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(Communicated by Mario Bonk)

ABSTRACT. For a meromorphic function f in the unit disc, let the poo-order
of the growth be the limit of the orders of Ly-norms of log|f(re*?)| over the
circle. In the case when the order of the maximum modulus function is smaller
than 1, we describe zero distribution of canonical products and derive a new
factorization theorem and logarithmic derivative estimates.

1. INTRODUCTION AND THE MAIN RESULT

Let D(z,t) ={C€C:|(—2| <t},z€C,t >0, and D = D(0,1). For an
analytic function f in D, we define the maximum modulus M(r, f) = max{|f(z)| :
|z| =7}, 0 < r < 1. In the sequel, the symbol C with indices stands for positive
constants which depend on the parameters indicated. We write a(r) ~ b(r) if
lim,41 a(r)/b(r) = 1.

Usually, the orders of growth of an analytic function f in D are defined as

. log™ log™ M(r, f) . log™ T(r, f)
= 1 1Y = 1 = . N
pulf] =1 TTS]LUP Tlos(i=r) ' T [f] HITlTSlUp Tlog(1—7)’

where T'(r, f) = & O2Tr log™ | f(re?)| df. Tt is well known that

(L1) prlf] < paelf] < prlf) + 1,

and all admissible values of the orders are possible ([I], [2], [10]).

Many theorems on analytic functions in D fail to hold when the pjps order is
smaller than 1 (see e.g. [2], [9], [I1]). To be more precise we start with canonical
products. Let A = (a,) be a sequence of complex numbers in I without accumu-
lation points in ID. We define the exponent of convergence of A by (inf () = +00)

pulA] = inf{,u >0: 3 (1—Jaul)*+! < oo}
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1298 I. CHYZHYKOV

It is well known [4] [13] [15] that the Dzrbasjan-Naftalevich-Tsuji canonical product

(1.2) P(z,A,q) = HE(1_|an|2, ),

1—a,z
where E(w,0) = (1 —w),
E(w,q) = (1 —w)exp{w +w?/2+ - +wl/q}, q€N,

is an analytic function with the zero sequence A provided that Y-, 4 (1—|a,|)9t! <
0.

C. N. Linden [J] established a connection between pps[P] and the zero distribu-
tion of P, where P is of the form ([Z). To clarify this connection we need some
definitions.

Let

O6re®) = {¢r <l < 27 Jarg¢ — ol < =0 ),

and v(re’?) be the number of zeros of P in [(re*?). We define

log™ 11 (r,P)

1.3 ,P) = @), P] =i ,
(1.3) vi(r, P) max v(re*¥), v[P] mQTslup —og(1—1)
and

+
(1.4) pn[P] = limsup log” n(r, P)

rT1 — log(l — ’I") ’
where n(r, P) is the number of zeros in D(0,7).

Theorem A ([9, Theorem V]). With the notation above we have

(1.5) pr[P] = (pu[P] = 1),
:V[P]a PM[P]ZL

Remark 1.1. We note that relation (L)) follows essentially from [13|[I5]. Moreover,
(pn|P] — 1)T is equal to the convergence exponent of the zero sequence of P.

A function p: [0,1) — R, is called a prozimate order ([6, p. 55]; cf. [§]) if it
satisfies the following conditions:
(i) p is differentiable on [0,1);
(ii) limy41 p(r) = po € [0, 00);
(iil) limyq4q1 p/(r)(1 —7)log(l —r) =0.
An advantage of this definition is that for every analytic function f of finite
positive order pps[f] there exists a proximate order p(r) such that
limsup(1 — r)?" log M(r, f) = 1.
r11
Linden’s proof of Theorem [Al is based on the following lemma [9, Lemma I],
which we formulate in a suitable form for our purposes.

Lemma B. Let p: [0,1) — Ry be a prozimate order, p(r) — p >0 (r 1 1). Let
Ps(z) = P(z,A,s) be a canonical product. Suppose that for some C; > 0, we have

Gy

ip
I/(’f’e )S (1 —’I")p(r)7

0<r<l1, 0<p<2m,
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and s > p. Then

s+1 C’Q

— |an|2 < |
= A=

1
log | Py(2)] < 2572 Z] -
n=1

— z €D,
— zay,

for some constant Co > 0.

Remark 1.2. Linden proved the lemma for the case p(r) = p, but the same proof
works in the general case as well (cf. [6l Chaps. 2, 3]).

As we can see from Theorem [Al the value v[P] coincides with pp/[P] when the
order is greater than 1. The question arises:

Question 1.3. What kind of growth characteristic can describe zero distribution
in the case when pp/[f] < 17

For a meromorphic function f(z), z € D, and p > 1 we define

1 271' . %
my(r, f) = <§/0 |10g|f(rew)||pd0> , O0<r<l1.

We write
: log my(r, f)
=1 — P
pp[f} IH:j*Slup _ 10g(1 _ 7‘)
A characterization of p,-orders can be found in [12].
We define the po.-order of f as
poolf] = lim py[f]

p—00

(existence of the limit follows from the fact that L,-norms are monotone in p). It
follows from the First Fundamental Theorem of Nevanlinna that p;[f] = pr[f]. Be-
sides, it is known (e.g. [11]) that par[f] < p,[f]+ 7 (p > 0), which generalizes (LT).
Consequently, par[f] < poo[f]- Moreover, Linden [II] proved that pso[f] = parlf]
provided that ppr[f] > 1. Thus, the values po[f] and v[f] have similar behav-
ior with respect to the maximum modulus order when f is a canonical product.
The main purpose of this paper is to prove that p.[f] coincides with v[f] for the
canonical products.

For a sequence A in D with the finite convergence exponent we define v[A] =
v[P(z, A, q)] for an appropriate choice of ¢. It is clear that the definition does not
depend on gq.

Theorem 1.4. Given a sequence A = (ay) in D such that v = v[A] < oo and
an integer s > [v] + 1, we define the canonical product Ps(z) = P(z,A,s). Then
poc[Ps] = v.

Theorem 1.5. Let f be an analytic function in D. Then v[f] < poolf]-

Example 1.6. Let ap = 1 —1/(klog®k), k € {3,...}. We consider the canonical
product B(z) = P(z, A,0), which is a Blaschke product up to a constant factor.
Since |B| is bounded in D, we have pps[B]=pr[B]=0, and consequently poo[B] <1.
On the other hand, it is easy to check that
1

n(r, B) ~ (I1—7) 10g2(1 — 7")7

rt1,
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and
dy da

<v(r) < , 11,
(1—7r)log*(1—r) ~ (r) < (1 —7r)log?(1 —7) T
for some positive constants dy, do. Hence, v[B]=1, and by Theorem [[H] p[B]=1.

In Section 2 we prove Theorem [[L4] which is the main result of the paper. In
Section 3 we apply the theorem to problems of factorization of analytic and mero-
morphic functions in D and derive some new logarithmic derivative estimates.

2. PROOFS OF THEOREMS [I.4] AND

We write p = poo[Ps].
First, we show that v < p. The proof of this inequality is based on ideas from
[8, Chap. 2, Lemmas 10, 11].

Lemma 2.1. Under the assumptions of Theorem [L4] we have

: 1
sup log log (el:ln(}ﬂfew) (0]

(2.1) lim sup T <np.

1 log =

Note that inequality ([2.1]) is a counterpart of Levin’s condition (see [8, Chap. 2]),
which plays an important role in the theory of subharmonic functions in the half-
plane ([5, Theorem 18]) and the theory of functions of completely regular growth
in an angle [§].

Proof of Lemma 2] Suppose that (21]) does not hold; i.e., there exist £ > 0, a
sequence (r,) tending to 1, and a sequence (¢,,) such that

1
(1—[¢rte

log | >

1
|Ps(C)
for all ¢ € O(r,e*¥"). Then

1—rp

Ynt+—3 0 (1p ]-_Tn
/p . |log | Ps(rne™)]| dQZW-

n— 1

1
Hence, my(rn, Ps) > (1) 7 (1 — rn)_”_“'%. Thus, pp[Ps] > p+¢ — %. Passing to

the limit as p — 00, we obtain p[Ps] > p+e. This contradiction proves 2I). O
If p > 0, then the inequality v < p follows from pps[Ps] < p and the next lemma.

Lemma 2.2. Let f be an analytic function in D, p: [0,1) — Ry be a prozimate
order, p(r) = p>0 (r1t1). Let
log [f(re')| < C3(1—7)~P"), re0,1)

for some C5 > 0.
If there exist N > 0 and o € (0,1) such that for all v € [ro,1) and ¢ € [0,27)

and some z* € O(re'¥) we have
) N
log [f(z") > NGk

then
Cg + N

) S O

rt1,

where Cy is an absolute constant.
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Proof of Lemma 2.2 Without loss of generality we may assume that ¢ = 0. Let
€[0,1). We write R=r+ (1-r)/4, ¢, = (1 —7)/4. Then 1 — R = 3(1 —r).

Since . .
2 +r ) 2
~R) =-(1-
@+ ( D) 8( )%,

and 2\/— < £, we have

(2.2) O(r) ¢ D(R, %(1 - r)), refr,1)

for some r1 € [0,1).
By the assumptions of Lemma 2.2 there exists z, € O(r) C D(R, 2(1 —r)) such
that

N N
2.3 1 r > = s
1
because IZT. On the other hand, we have
1—r
(2.4) log | £(2)] < ) P s L D(R, > )
Therefore the function .(z) = f;( )) is analytic in D(0,45%). We also have
(5 — R) = 1, and
1 —ry\—P-275) 1—r
gl (2) < (Co+ M) (=) T <

by 23) and 24).

We need the following lemma [8, Chap. 2, Lemma 9.

Lemma C. Let ® be an analytic function in D(0, Ry), and let zy € D(0,1Ry),
where | < 1, be such that |®(z0)| = 1. Then

n(tRo, (I)) < C5(l,t) IOgM(RQ,(I))7 I<t< 1,

where Cs(l,t) = (log %f;)

Applying Lemma [Cl with Ry = (1 — R)/2, 1= 2 : 5 = 0.8, we get

v(r) < n( (R —)) < C5(0,8; t)(cg_’_N)(l;r)—p(l—lZT

Fixing t € (0.8;1) and using the property ( ) PU=555) ~ 4P (1=7)P") (11 1),
we obtain the required assertion. Lemma [2.2]is proved. ([l

, 08<t<1.

If p = 0, then we can apply previous arguments with arbitrary positive € instead
of p(r) to obtain v < gy. Thus v = 0. The inequality p < v follows from the next
lemma. Note that our proof of Lemma [2.3] essentially repeats the arguments from
[T, Lemma 1].

Lemma 2.3. Let A = (a,,) be a sequence of complex numbers in D, p be a proximate
order on [0,1), p(r) — po (r T 1). Suppose that

Cs

(25) V(Teiw) < m,

€10,1),¢ € [0, 2m)
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for some Cg > 0. If s > po, then there exists a constant C7, independent of r and
p, such that

log
FESEGE

Proof of Lemma 2.3 We have to prove that

my(r, Ps) < Cq p>1,rel0,1).

1
log” 1=

(1 —r)pe(r)
We deal with the integral in ([2.6)) by covering the range of integration by [r/(1—r)]+
/

T
1 intervals of the form [r+r—1,74+1—r] for 7 = 2k(1—r) and k € {0,...,[r/(1—7)]},
showing that

2m
(2.6) / |log | Py (e, A)||P df < CE
0

T+1—7
(2.7) / |log | Ps(re®, A)||Pdf < CE(1 — )PP+ JogP ———
T+r—1 I-r
for each 7, where the constant Cg is independent of 7. For convenience and without
loss of generality, we may suppose that 7 = 0.
We shall need some known results.

Theorem D (Tsuji, [14, Theorem V.25, p. 224]). For the canonical product Ps(z)
and positive €, if D, denotes the disc D(am, (1- |am|2)s+4), then

s+1+e 1

1—|am
(2.8) log|Ps(z)| > Klog(1l — |z]) Z‘ o 5 S <zl <1, Z¢UD

1—za,,

Without loss of generality, we assume that % < lam| < 1. For given r, let
ve={z=re? :r—1<0<1—-r},and F(r) = {m: D,, N, # 0}, where D,, are
the exceptlonal dlSCS of Theorem [Dl By (2.35]), we have

(2.9) [F(r)] < Co(1 =),

where |F(r)| denotes the number of elements in the set F(r). We consider the
factorization Py = B1Bs B3, where

1— |am|?
Bi(z) = H E(l—d 2’8)’

m¢gF(r)
B 1 oo 3420y
meF(r) m
- - |am| - U (A — 2)
Bs(2) = H (1_ 1—zam)7 H ( 1—za, )
meF(r) meF(r)

First we note that for any positive number e, Theorem [D] and Lemma [Bl give

1—r 1-r — |Um 2 b
' 1 1—Jam|* |51
0 P
/r |log | By (re™)||Pdl < / Co log” 1—7r (;‘ L —refan, ) "

—1 r—1
1 C logP L
(1 — py = Sulp)loe” iy
1—1r (1 — T)PP(T) (1 — T)pp(?")—l

(2.10) < CYlog?
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Next, the inequality |1 — 2@,,| > (1 — |am|2) yields

am
log [Bo(2)l[ < 3 Z Lol o o p)

1—za,,
meF(r) j= 1
Hence ([29) implies that
1—r
(2.11) / |log | Bz (re)|[Pd6 < Cy5(1 — )PP,
r—1
Finally, in [I1], p. 124] it is proved that

1-r
(2.12) / |log | B3 (re'®)|[Pdf < Cy4|F(r)[P(1 —r).
r—1

Inequality (2.7) now follows from (ZI0)—-([2.12), so Lemma [2.3] is proved. O

Proof of Theorem [LA. We note that the proof of Lemmal[ZTlis valid for any analytic
function f in D. Let A = (ai) be the zero sequence of f, and p > 0. Since
pulf] < poolf], using Lemmas 2] and we deduce that v[A4] < po[f], i.e.
v[f] < peolf]. 0

3. APPLICATIONS
3.1. Factorization. In [9, Theorem I] Linden proved the following result.

Theorem E. Let f be analytic in D and of order pas[f] > 1. Then

f(2) = 27P(2)g(2),
where P is a canonical product displaying the zeros of f, p is a nonnegative integer,
g is nonzero and both P and g are analytic and of ppr-order at most pas[f].

Further, in Theorem IV [9], Linden showed that actually

max{pn[P], pmlg]} < max{pn[f],v[f]}.

Taking into account Theorem we deduce that max{py[P], pamlg]} < poolf] in
this case.

Theorem 3.1. Let f be analytic in D, and of finite order poo[f]. Then
f(z) = 2PP(2)g9(2),

where P is a canonical product displaying the zeros of f, p is a nonnegative integer,
g is nonzero and both P and g are analytic and of po-order at most ps[f].

Proof of Theorem Bl Let s = [v[f]] + 1. Consider the canonical product P(z) =
P(z,A,s). This leads to the factorization f(z) = 2PPs(z)g(z), where p is the
multiplicity of the zero at the origin and g is analytic and nonzero in D. By
Theorems [[L4] and [[.5] we have

Poo|Ps] = v[Ps] = v[f] < poo[f].
Since the multiplication by the factor z¥ does not change the order p, and

pplgl < max{pp[f], pp[Ps]} < max{psc[f], poc[Ps]}
passing to the limit in the latter inequality we get

Poolg] < max{peo[f], poc[Ps]} = poolf]-
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The poo-order of nonconstant meromorphic functions has the following proper-
ties:
i) poo[l/f] = poclfl;
i) poo[fg] < max{psc[f], poclg]}-
These properties yield poof/g] < max{puclf], pocll]}-

In view of the last inequality and Theorem [3.1] the next question arises naturally:

Question 3.2. Given a meromorphic function f in D of finite order, is it possible
to represent it in the form

P(z)
Q(2)

where p € Z, P,(Q are canonical products displaying zeros and poles of f respec-
tively, g is a nonzero analytic function, and all P, @), g are of ps.-order at most

[£1?

It turns out that the answer is in the negative.

(3.1) f(z) = 2 Z5—=9(2),

Theorem 3.3. There exists a meromorphic function f in D such that pso[f] = 0,
and v[A] = v[A*] = 1, where A and A* are sequences of zeros and poles of f,
respectively. Therefore, for any factorization of f of the form B, pso[P] > 1,
Peol@] > 1.

Proof of Theorem B3 Let r, = 1 —27% ap = 14, a} = ap + 27]“2, pr = [2Fk72),
k € N. Since Y ;7 pr(1 — ax) < +o0o, we can consider the Blaschke products

(3.2) B(z)zﬁ(lak_;;kykElﬁ(F(z,ak))pk, B*(2) ]f[l(F(z,aZ))pk,

k=1

which are analytic in D.

Define f(z) = B(z)/B*(z). We shall show that ps[f] = 0, though p[B] =
Poo|B*] = 1. The latter equalities follow from Corollary and the equalities
v[B] = v[B*] = 1, which are easy to check. We are going to prove that m,(r, f) is
bounded on [0, 1) for all p > 1. This will imply that p[f] = 0.

Let 2 = re"?, 1 € [rpm, rm+1) for some m € N. In order to estimate |log | f(re’)||
we consider three cases.

If Im z # 0, we can write

1— |22
o == 20)

If k<m—2or k>m+2, and  is such that r; < |(] < rgy1, then

(3.3) log |F(z, a)| — log |F(z,a2)|‘ = ’Re/[ d¢|.

|<_Z‘ 2 Tmt2 — F'myl 2 (1 _T)/4

1—2)? I—|z> 8
€=zl —2¢| = Ll 1=Kl
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Combining ([B.3]) and the latter inequality, we obtain
m—2 oo p ak;)
x| |
<§+ )‘pk Onga,’;)
=, 8pr(af — = 9=k ok
(3.5) <y Sl = an) s < i
Z 1—aj g —27k)[2

We note that ([4) holds in the case when r,,—1 < |¢| < rpq2 and || > 1 —1r
for m > myg, and some mgy € N. Hence,

m—+1 an ‘ m+1 8pk(az _ ak)
30 S mfosfpean < 3 doed e,
(3.6) e 1pk 08 7o o[ nap)l = 1-a; 15

Then, using 3] and (34), we deduce

1 ; b
(5 / [log | F(re'?)||” o) "
T J1—r<]pl<m
1 (re', a)
3.7 < —/ ( pk}logli
( ) (27T 1—r<|p|<m F eup,ak)

In the case |¢| < 1 —r we write

D dgo)% < 2C;s.

z — ay 1— za}
lF,—lF,*zl‘—‘l‘ k|
o8 [P(z.00)| g (. 0})| = log] 2% | + log| ;=22
We have
‘logl H_‘l ’ (a::_ak)H<Clﬁ(a;;_ak)SCN(alt_ak)’ kN,
1— zay 1— zay 1 — zay| 1—ay

U.

As above, we get Y oo 1pk‘log’

l1—zag
To finish the proof we need a lemma.

Lemma 3.4. For any a,b € C, and p > 1,

g\b | o < cia -l
Proof of Lemma B4l Since we are going to apply the lemma in the case |a —b| < 1,
we omit the proof of the case |a — b| > 1 for simplicity.

We divide the unit circle into three parts:

27 J

L={e?: e —b] > 2la—b}U{e?: | —a| > 2/a—b|},
(38)  L={e”:]e? —b| <|a—b/2}U{e?: ¢ — a| < Ja—bl/2},
I; = 0D\ (I U L).
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Let ¢ € I;. Without loss of generality we may assume that |e?’ — b| > 2|a — b,
b= |b|. Then

le?® — al < la — b <1
le?? — b ~ e —b T 2

1 2la—b
/\ <t (2o =2 ap.
6 - b| leif —b|>2]a—D| |€ - bl

For J; = {e? € I : |0] > |a — b}, we have

(3.9) l/ (2|q—b|>Pd9 < mes(J7) < 2|a—b|’
1 n

T e’ — bl T

Hence,

where mes(J;) is the Lebesgue measure of the set J;.
If ¢ belongs to the complement of J; in I, we consider two subcases. If [b| > 1
then standard estimates yield

i | Jelica g
27 Jr\a |ew iy
(ma—m)</' do / )
3.10 <t S A— a9
(3.10) m la-bl<lo|<z (BIsinb))? = [z g <x
ANV /2 p+1p—1
< (2|la —b]) <71-P/ do n ) 2rtin la—b.
m a_p| O p—

So, we have the required estimate for the integral over I;.
We then consider the integral over I5. We deduce

(3.11)

Hw

ele—a

“w<2/ ‘bg
le?® —b|<|a—b|/2
- —-b
< 2/ (log %)pdﬁ < 2/ (log 3|a. |)p
lei® —a|<|a—b]/2 2|e’® — b| lei® —b|<|a—b]/2 2| sin 0|

3mla — b\ P 3
<2 log o —21) dt < 2Ja —b 1og Y dr = _al
<2 fy (o8 ) e [ (s ) = ot

T

e?—q

Finally, if ¥ € 9D\ (I; U Iy), then we have
1)) < Cyola — b|. Therefore,

(3.12) / h%
AD\(I1UI5)

The assertion of the lemma follows from (F9)-BI2). O

< 4, and mes(0D\ (I; U

oi0 H 0 < Co1(p)la —bl.
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We return to proving Theorem [B.3] Using Minkowski’s inequality, the estimates
@B3), B6), and Lemma [3.4] we obtain, for r,, <r < rpyq,

1
1 ; »
(5 [ roslstre)iap)
T Jlpl<1—r
m—+1 :
1 re' —a
< (2—/ ) Pk(log‘Tf
T Jlpl<t—r' 207 re Ay
m—2 e} ;i
F(re', a)
g ELrE%08)
+ (; + > )pk 8| Frere ar)
m—+1 1
< pk<—/
;n:—l 27 Jigl<1—r

_ B %
1—re*?aj,

log| ————*&
+log 1 —re*ay

)

ip_ Ak

r

log o

1
D P
e
k=m+2
i _ Zk
k= e r

pdﬁﬂ>%+(i/ (C1s+C15)? d@)%
27 Jipl<t—r
m—+1

<Co Y (2% (ah — ar))? + Cos(1— 1)

k=m-—1
< Coa((27 VM) 4+ (1= 1) 7) = 0(1), M — +o0.

The last estimate together with (B7)) implies my(r, f) = O(1) as r 1 1 for any
p> 1. O

=

3.2. Logarithmic derivative estimates. Results of this section allow us to ob-
tain sharp lower estimates for the growth of solutions of linear differential equations
in the unit disc. For this purpose one has to follow the scheme of the proof of The-
orem 1.4 from [3]. However, it seems that neither the approach based on Herold’s
comparison theorem (see [7]) nor the Wiman-Valiron method give us sharp upper
estimates for the p..-order of solutions of linear differential equations in the most
interesting case when py; < 1.
The following theorem is proved in [3].

Theorem F. Let f be an analytic function in D such that ppr[f] < co. If par[f] >
0, let p be a proximate order of f. Let k and j be integers satisfying k > j > 0,
and let §,e € (0,1). Then there exist an at most countable collection of discs
D, = D(z,,7,), where r, < 1—|z,|, and a constant C > 0 such that

(3.13) S n<6(1-R), RtL
R<|z,|<1
and
log —— k=g
I Tl 1 ;
(3.14) ¥ () < C (6(1—z)p<z>+1) i pulf] > 1,
0|5 N, et
(5(1—|Z|)) ) if pm[f] < 1,

forall ze D\, D,.

For a measurable set E C [0,1), the upper linear density is defined as

D(E) = limsup mes(EN[r1))
1—
r11 r
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Corollary G. Under the assumptions of Theorem [l there exists an exceptional set
E c [0,1) with D(E) < 2§ such that
f(k)(z) 1 (max{pn [f],1}+1)(k—j)+e
fO) |7 \1 =z
Since Theorem [l and Corollary G are sharp in the sense that one cannot
remove € in the exponent, it is not possible to obtain a better estimate than

O((1 — |z])72(*=9)=¢) in the same notation. However, the concept of pu.-order
allows us to improve this estimate.

(3.15) ‘ , |2| ¢ E.

Theorem 3.5. Let f be an analytic function in D such that p = pso[f] < co. Let
k and j be integers satisfying k > j > 0, and let 6, € (0,1). Then there exist an
at most countable collection of discs D, = D(z,,r,), where r, < 1 —|z,|, and a
constant C' > 0 such that

(3.16) > rn<6(1-R), Rt
R<|z,|<1
and
F®)(z) 1 t
(3.17) }f(”(Z) <¢ ()

for all ze D\ U, D, .

Example 3.6. Let f(z) = exp{—(1 — 2)~*}, where o > 0, f(0) = 1/e. Then f is
bounded if & < 1, and hence pps[f] = 0. On the other hand, pp[f] = a if & > 1.
Besides, po[f] = a for all positive «, and % = —W, which shows that

estimate ([B.I7) is sharp in the sense that € cannot be removed.

The proof of Theorem is similar to that of Theorem [H [3]. Define A; =
D(0, %) and the annuli A, = {C:r,_1 < [{| < r,} forr, =1—-2" v > 2. Then
clearly D = J, A,. We now state and sketch the proof of an estimate (cf. Lemma 3
[3]), which is crucial in proving Theorem

Lemma 3.7. Let f be an analytic function in D such that p = peo|f] < co. Let
{ax} denote the sequence of zeros of f listed according to multiplicities and ordered
by increasing moduli, and let 0 < 6 < 1. Then there exists an at most countable
collection of discs D, j = D(zyj, puj), where p,; <1 —|z,;|, such that

1 C(pa RO)
(3.18) Z |z — ay = §(1 — r)ptite’ ZGAU\UDVj’
J

lak|<ry41
where
(3.19) > py<6(1-R), RTL
R<|zy5]<1
Proof of Lemma [37. Without loss of generality, we may assume that argz = 0.
Define Iy = {-2°+1,...,-1,0,1,...,2%} for s € N. For 7 € I, define the polar
rectangles As; = {( € Ay : (T — 1)727 % <arg( < 7m2 %},
Denote

I I, 1<s<v-—2,
s Ls\{0,1}, v—1<s<v+1.

With this notation, we have the following result [3, Lemma 4].
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Lemma H. Letv >2,2<s<v+1, 7€l (€ Ay, 2z € A, and argz = 0.
Then
27571 7>0
|< - Z‘ 2 , 1 ’
(Ir|+1)277", 7<0.

We return to the proof of Lemma[37 Let n(U) denote the number of the points
ar in a set U C D. Recall that O(re™)={¢: r<|¢|< 5, Jarg( — | < T(1—71)}.
Then v(re?) < C(1 —r)=P=¢/2,

If z € A, and z # a;, for all k, write

>

v+1

|Z—ak\ =22 2 |Z—ak|

lag|<ryp1 s=17€l; ar€Asr
1 1 1
. 333 2 T i > 2
s=17e€l* ay€Asr s=v—17=0a,EAsr |Z_ak|

=2, 2,

To deal with the sum ), in (3.20), we first observe that r, = —1+r25*1 and
27 — (7 — 1)727° = m27% = 2727 2(1 — r,_1). Lemma [H now yields

v+1
Z ;; lnf<eAM infeea,, |2 -
v+1
< i: Z nl(T571)25+1 + Z nl(r5*1)25+1
= T 7|+ 1
s=1 \7€lr,m>0 Tel;, 7<0
(3.21) i (ree) (=1
<8 -
Z 1 —Ts_1 ; T
v+1 (T‘ ) v+1
<8(1+(r+1) logQ)Z 11 ; Y < 24V22(S 1)(p+1+e)
s=1 T sl s=1
C

v(p+1+e/2)
< 4812 < (T =7, )riire:

To deal with the sum )", in (3:20)), define

v+1 1
U U Asry, N, =n(U), and 6,=0" 2—v=6,

s=v—17=0

Then, by the Cartan lemma [8, pp. 19-21], there exists a finite collection of discs
D(wyj, hy;) with Zj hy; = 26, and a permutation of {ay} C U, say bi,...,bn,,
such that |z —bp,| > md, /N, for allm =1,..., N, and z ¢ J; D(wy;, hy;). Hence,
by noting that

n(AST)Snl("%fl% S:V_la"'7y+17 T:0717
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follows that

1 Joa
2., 2 2 — ax)| :mZ:l|z—bm|

apeU
N,
N, 1 2°N,
3.22 <=2y —<— _(1+1logN,
(3.22) —5”;771—5(1_”“)( +log )
c 'R ny(rs) C
<= ] )< ——
R ogm(rs) < 5(1 — 1, )ptite
for all z € A, such that z ¢ Uj D(wyj, hyj).
By combining (B20)—-([B22]) we conclude that
1 C(p,R
(3.23) Z < (pa O)

x| <roin |z — ak| - (5(1 — T)PJrlJre

for all z € A, such that z ¢ Uj D(wyj, hyj).

An estimate of the exceptional set repeats that given in [3]. O
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