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ABSTRACT. We obtain an exact formula for the average of values of L-series
over two independent odd characters. The average of any positive moment of
values at s = 1 is then expressed in terms of finite cotangent sums subject to
congruence conditions. As consequences, bounds on such cotangent sums, limit
points for the average of first moment of L-series at s = 1 and the average size
of positive moments of character sums related to the class number are deduced.

1. INTRODUCTION

Let x be a Dirichlet character modulo £ and

n=1

n

be the corresponding L-series for Re(s) > 1. Asymptotic formulas for the power
mean averages of special values of L-series were studied from various perspectives in
recent literature. In particular, Zhang [10], [I2] obtained the asymptotic formulas

2

w2 1 o(k)? log p
L)) = F(p(k:)H(l — —2> — ;2) log k+zﬁ + o(loglog k),

X#X0 plk p plk

4 5mt (p*—1)3 alogk
Z |L(1, x)I —ﬁﬁﬂ(kﬁ)nm+o(el ; ")

X#X0 plk

and

n 2 2rlogk
S L =) Y T o (o)

X#X0 n>1

for r > 3, where the summations are over all nonprincipal characters modulo k > 3,
d,(n) is the generalized number of divisors function that counts distinct ordered
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ways of writing n as a product of r divisors and ¢ is Euler’s totient function. Zhang
[T1] further gave an asymptotic formula for

> Ll

X
x(—1)=-1

for r > 2 as ¢ tends to infinity, where the summation extends over all odd characters
of conductor g. When k is a square-full integer, Zhang [13] obtained the exact

evaluation

2 3

2 mp(k) H 1
X plk

x(—1)=-1
where the summation extends over all primitive odd characters modulo k. Applying
the theory of Bernoulli polynomials and generalized Dedekind sums, Liu and Zhang
[7] gave exact evaluations of averages of the form

2
PR i =am

for any positive integers m,n of the same parity, where the summation is over all
odd (or all even) characters modulo k. For additional results involving averages of
products of two L-series with integer arguments, we refer the reader to the work of
Xu and Zhang [9]. For any complex number z, let

k—1

G(zx) =Y x(m)e

m=0

2wimz
k

be the Gauss sum. The author [3] (see also [I]) recently obtained evaluations of
special values of L-series in terms of weighted averages of Gauss sums of the form

1 k—1
216G
j=1

for r > 0. Making use of this connection, here we prove the following average result
in the spirit of [9] over two independent odd characters modulo k. For any n > 1,

we let
Tu(k) =k"]] (1 - ]%)

plk

be Jordan’s totient function of order n > 1.

Theorem 1. For k > 3, the following formulas hold:

4 v a(Jak)  Ja(k)
(p(k)Q E L(laX1)L(1,X2)L(2aX1X2) =7 <90]€4 18k54
X1,x2(mod k)
Xl(—l)——l
x2(—1)=-1
_1.=3 —4 ) —4 -3 —4
S k (4k=1 = 3k3)  (12k~1 — 2k~3) 8k

wim + . 2 + ) 3 + ) 4"
1<m<k—1 (€2T - 1) (e% - 1) (e% - 1) (ew - 1)
(m,k)=1
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We remark that Theorem 1 is only a representative of many similar averaging
results of values of L-series. In general, it turns out that if there are h indepen-
dent odd characters (or h independent even characters) xi, ..., xp modulo k& and
h+ 1 values of the L-series satisfying suitable parity conditions, then it is possible
to give an exact formula for the average of products of these values in terms of
Jordan’s totient function and in terms of finite sums involving negative powers

2wim

of e — 1. As an alternative, we show that any moment of values at s = 1
can be exactly determined in terms of finite cotangent sums subject to congruence
conditions modulo k, which is reminiscent of Kloosterman sums.

Theorem 2. For any integers k > 3 and r > 1, the formula

% Z L(1,x)" = ;—lkr Z cot (%) ...cot (WZLT)

x(mod k) mi,...,m,(mod k)
x(—1)=-1 mi..m,=1 (mod k)

holds, where each m; runs over a reduced residue system modulo k. Consequently,
one has the estimate

2 3 lqr
— L1, x)"| € ———.
x(mod k)

x(—1)=-1

For any given € > 0 and for all k large enough only in terms of €, the above bound
becomes

(2 + 6)'rflTr'r
922r—1
Moreover, for any r > 1, we have
lim 2 Z L(1,x)"| =1
x(mod k)
x(—1)=—
Let us mention that the distribution of normalized r-tuples ( = %) subject

to congruence conditions such as my...m, = 1 (mod k) was recently studied by the
author, Stan and Zaharescu [4] in connection with Lehmer’s problem on the parity
of inverses modulo k. Consequences of Theorem 2 are now in order.

Corollary 1. For any integer k > 3, the inequality

Z cot (%) cot (?) < JQ?Ek) — (k)

m(mod k)
(m,k)=1

holds, where mm =1 (mod k) and 1 <m < k — 1. Moreover, for any r > 1, we
have the asymptotic relation

Z cot (%) ...cot (ﬂ;m> =1+ 0(1))2T;ikr.

my,...,m,(mod k)
my..m,=1 (mod k)
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Note that when k& = 3,4,6, the inequality in Corollary 1 becomes an equality.
Although the asymptotic behavior of odd moments of |L(1, x)| over odd characters
is not yet fully understood, we still have good control on the limit points of the
average of first moment.

Corollary 2. The inequalities

2 2 m
1 <liminf — Z |L(1, x)| < limsup — Z |L(1,x)| < —= =1.282...
koo Qﬁ(k‘) x(mod k) k=00 Qp(k) x(mod k) \/_
x(—1)=-1 x(—1)=—1

hold.

A natural question is whether the set of values

2
0] Z |L(1, x)|
x(mod k)
x(=1)=-1
is dense or not in the interval formed by its smallest and largest limit points. If
q > 7 is a prime with ¢ = 3 (mod 4) and x(j) = (%) is the Legendre symbol

modulo ¢, then the class number is given by the remarkable formulas (see [6])
Vi N
~—L(1,x) =h(-q) = _5 ZJX(J)-

Therefore, using Siegel’s estimate [L(1, x)| > = L for any € > 0, we see that

q—1
3 _ .
< > ax()
j=1

with an ineffective constant. In contrast with this situation, our final result shows
that all positive moments of such character sums behave regularly on average. For
more connections between the class number and specific trigonometric sums, one
may consult the work of Berndt and Zaharescu [5].

Corollary 3. Let g be an odd prime. Then for any r > 1, the formula
Tm T, (24)"
cot | —— | ...cot =
2 ( q > ( q ) qr(q—l)xz

M,y my(mod q)
my..m,=1 (mod q) x(—=1)=-1

q—1
(1,0 Y xG)
j=1

holds. Moreover, we have

—1 3
1 ™ 2 : . i qz2
den ()< 2 Y i L
17 975 (mod g) |1=1
x(—1)=-1
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and for any r > 1,

q—1
ar 2 L ar
72 < -1 Z ZJX(J) <r g2

x(mod q) [j=1
x(—1)=-1

with effective constants depending only on r.

2. PrROOF OF THEOREM 1

First we observe that if x; and o are odd characters modulo k, then Y7x3 is an
even character modulo k. Therefore, as a consequence of the evaluation of L-series
values given in [3], we obtain

(2.1) L(1,x1) k2 Z.h (J1:x1)5
Jj1=1

(2.2) L(Lx2) = 13 ij (2, X2),
J2=1

= st L 3 G(is, Xixe) if xaix2 # Yo

2

k2o (k , N
w ( R D G(.737X1X2)) if Y1X2 = X0,
where g is the principal character modulo k. Using (2.3), note the decomposition

> L,x1)L(1,x2) L2, Xix2)
X1,X2(mod k)

x1(—1)=-1
Xz(—l):—l
= Y Lx)L(Lx2)Lxixa)+ Y, L(Lx1)L(1, x2)L(2,x0)
X1,x2(mod k) X1,x2(mod k)
x1(—1)=-1 x1(—1)=-1
x2(—1)=-1 x2(—1)=-—
X1X27X0 X1X2=X0
71'2 k—1
=5 > LOx)Lxe) Y j3 Gls Xixa)
X1,x2(mod k) Jjz3=1
Xl(—l):—l
x2(—1)=-1
T2 p(k)
X1,x2(mod k)
Xl(—l):—l
x2(—1)=-1

X1X2=Xo0
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Using (2.1), (2.2) and the definition of the Gauss sum, we see that
(2.4)
7r2 k—1
5] > Lx1)L(,x2) Y 43 G(js Xixa)
X1,X2(mod k) Js=1

Xl(—l):—l
x2(—1)=-1

4 k—1 k—1 k—1
s . . . . . .
=—7 2 > GG || DD g2 Glaaxa) || D 43 Glis, Xixa)
Xl,)gg([I)lOd k) \J1=1 Ja=1 Ja=1
x1(—1)=-1
Xa(—1)=—1

4 k—1 i
= —% Z J1j233 Z (Z Xi(my)e” kl]l)

1<j1,j2,43<k—1 X1,x2(mod k) \mi=1
x1(—1)=-1
x2(-1)=-1

k—1 k—1
2mimogj —— ————— 2mimgj3
x Z Xx2(ma)e ’Cm> (Z x1(ms) x2(ms)e™ * ] >

TTL221 mg:l
4

s .9 2mimyjy 2mimgjy  2wimsjs
=T E J1J2J3 E e k e F e F
1§j1,j2,j3§k71 1§m1,m2,mggk71

x (le(m1)xl(m3)> (ZXz(m2)X2(m3)) -

X1 X2

By the orthogonality of characters modulo k, one gets

@ ifm1:m3

_pk)
2

if mp = —Ms

(2.5) > xa(ma)xa(ms)
X1 0 otherwise,

@ ifmgzmg

(2.6) ZX2(m2)X2(m3) = 2 if iy = —my
X2 0 otherwise

for k > 3. Clearly, (2.5) and (2.6) introduce four cases for my, mo, ms, namely,
mp = mz = mgz, M1 = —Mg = M3, M1 = —mz = —mg and m; = Mz = —mg.
Taking these cases into account and rewriting (2.4), we deduce that

(2.7)

An? - . o 7t
)7k > LLx)L(x2) Y 43 Gjs, Xixa) = —(A-2B+0),
7 X1,x2(mod k) Jz=1
x1(-1)=-1
x2(—1)=-1

where A, B, C are defined as

e3) A= | X s F) [ 3 e

1<m<k—1 \1<ji<k-1 1<js<k—1
(m,k)=1
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(2.9)
. 2mimgy . 2mimjo 2mimjg

B := E E Jie k § J2€ k § Jge k )

1<m<k—1 \1<51<k—1 1<jo<k—1 1<j3<k~1

(m,k)=1

2
i 2mimgq .9 _ 2mimjg
(2.10) C:= E E jie  F E Jse” Tk
1<m<k—1 \1<j;<k—1 1<j3<k—1

(m,k)=1

To simplify A, B,C, we may use the following formulas, which are elementary to
obtain:

k—1 i ) Ek

. 2mimj 2mimg
Z‘?e * = 27r7m Z]e * =—k~— 2mim ’
j=1 (6 ) (e B — 1)

k—1
g 2mimj k2 eE
E j e k = —_
2mim 2mim 27
j e r —1 (e — 1)
1 2mim
Z 2 2#2771]’ kQ kQ le k
JPem TR =<k - -

rim : 7-
(62 _ 1) (e%flm B 1)
From (2.8)-(2.10), we may rewrite A, B, C in the form

kjg 27rkim

E* 2k’ex
(2.11) A - Z 2wim 3 a 2wim 4’
1<m<k-—1 (e E— 1) (e—k — 1)
(m,k)=1

(2.12)
kj4 2k3 27r'wn kj4 2k3 27\'7,771
B - Z N 2mwim 2 + 2mim 3 N 2mwim 3 + 2mwim 47
1<m<k—1 (eT — 1) (eT — 1) (eT — 1) (eT — 1)
(m,k)=1
k4 kA 2k e T
(2.13) c= > - - -~

) 2 : 3 : I
1<m<k—1 (e 2rim 1) (ei’ﬂ% _ 1) (e 2mim 1)
(m,k)=1

Combining (2.7), (2.11)-(2.13), we see that

472 — .
(2.14) (2R > LLx1)L(1,x2) Y 43 G(js, Xixa)
X1,x2(mod k) jz=1
x1(—1)=-1
XQ(—].):—].
4 kA 2k4 43T 8k3e ™
- _ﬁ Z 2wim 2 + 2wim 3 - 2wim 3 N 2wim 4
1(§m§)k—1 (e Eo— 1) (e Eo— 1) (eT — 1) (e Eo— 1)
m,k)=1
7 (k4 — 4k3) (2k'4 — 12k3) 8k3
= 2 + -

2wim 2 2wim 3 2wim 4
1<m<k—1 (eT — 1) (e E— 1) (e ko — 1)
(m,k)=1
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Next we simplify the sum in the second line of (2.14). Using the fact that sin (%Tm)
is an odd function in the range of summation, one has

2.15 K _ 4l e
o 2 Ty L F oy
1<m<k-1 (6 k. — 1) 1<m<k—1
(m,k)=1

LI cos (*3) —isin (*45) _ * 3 cos (*5)

1<m<k—1 sin’® (%) 1<m<k—1 sin® (%)
(m,k)=1 (m,k)=1
K > 1—2sin® () K L Kl
1<m<k—1 sin® (%) 1<m<k—1 sin® (%) 2
(m,k):l (m,k):l

By the evaluation procedure of L-series values given in [3] (see also [2]), it is possible
to derive the formula

1 Ja(k)
(2.16) D .
1<m<k—1 sin” (%) 3
(m,k)=1

Combining (2.15) and (2.16), we obtain

k4 k*Js (k Ero(k
(217) Z 2mim 2 = 122( ) ™ g( )
1<m<k—1 (eT — 1)
(m,k)=1

Observing that cos (‘”Tm) is an odd function in the range of summation, we have

2k cos (32) — jgin (22m
Y o v Rl
1§m§k71<6 % —1) 1<m<k—1 k
(m,k)=1 (m,k)=1

i sin® (=2)
(m,k)=1
2.18
21 _ 3k T cos® () kp(k)
1<m<k—1 sin” (%)
(m,k)=1
3k4 1—sin? (7)) kAok)  kiJy(k
_ Z Sln2 (;]; ) _ (IZ( ) . j( ) —k4gﬁ(k),
1<m<k-—1 k
(m,k)=1

where we used (2.16). Similarly, one obtains

3 A3 k3 T (k)
(2.19) B 2mim 3 6 ’
1<m<k—1 (e E — 1)

(m,k)=1
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Next we have

8k3e ™ k3 cos (Q’T—m) — g sin (Z’T—m)
(2.20) et % e )t E
1§ng:k71 (62"15’” — 1)4 15%71 sin® (T)
(m,k)=1 (m,k)=1
oy L ey L R 2R
<k sin* (=) T sin® (=) 90 9
(m,k)=1 (m,k)=1

where we used (2.16) again and the formula (see [3], [2])

Z 1 ~ Ju(k) n 2J2(k).

sin (Z2) 45 9

1<m<k—1
(m,k)=1

Combining (2.14), (2.17)-(2.20), we see that

4r? S g
(2.21) (02D > LLx1)L(1,x2) Y 43 G(js, Xixa)
¥ X1,x2(mod k) jz=1
x1(=1)=-1
XQ(—].):—].

_ Ja(k)  Ja(k)  Ja(k) | p(k)
_W4(92k4 ~ Tk o 2k3>'

Using (2.1), (2.2), together with orthogonality of characters and arguing similarly
as above, we also have

el e = 22 S raozw

2k 2k
X1,x2(mod k) x(mod k)
x1(=1)=-1 x(=1)=-1
x2(—1)=-1
X1X2=X0
(2.22) P 5 2
(k) k 2%k
- 4k5 Z 2mim + Z i 2
1<m<k—1 (6 o= 1) 1<m<k—1 (e ko= 1)
(m,k)=1 (m,k)=1
e (k) k)
4 6k3 2k3 )

Gathering (2.14), (2.21) and (2.22), one can complete the proof of Theorem 1.

3. PROOF OF THEOREM 2

Using (2.1) and orthogonality of characters, we have

3.1 2 Lty = 2 (Y S0
(3.1) m Z (1,x) —m(@) X(Z Z] (J,x)

x(mod k) mod k) Jj=1
x(—1)=-1 x(—1)=—1

27T ) ) 2mimyj1 2mimy gy
= o(k)k?r > Gieds > e e Y x(ma).x(my)
X

1<t eenrdr <k —1 1<my,...;m, <k—1

T
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T

" k_l_ 2mimsjs
(3.2) =T ) IT| > g™

1<my,....m.<k—1 s=1 \js=1
my..mp=1 (mod k)

. 2mimsis
- ) D dse

1<my,...omp<k—1 s=1 \js=

5
el
I
—

my..m,=—1 (mod k)
Y > o=
- LT 2mmS Zmims
1<m1, me<k—1 s= 1 ( -1) 1<my,.mp<k—1 s=1 (e7F 1)
..m,=1(mod k) m1...m,=—1(mod k)
Note that by replacing m; with —my, the congruence mi...m, = —1 (mod k)

transforms to my...m, =1 (mod k). Therefore, (3.1) further equals

T

i 1 1 - 1
3.3 = : — : ,
(3:3) kT Z H (6—2“'2”” —-1) e~ 1) H (e_hgjls —1)

1<mq,....m-<k—1 s=1 ( s=2
my..m,=1 (mod k)

2mwimy

" (e E 4+ 1) 2mimg
= r 2rimy (6 T 1)
G 2y F )
1<mi,....m,<k—1
mi..mr=1 (mod k)
mim _mimy | wimg _mim
Z (e %k +e "k Je " F o ..e -
wimy — wimg wimg ~ mimg mimy, mimy
1<mq,...,mp<k—1 (e7F —e F J(eTF —eTF ).(e —¢ )

mi..my,=1 (mod k)
lid Tmq Mo . My .
= o Z cot (—) (cot ( ) - z) (cot (—) —z) .
2r kT 1<mq,...m,.<k—1 k k k
my..m,=1 (mod k)

If ¢ is chosen from one of the above parentheses in the summation, then the
remaining m;’s are independent of each other, and using the fact that cot (%) is
an odd function in the range of summation, we deduce that there is no contribution
from such terms. Consequently, (3.1) and (3.2) give

(3-4)
2 " Ty T,
o0 Z L(1,x)" = T Z cot (T) ...cot( - ) .
x(mod k) 1<mi,....m.<k—1
x(=1)=-1 my..m,=1 (mod k)

For 1 < j <r, we have

o o () = e

k

We may assume without loss of generality that each m; lies in the interval (—%, %)
so that the estimate

oo o (722)| 22
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follows. Therefore, (3.4) and (3.5) give

(3.7) ‘cot (ij) L

= 2|my|

for every 1 < j < r. Using (3.6), we obtain
(3.8)

™y T, k" 1
t(—) t( ) < -
2 R A A T 2 T
1<mgq,....m.<k—1 ]
my..m,=1 (mod k)

g 1
S Zk o mglimg] |
7 m;ie(—%.%)
(3.9) D —— Z L
‘ || ;]
mae(—
Moreover, note that

1
3.10 =1 PR
(3.10) 2 \mjl\mjl X

m;€(0,%) m;e(1,%)
If m; > 1 and m;m; =1 (mod k), then |m;||7;| > k + 1 and the number of such
m; € (1,%) is at most —) Combining (3.8) and (3.9), we see that

(3.11)

(]

! o(k)
mﬂe(iﬁﬁﬁ)m <1+m><3

for every 1 < j <r — 1. Finally, (3.3), (3.7) and (3.10) give

2 3r—1ﬂ_r
70l Z L(1,x)" < o
x(mod k)
x(—=1)=-1

To prove the remaining claims, we estimate the sum in (3.10) more carefully for
large k. Note that if m; € (1,£) and m;m; =1 (mod k) with m; € (—£, %), then
|mj||m;| € {nk+1 : 1 <n <k/4}. For each integer n with 1 < n < k/4, the
number of m; with |m;||m;| = nk + 1 is at most 7(nk + 1), where 7 is the number
of divisors. In this way, (3.10) becomes

(3.12) > %gz T r(nk+1)

mye(—4.5) 1cngiys "R
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Noting that nk +1 < ’“4—2 +1 < k2, we have T(nk+1) < elocglluogékk for some constant
C > 0. It follows that

Clogk
T(nk+1) 1 T(nk+1) (log k)eTostos
> el y < .

nk+1 n k
1<n<k/4 1<n<k/4

Combining this with (3.11), we have for all k large enough in terms of e that

1
Z ——<2+e€
o Im ||
m;€(~5.5)
and consequently the bound (QJFQZ)# is obtained for all such k. Observing that
the number of r-tuples (my,...,m,) € {1,k — 1}" satistying ms...m, = 1 (mod k)
is 2771, we may write

<

(3~13) 2m! (COt (%))T - . Z cot (%) ...cot (71'1:7«)

T omy#lk—1
my..m,=1 (mod k)

g cot (m> cot (er)
1<mi,....m,<k—1
mi..mr=1 (mod k)

IN

r

<2 (eor () 4] X e () oot ()
i=1 | 1<maome<k—1
mjil,k:—l
my..m,=1 (mod k)

Estimating as above, we see that

(3.14) 3 ¢ (wml) . (er) - 372}~ eTogiogk
: cot{ —— ) ...co
- T
1<my,...,m,.<k—1 k k 2
m;#Lk—1

mi..m,=1 (mod k)

for some constant C' > 0. Using the fact that (cot (%))T ~ (%)r, we may obtain
from (3.12) and (3.13) applied to all 1 < j < r that
(3.15)

T (e () e

1<mq,....m,<k—1mj..m,=1 (mod k)

as k tends to infinity. Now using (3.3), we complete the proof of Theorem 2.
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4. PROOF OoF COROLLARY 1

Taking » = 2 in Theorem 2, we have

(4.1) ;? Z cot (%) cot (%) = ﬁ Z L(1,x)?

) x(mod k)
(m,k)=1 X(=1)=—1

<2 Y LyP

x(mod k)
x(=1)=-1

for k > 3. It is known that (see [8], [I4], [2])

2 7T2 JQk
(1.2 5 X k=g (B - )

x(mod k)
x(=1)=-1

for k > 3. The desired inequality and asymptotic relation now follow from (4.1),
(4.2) and (3.14).

5. PROOF OF COROLLARY 2
Taking » = 1 in Theorem 2, we see that
2 T T
5.1 . L(1,x) = X ot (—)
(5.1 S L= et (G
x(mod k)
x(—1)=-1

for k > 3. Therefore, using (5.1), one obtains

(5.2) %cot(%)zﬁ 3 L(l,x)g% S L)l

x(mod k) ® x(mod k)
x(=1)=-1 x(=1)=-1

. T T
Jim ot (7) =1,

Since

we deduce from (5.2) that

| < liminf —— > Lyl

k—o0 (p(k) (mod k)
x(=1)=-1
On the other hand, from (4.2) we obtain
2 w2
(5.3) —= > LLP < —.
p(k) 6
x(mod k)
x(=1)=-1

Using (5.3) and the Cauchy-Schwarz inequality, we have

W=

2 2 2
] X(gm Lo | oy > LR | <
x(=1)=-1 x(=1)=-1
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and

2 ™
s —~ S L1 < =
k
k—o0 SO( ) x(mod k) \/6
x(—1)=-1

follows from (5.4).
6. PROOF OF COROLLARY 3
Since ¢ is an odd prime, every odd character y modulo ¢ is primitive and
G, x) =X()G(L x)
for 1 < j < q— 1. Therefore, from (2.1) one obtains

q—1 q—
i
(6.1) L(1,x) = = > iG(:x) Z
E it =1
J
Taking k£ = g in Theorem 2, we have
(6.2)
2 7" Tmy ™M,
q—_l Z L(l X) or— 1 Z cot (T) ...cot ( p ) .
x(mod q) 1<my,...,mp<g—1
x(—1)=—1 my..m,=1 (mod q)

The desired formula

S cot (%) ...cot (7”;”) = qTEzi)_Tl) > (LX)ng(J)

my,...,m,(mod q) x(mod ¢q)
mi...m,=1(modgq) x(—1)=-1

follows from (6.1) and (6.2). Since |G(1,x)| = /g and L(1,x) # 0, from (6.1) one
obtains

T

) q—1 ' . Zq% §
(6.3) — Z Z]X(]) = - Z IL(1,x)[" >0
g—1 — (g —1)
X(mod ¢q) |j=1 x(mod q)
x(=1)=-1 x(=1)=-1
for any » > 1. As a consequence of Theorem 2, we can find a constant C, > 0
depending only on r, such that

(6.4) o <2 > LX)l

for all odd primes ¢g. (6.3) and (6.4) now give that

g—1
3r 2 Ny
q? < -1 Z Z]X(J)
T7 % (mod o) |7=1
x(—=1)=-1

Moreover, observe that

(6.5) = Y O Y ELf <D
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for some constant D, > 0 depending only on 7 by using the asymptotic formulas
of Zhang [10], [12] when r > 2 is even (or one may argue directly by converting to
cotangent sums) and by using the Cauchy-Schwarz inequality to get

2 1

e D DENLICY IR [P ) LGPl
X(mod q) x(mod q)
X#X0 X7#X0

T

when r > 1 is odd. (6.3) and (6.5) give
q
3r

-1
2 Ry 3r
— ix()| <rq?
q x(mod ¢q) |j=1
x(—1)=-1

as desired. Finally, taking k£ = ¢ in (5.2) and (5.4) and using (6.1), one gets

—1
1 Y 2 . . . q
¢* cot (—) <2y Y <Z
q qg—1 — 6
x(mod q) |j=1
x(—1)=-1

This completes the proof of Corollary 3.
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