m can be represented as
the sum of different elements of the sequence; (c¢) ap+1 < 2a, — m for n > ng,
then every integer can be represented in the form e1a; 4+ e2a9 + - - - + £¢a;, where
g {-1,1}(i=1,2,....1).

In this note we prove the following result. This generalizes the result on integral-
valued polynomials (Bleicher [I], Yu [II]). Moreover, we answer Problem [I] affir-
matively and Problem [2 negatively.
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Theorem 1. Let ai,as,... be a sequence of integers. Then for any integers [ > 1
and n, there exists an integer t > 1 and a choice of €; = £1 such that

n=¢ga;+€+1a;41 + -+ €1ay

if and only if the following two conditions hold:

(i) there exists a nonzero integer M such that for any I > 1 there exists an
integer r =1 > 1 and g; € {=1,1}(1 < i <r) with M = gia; + - - - + eray;

(i) for any | > 1 we have ged(ag, ajyq,...) = 1.

Remark. For any [ > 1, letting » = r; and s = 7,41, we have
0=M—-M=c¢cja;+ - +€r0r —Erg1Qr41 — -+ — EsQs.

So, for a fixed [ > 1 and a fixed integer n, the ¢ in Theorem [l can take infinitely
many values.

Remark. Let a1 = 2,a2 = 3 and a;42 = a;41 +a; +1 (¢ = 1,2,...). Since 1 =
—a; — a;41 + aiq2, (i) is true for M = 1 and (ii) is true by (a;, a;j+1,a;42) = 1 for
all i > 1. This verifies Theorem [[I One may easily prove that a; > (v/2)* for all
1 > 1. Thus Problem [l is answered affirmatively.

Remark. For an integral-valued polynomial f(z) of degree h with fixed divisor
equal to 1, let a; = f(i)(¢ = 1,2,...). For any integers [ and n, by the Lagrange
interpolation formula we know that f(n) is a combination of f(1), f(I + 1),...,
f(l+ h) with integral coefficients. Since f(x) has no fixed factors, we have

ged(f(1), fU+1),..., f(l+h)) = 1.

On the other hand, let fi(z) = f(z + 1) — f(x), fix1(z) = fi(x +2Y) — fi(2)(i =
1,2,...). Then f;(z) is a polynomial of degree h —i (1 < ¢ < h). So fr(z) is a
nonzero constant. We also have

2M—1

fn(z) = Z eif(x+1i), e e{-1,1}.

i=0
Since f(z) is integral-valued, fr(x) = f,(0) is an integer. For related information,
one may refer to [I0]. By Theorem [l for any ! > 1, there exists ¢ > [ such that
every integer can be represented in the form n = &, f(I) + &1 f(I+1)+-- -+ . f(¢),
where ¢; € {—1,1}(: = 1,1 +1,...,t). That is the main result in [I1].

For Problems [Il and Bl we have the following general result. This means that
sequences exist with any growth rate.

Theorem 2. For any sequence 1 < ¢y < co < ---, there exists a sequence 1 <
a1 < ag < --- of integers with a; > c; for every positive integer i such that for any
integers I > 1 and n, there are infinitely many positive integers m > I for which
there is a choice of ¢; = £1 with n = Z;Zl £i0;.

Remark. For any given C' > 1, let ¢; = C?. Problems [[ and [l immediately follow
from Theorem

In the proof of Theorem [2, some consecutive terms are “near”. If we require that
consecutive terms are not “near”, i.e. apy1 > aay for all kK > 1, what is the largest
possible value of a? We have the following precise result.
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Theorem 3. (i) If {a;} is a sequence of positive integers such that, for some integer
ng and infinitely many positive integers l, there is an integer m >l and a choice of

g; = =1 with
m
Z €iai = Mo,
i=l

then there are infinitely many positive integers k such that a1 < 2a — 1.

(ii) Let ay be any positive integer, and define the sequence {a;} by ap+1 = 2a—1
for all k > 1. Then for any integers | > 1 and n, there are infinitely many positive
integers m > 1 for which there is a choice of e; = £1 with

m
n = E Eij.
i=l

Now we consider only representations of the form

m
n = E E;;.
i=1

For this purpose we introduce the following definition.

Definition 1. Let M be a positive integer. The subsequence {a;, aj41,. .., ax}(k >
1) is said to be M —coprime if ged(M, a;, aj41,-..,a;) = 1.

The condition (ii) in Theorem [[ implies that there are infinitely many disjoint
M —coprime subsequences.

Theorem 4. Let aj,asz,... be a sequence of integers satisfying
(i) there exists a positive integer M such that for anyl > 1 there exists an integer
r=r;>1lande; € {—1,1}(1 <i <) with

M =¢a;+ -+ era.;

(i) there are at least M disjoint M —coprime subsequences of {a1,az,...}.
Then every integer can be represented in the form

n =¢€1a1 +€2a2 + - -+ + £4ay, EiE{—l,l}, i:1,27...,t.

2. PROOF OF THEOREMS

Proof of Theorem [l First we assume that for any integers [ > 1 and n, there exists
an integer ¢ > [ and a choice of ¢; = +1 such that

n=¢ga+e41a;41 + -+ eay.
We take n = 1. Then (i) holds with M = 1. (ii) follows from
ged(ag, apyt, ... a¢) = 1.

Now we assume that both (i) and (ii) hold.
For any [ > 1, let r = r; and s = r,1. We have

2M =¢ega;+ -+ erar 1041 + - -+ E5as.

So we may assume that M is a positive even number.
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Fix an integer [ > 1. Let
A ={aa + a1+ - +egap e, € {11} <i<k)}, k=L1+1,...
and
Ay ={b:0<b<M-1,b=a (mod M),a € A}, k=11+1,....

Let my = |Ag|. Since the numbers in A;, have the same parity, we know that the
numbers in A;, have the same parity. Thus 1 < my < M/2 for all k > [. Tt is clear
that m; < myy1 < ---. So there exist two positive integers m and ig > [ such that
m; = m for all ¢ > ig. Let

Ai :{bilabiQa"'vb’i’m}’ ZZZO
By |A;; 1| = m, we have
(bi1 — @ir1) + (biz — @it1) + - + (bim — Qi)
= (bir + aiv1) + (biz + air1) + -+ + (bim + @i11) (mod M).

Thus 2ma;+1 =0 (mod M) for all i > 4g. By (ii) we have 2m =0 (mod M). Since
1 <m < M/2, we have m = M/2. Again, by (ii), there exists an integer j > i
such that a;j;, is odd. Hence

AjUAj4 ={0,1,...,M —1}.

Thus, for any integer n, there exists k = jor j+ 1, & € {-1,1}(i =1,1+1,...,k)
and an integer u such that

n = ea; + €41a141 + -+ - + epag +ub.
By (i) we obtain a proof of Theorem [I1 O
Proof of Theorem [l Let
agi—1 = [eai] + 20+ 1, ag; =[eo] +2i+2, i=1,2,....

Then ag;+1 > ag; > agi—1 > [co;] + 1 > ¢o; > c94—1 for all i > 1.
Let I,n be two integers with [ > 1. For any integer j > [ + |n| we have n + a; +
cdag; >n+25>0. Lett:n—l—Z?ilai. Then

27 J+t
n = Z(_ai) + Z (—azi—1 + as).
i=l i=j+1

Hence, for every integer m there are infinitely many positive integers m > [ for
which there is a choice of ¢; = £1 with n = Z:L g;a;. This completes the proof of
Theorem [2 |

Proof of Theorem Bl (i) Suppose that {a,} is a sequence of positive integers satis-
fying the condition, but agi11 > 2ay for all k > kg. Then ap, — +o00 as k — +o0.
Take an integer | > ko with a; > |ng| for which there is an integer m > [ and a
choice of ¢; = +1 with

m

Z Ei; = Ng.

i=l
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Thus

m—1 m—1
Gm = EmNo+ g —eme&it; < |ng| + E a;
i=l i=l

m—1 m—1
< al—l—Zai:Zal—i— Z a;
i=l

i=l+1
m—1 m—1
< aj41+ Z a; = 2a;41 + Z a;
i=l+1 i=1+2
<
< 2am_2+am_1 < 20m,_1,

a contradiction with apy; > 2ax for all & > ky. This completes the proof of
Theorem [J (i).

(ii) Let I > 1 and n be two integers. For any integer ¢ > I + |n|, let s =
n+a;+a41+---+a;. Thenbya; >1foralli >1wehaves>n+t—1+1>0.
By ag+1 = 2a; — 1 we have

Otys = Qpys— 1+ Qpyps—1— 1 =051+ s 2+ s 2 — 2

= Qt4s—1 + Qpys—2+ -+ a+a—s

= Q4s—1 + Qq4s—2+ -+ aq —Q—1 — Q2 — - —a—"N.
Thus
t—1 t+s—1
n = —Zai—i— Z a; — Qt4s-
i=l i=t
This completes the proof of Theorem [ (ii). O

Proof of Theorem [ If M = 1, then Theorem Ml is clear. Now we assume that
M > 1. Let the notation be as in the proof of Theorem [ (the fixed [ is equal to 1
and we do not assume that M is even). Let ig = 0 and let {a;;, ,4+1,...,a:,}(j =
1,2,...,M) be M disjoint M —coprime subsequences of the sequence {a;}. It is
clear that m;, > 1. If m;, = m;,, then, similarly to the proof of Theorem [, we
have
2mia; =0 (mod M), j=idi1+1,...,is.

Since {a;,+1,-..,ai, } is an M —coprime subsequence, we have 2m;, =0 (mod M).
If M is odd, then m;, = M. If M is even, then, similarly to the proof of
Theorem [I we have m;, = M/2. Hence, if m;, # M,M/2, then m;, > m,,.
Continuing these arguments, we have that if M is odd, then m;,, = M. Thus
Aipy =A{0,1,...,M —1}. If M is even, then m;,,,, = M/2 and m; < M/2 for all
i. Since {aiy o415+ @iy, b 18 an M—coprime subsequence, there exists jo €
{ines2 +1,. .. i(a/2) 11} such that aj, is odd. Since m;,, ,, < mj,—1 <m;, < M/2,
we have m;,_1 = m;, = M/2. Since the parities of the numbers in A; _; and in
A, are distinct, we have

A
Aj, 1 UA;, ={0,1,...,M —1}.

Now the following arguments are similar to those of Theorem [II This completes
the proof of Theorem [l O

Jo
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3. FINAL REMARKS

For a sequence A = {a;} (finite or infinite) and an integer n, let o4(n) be the
ways of representation of n = e1a1+egas+- - +erar, & € {—1,1}, i=1,2,... ¢
In the previous arguments all A satisfy o4(n) = +o00. It is natural to ask: is there a
sequence A = {a;} such that1 < o4(n) < +oo for all integers n ¢ Now we construct
such a sequence.

For Ay ={aj,as,...,ax}, let

A(Ag) ={e1a1 + e0a0 + -+ +ega 1 g, € {-1,1}, i=1,2,...k}.

Let a1 = 1, g = 3, az = 4. Then A(Al) = {:l:l}, A(AQ) = {:l:Q, :|:4} and
A(A3z) = {0,£2,+6,£8}. Suppose that we have ay,...,ar (k> 3). Let ng be the
least positive integer which is not in A(A;) U--- U A(Ag), and let ap41 = a1 +
-+ ag+ng. Then ny € A(Ag41) and each positive integer in A(Ag41) is at least
ak+1— (a1 +- - ag) = ng. Thus we obtain two sequences, A = {a;}3°, and {n;}25,
such that 3 =n3 < ng < --- and for every k > 3 we have o4(n) = g4, (n) > 1 for
all n < ng.

Now we have proved the following theorem.

Theorem 5. There exists a strictly increasing sequence A = {a;}52, of positive
integers such that 1 < o4(n) < 400 for all integers n.

We pose the following problems here for further research.

Problem 3. Is there any (strictly increasing) sequence A = {a;} of positive integers
such that 04(0) = 2 and o4(n) =1 for all integers n?

Problem 4. Is there a constant ¢ > 1 and a (strictly increasing) sequence A = {a;}
of positive integers such that 1 < o4(n) < ¢ for all integers n?

If A={1,3,3%,...}, then c4(n) € {0,1} for all integers n. We pose the following
problem.

Problem 5. Is there any (strictly increasing) sequence A = {a;} of positive integers
such that o4(n) > 1 for all integers n and o4(n) = 1 for infinitely many integers
n?

Added in proof. We have known that Problem 3 is negative and that Problems 4
and 5 are affirmative.

Added after posting. We find that Problem 4 is still open.
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