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ON THE ASYMPTOTICS OF Γq(z) AS q APPROACHES 1

RUIMING ZHANG

(Communicated by Sergei K. Suslov)

Abstract. In this note we give a derivation of the asymptotic main term for
the q-Gamma function Γq (z) as q approaches 1. Our formula is valid for all
fixed z ∈ C except non-positive integers.

1. Introduction

Recall that the q-Gamma function is defined by [1, 2, 3]

Γq(z) =
(q; q)∞

(1− q)z−1(qz; q)∞
,(1.1)

where

(a; q)∞ =
∞∏
k=0

(
1− aqk

)
, a ∈ C, q ∈ (0, 1) .(1.2)

Let Γ(z) be the Euler Gamma function. All the standard textbooks on q-series
present W. Gosper’s heuristic argument for

lim
q→1

Γq(z) = Γ(z)(1.3)

without verifying the validity of the term-by-term limiting process, [1, 2, 3]. An
alternative proof by T. H. Koornwinder is also given in [1] by using a convexity
argument, but all these proofs failed to give an error term. In [6] we give a proof
with an error term using a q-Beta integral from [1]. In this note we will give yet
another proof with an error term valid on the whole complex plane except at poles
of Γ(z).

2. Main results

Lemma 1. Let |z| < 1 and 0 < q < 1. Then

(z; q)∞ = exp

{
−

∞∑
k=1

zk

k (1− qk)

}
.(2.1)

Proof. Using

log(1− z) = −
∞∑
k=1

zk

k
, |z| < 1,(2.2)
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one obtains

(2.3)

log (z, q)∞ =

∞∑
j=0

log
(
1− zqj

)
= −

∞∑
j=0

∞∑
k=1

(
zqj

)k
k

= −
∞∑
k=1

zk

k

∞∑
j=0

qjk = −
∞∑
k=1

zk

k (1− qk)

for q ∈ (0, 1), where all the logarithms are taken as their principle branches. Equa-
tion (2.1) follows by exponentiating (2.3). �

Lemma 2. For each fixed w with �(w) > 0, let q = e−πτ with τ > 0. Then

(qw; q)∞ =

√
2πww−1/2 exp

(
− π

6τ

)
Γ (w) (1− e−τπw)

w−1/2
{1 +O (τ )}(2.4)

as τ → 0+.

Proof. Taking z = qe−τπw in (2.1) with �(w) > 0, one obtains

(2.5)
(
qe−τπw, q

)
∞ = exp

{
−

∞∑
k=1

qke−kτπw

k (1− qk)

}

and

∞∑
k=1

qke−kτπw

k (1− qk)
=

∞∑
k=1

e−kτπw

k

{
qk

1− qk
− 1

kπτ
+

1

2
− kπτ

12

}(2.6)

+
∞∑
k=1

e−kτπw

k

{
1

kπτ
− 1

2
+

kπτ

12

}

= S +
1

πτ

∞∑
k=1

e−kτπw

k2
− 1

2

∞∑
k=1

e−kτπw

k
+

πτ

12

∞∑
k=1

e−kτπw

= S+
1

πτ
Li2(exp(−πτw)) +

1

2
log

(
1− e−τπw

)
+

πτ

12 (exp(τπw)−1)
,

where

(2.7) S =

∞∑
k=1

e−kτπw

k

{
1

ekπτ − 1
− 1

kπτ
+

1

2
− kπτ

12

}

and

(2.8) Li2 (z) =

∞∑
k=1

zn

n2
, |z| ≤ 1.

Using [1, 4],

Li2 (z) + Li2 (1− z) =
π2

6
− log z · log (1− z) ,(2.9)
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one gets

Li2 (exp(−πτw)) = −Li2 (1− exp(−πτw)) +
π2

6
+ πτw log (1− exp(−πτw))

(2.10)

= −πτw +
π2

6
+ πτw log (1− exp(−πτw)) +O

(
τ2

)
as τ → 0+. Then (2.10) transforms (2.6) into

∞∑
k=1

qke−kτπw

k (1− qk)
= S − w +

π

6τ
+

(
w +

1

2

)
log (1− exp(−πτw))(2.11)

+
πτ

12 (exp(τπw)− 1)
+O (τ ) .

Using [1],

log Γ(w) =

(
w − 1

2

)
logw − w +

log(2π)

2
+

∫ ∞

0

(
1

2
− 1

t
+

1

et − 1

)
e−tw

t
dt,

(2.12)

one obtains ∫ ∞

0

(
1

2
− 1

t
− t

12
+

1

et − 1

)
e−tw

t
dt(2.13)

= log Γ(w)−
(
w − 1

2

)
logw + w − log(2π)

2
− 1

12w

for �(w) > 0.
Let

I =

∫ ∞

0

(
1

2
− 1

t
− t

12
+

1

et − 1

)
e−tw

t
dt(2.14)

=
∞∑
k=1

∫ kπτ

(k−1)πτ

(
1

2
− 1

t
− t

12
+

1

et − 1

)
e−tw

t
dt

and

(2.15) f(t) =

(
1

2
− 1

t
− t

12
+

1

et − 1

)
e−tw

t
.

Then

(2.16) f ′(t) = O (t)

as t → 0+ and

(2.17) f ′(t) = O (exp (−t�(w)))
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as t → +∞. Subtracting (2.14) from (2.7) one obtains

S − I =

∞∑
k=1

∫ kπτ

(k−1)πτ

dt

∫ kπτ

t

f ′(y)dy(2.18)

=

∞∑
k=1

∫ kπτ

(k−1)πτ

f ′(y)

∫ y

(k−1)πτ

dtdy

=

∞∑
k=1

∫ kπτ

(k−1)πτ

f ′(y) (y − (k − 1)πτ ) dy.

Then,

(2.19) |S − I| ≤ πτ

∫ ∞

0

|f ′(y)| dy,

which implies

(2.20) S − I = O (πτ )

as τ → 0+. Combining (2.11), (2.13), (2.14) and (2.20) one gets

∞∑
k=1

qke−kτπw

k (1− qk)
= log Γ(w)−

(
w − 1

2

)
logw − log(2π)

2
(2.21)

+
πτ

12

(
1

exp(τπw)− 1
− 1

πτw

)
+

π

6τ

+

(
w +

1

2

)
log (1− exp(−πτw)) +O (τ )

= log Γ(w)−
(
w − 1

2

)
logw − log(2π)

2

+
π

6τ
+

(
w +

1

2

)
log (1− exp(−πτw)) +O (τ )

as τ → 0+. For �(w) > 0, applying Lemma 1 to (2.21) one obtains

(
qw+1; q

)
∞ =

√
2πww−1/2 exp

(
− π

6τ

)
Γ (w) (1− e−τπw)

w+1/2
{1 +O (τ )}(2.22)

as τ → 0+ and

(qw; q)∞ =
(
1− e−τπw

) (
qe−τπw, q

)
∞(2.23)

=

√
2πww−1/2 exp

(
− π

6τ

)
Γ (w) (1− e−τπw)w−1/2

{1 +O (τ )}

as τ → 0+. �

Theorem 3. Let q = exp (−πτ ) with τ > 0. Then

Γq (w) = Γ (w) {1 +O (τ )}(2.24)

as τ → 0+ for −z /∈ N ∪ {0}.
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Proof. Using (2.4) one gets

(q; q)∞ =

√
2π exp

(
− π

6τ

)
(1− e−τπ)1/2

{1 +O (τ )}(2.25)

as τ → 0+. For �(w) > 0, applying (2.4) and (2.25) to (1.1) one obtains

Γq (w) =
(q; q)∞

(1− q)
w−1

(qw; q)∞
= Γ (w)

{
1− e−πτw

w (1− e−πτ )

}w− 1
2

{1 +O (τ )}(2.26)

as τ → 0+. Then (2.26) and

(2.27)

{
1− e−πτw

w (1− e−πτ )

}w− 1
2

= 1 +O (τ )

as τ → 0+ prove (2.24) for �(w) > 0.
Using [5],

θ1(v|t) = 2
∞∑
k=0

(−1)kp(k+1/2)2 sin(2k + 1)πv,(2.28)

θ1(v|t) = 2p1/4 sinπv(p2; p2)∞(p2e2πiv; p2)∞(p2e−2πiv; p2)∞,(2.29)

and

(2.30) θ1

(
v

t
| −1

t

)
= −i

√
t

i
eπiv

2/tθ1 (v | t) ,

where p = eπit with 	(t) > 0, one obtains

(
q, q1+w, q1−w; q

)
∞ =

exp
(

πτ
8 + πτw2

2

)
θ1

(
w| 2iτ

)
√
2τ sinh πτw

2

(2.31)

and

(2.32) (q; q)3∞ =

√
2 exp

(
πτ
8

)
θ′1

(
0| 2iτ

)
πτ3/2

,

where q = exp(−πτ ) with τ > 0. Applying (2.31) and (2.32) to (1.1) one gets a
reflection formula for Γq (w),

Γq (1 + w) Γq (1− w) =
(q; q)

3
∞

(q, q1+w, q1−w; q)∞
=

2θ′1
(
0| 2iτ

)
sinh πτw

2

πτ exp
(
πτw2

2

)
θ1

(
w| 2iτ

)(2.33)

or

Γq (w) Γq (1− w) =
1− q

1− qw
Γq(1 + w) =

(eπτ − 1) θ′1
(
0| 2iτ

)
πτ exp

(
πτ(w2+w+2)

2

)
θ1

(
w| 2iτ

)(2.34)
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for w /∈ Z. Using (2.24) for the � (w) > 0 case we proved earlier and the observa-
tions

eπτ − 1

πτ
= 1 +O (τ ) ,(2.35)

θ′1

(
0|2i

τ

)
= 2π exp

(
− π

2τ

)
{1 +O (τ )} ,(2.36)

θ1

(
w|2i

τ

)
= 2 sin πw exp

(
− π

2τ

)
{1 +O (τ )} ,(2.37)

Γ (w) Γ (1− w) =
π

sinπw
, w /∈ Z(2.38)

applied to (2.34), one gets

Γq (w) =
π

sinπw

1

Γ (1− w)
{1 +O (τ )} = Γ (w) {1 +O (τ )}(2.39)

for �(w) < 1 and w /∈ Z as τ → 0+. The theorem follows by combining the
�(w) > 0 and �(w) < 1 cases. �
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