PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 141, Number 4, April 2013, Pages 1335-1342
S 0002-9939(2012)11569-2

Article electronically published on August 30, 2012

POSITIVE SOLUTIONS OF SEMILINEAR ELLIPTIC
EQUATIONS WITH SMALL PERTURBATIONS

RYUJI KAJIKIYA

(Communicated by Walter Craig)

ABSTRACT. In this paper, we study the semilinear elliptic equation with a
small perturbation. We assume the main term in the equation to have a
mountain pass structure but do not suppose any condition for the perturbation
term. Then we prove the existence of a positive solution. Moreover, we prove
the existence of at least two positive solutions if the perturbation term is
nonnegative.

1. INTRODUCTION AND MAIN RESULTS

We prove the existence of positive solutions for the semilinear elliptic equation
(1.1) —Au= f(z,u) + Ag(z,u) in Q,
(1.2) u=0 on 04,

where (2 is a bounded domain in RY with smooth boundary 9Q, N > 1 and f(z,u),
g(z,u) are continuous on Q x [0, 00) and ) is a real parameter whose absolute value
is small. We assume a condition on f(z,u) such that (1)), (I2) with A = 0 has
a mountain pass structure, and therefore it has a positive solution when A = 0.
The most typical nonlinear term is f(x,u) = a(z)u? or f(z,u) = a(x)uf + b(x)ul,
where a,b € C(Q) and a(z) or b(z) may change its sign. The purpose of this
paper is to prove the existence of a positive solution for |A| small enough under the
mountain pass assumption on f(z,u) only without any conditions on g(z,u). The
nonlinear term f(z,u) = a(x)uP was studied by Afrouzi and Brown [I], Alama and
Tarantello [2], Brown and Zhang, [4], Li and Wang [6] and the author [5]. However
the assumptions in this paper are more general than those of the papers above. We
emphasize that our theorem does not need any assumptions on g(z,u). We assume
the conditions below.

(f1) There exist positive constants p, C' such that 1 < p < co if N = 1,2 and

1<p<(N+2)/(N-2)if N>3and

|f(z,8)| <C(sP+1) fors>0, z €.
(f2) There exist constants o > 2, 6 € [0,2), C > 0 such that
aF(z,s) —sf(z,s) <Cls| +C fors>0, z€Q,

Received by the editors August 18, 2011.

2010 Mathematics Subject Classification. Primary 35J20, 35J25, 35J60.

Key words and phrases. Mountain pass lemma, positive solution, perturbation problem, semi-
linear elliptic equation, variational method.

The author was supported in part by the Grant-in-Aid for Scientific Research (C) (No.
20540197), Japan Society for the Promotion of Science.

(©2012 American Mathematical Society
Reverts to public domain 28 years from publication

1335



1336 RYUJI KAJIKIYA

where
F(z,s) ::/ £z, t)dt.
0

(f3) There exist z¢ € €2, §p > 0 such that

lim ( min F(x,s)/32> = oo0.

800 \ [z—z0|<do
(f4) limsup,_,q, (max, g f(z,s)/s) < p1,
where pq denotes the first eigenvalue of the Dirichlet Laplacian in €.
(f5) liminf, o4 (minmeﬁ f(a:,s)/s) > —o0.

Assumptions (f1)—(f4) guarantee that f(x,u) has a mountain pass structure,
and (f5) ensures that a mountain pass solution is strictly positive. For any g(x,u)
and |\| small enough, we prove the existence of a positive solution. Moreover, if
g(z,0) > 0, we show the existence of another small positive solution.

Theorem 1.1. Let f(z,s) and g(z,s) be continuous on Q x [0,00). Suppose that
(f1)—(f5) hold. Then the following assertions hold.

(i) There exists a Ao > 0 such that (L), (L2) have a positive solution uy
when |A| < Ag. Furthermore, for any sequence \; converging to zero,
along a subsequence uy;, converges to ug in W24(Q) for all q € [1,00),
where ug s a mountain pass solution of (1), (LZ) with A = 0 and where
W?24(Q) denotes the Sobolev space.

(ii) Ifg(x,0) >0, £ 0nQ, then (LI, (L2) have another nonnegative solution
vx for A > 0 small enough such that 0 < vy(z) < ux(z) and vy — 0 in
W24(Q) as A — 0 for all g € [1,00). Moreover, if

(1.3) hslg(l)&f (inelg(g(xv s) —g(z, O))/S> > —00,

then each vy is strictly positive.

We give sufficient conditions for (£3)—(f5). Assumptions (f4) and (f5) are fulfilled
if
(1.4) 31_1>1(1;1+ f(z,s)/s =0 uniformly on .
Assumption (£3) holds if f(z, s) is superlinear at s = oo in a small neighborhood of

Zo, i.e.,

(1.5) lim< min f(x,s)/s)—oo.

5§00 \ [z—=z0|<do

There are many examples of f(x,s) satisfying our assumptions. An easy example
of the sign-changing nonlinear term is f(x, s) = a(z)s? 4+ b(x)s?, where a,b € C(Q),
l<g<pifN=12and 1 <g<p<(N+2)/(N—-2)if N> 3. The function

f(z, s) satisfies (f1)—(f5) if either (i) or (ii) below holds:
(i) a(x) may change its sign, but a(zg) > 0 at some zg €  and b(z) < 0 in
Q.
(ii) a(z) >0, Z0in Q and b(x) is any function.
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Indeed, it is easy to verify (f1), (L4) and (). Let us check (£2). In Case (i), we
choose o = p + 1 so that

(p+1)F(x,s) —sf(x,s) = ub(az)s‘”'l <0.
qg+1

In Case (ii), we choose o = ¢ + 1 so that
qa—p
p+1

(q+1)F(z,s) = sf(z,s) = a(z)sPT < 0.

Thus (f2) holds.

2. PROOF OF THE THEOREM

We shall prove Theorem [Tl Our approach is based on the mountain pass lemma
and the maximum principle. We always assume (f1)—(f5). Assumptions (f4) and
(f5) imply f(x,0) = 0. Throughout the paper, we put f(z,s) = 0 for s < 0, and
hence f(z,s) is defined on Q x R and continuous. Moreover, (f4) and (f5) are still
valid as s — 0 instead of s — 0+ and (f2) holds for all s € R.

We call u a solution of (1)), (I2) if it belongs to Hg(2) N L>°(£2) and satisfies
(CI) in the distribution sense. By the bootstrap argument with the elliptic regu-
larity theorem, u belongs to W*4(Q) for all g € [1, 00) and satisfies (IL1]) a.e. in Q.
Especially, u lies in C(Q).

Lemma 2.1. Any nontrivial solution u of (1)), (T2) with A = 0 is strictly positive
and Ou/0v < 0 on OQ. Here 0/0v denotes the outward normal derivative.

Proof. Let u be a nontrivial solution of (Il), (IZ) with A = 0. Put
D:={zxeQ: u(zr) <0}
Assume that D # ). By the extension of f(z,s) on s <0,
—Au = f(zx,u)=0 inD, uw=0 ondD.

Thus v = 0 in D, a contradiction. Therefore D must be empty; i.e., v > 0 in
Q. Put A := ||lul|o. By (£5), there exists a C' > 0 such that f(z,s) > —C's for
0<s<Aand z € Q. This inequality gives us

(C—Au=Cu+ f(z,u) >0 in Q.
By the Hopf maximum principle, u is strictly positive and du/dv < 0 on 9. O
For (L)) with A = 0, we define the Lagrangian functional Iy(u) by

Io(u) == /Q <%|Vu|2 - F(x,u)) da,

where F'(z,u) is defined in (f2). In what follows, | - ||, denotes the L?(2) norm.
H}(©Q) stands for the usual Sobolev space equipped with the norm ull o) =

|[Vull2. Because of (fl1), Iy is well defined in Hg(£2) and becomes a C! functional.
Lemma 2.2. [ satisfies the Palais-Smale condition.

Proof. Let u,, be any sequence in H} () such that Io(uy,) is bounded and ||} (uy)]|
converges to zero. From an easy calculation, we see that

Ih(u)u = /Q (IVul]® = uf(z,u)) dz,
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which shows that
alo(uy) — I (un)uy,

(2.1) = aT_QHVunH% — /Q (aF (2, upn) — up f(z,uy,)) dz.

Hereafter we assume 6 > 1 in (£2) because in case § < 1 we replace 6 by 1 and C by
a larger constant. Then the norm || - ||p makes sense. Since |Ip(un)| and ||I{(w,)]|
are bounded, we use (f2) to get a constant C' > 0 such that

||Vun\|§ = alo(uyn) — I} (un)un + /Q (aF(z,up) —un f(z,uy,)) de

< C+C|[Vun|lz + Clluall§
<C+ C||Vun||2 + C'HVuan,

a—2

where we have used the Sobolev embedding. Since 6 < 2, ||Vuy,l|2 is bounded.
Then a subsequence of u,, weakly converges in H}(2). This convergence becomes
a strong one, which can be proved in the standard method. See [3] [7, [8, @] for the
details. The proof is complete. (Il

Lemma 2.3. Iy has a mountain pass geometry; i.e., there exist u; € H}(Q) and
constants r,p > 0 such that In(u1) < 0, ||Vuy|2 > r and

(2.2) In(u) > p when ||Vulz =

Proof. Recall that (f4) is still valid as s — 0 instead of s — 0+. Then we have
so > 0 and p € (0, p1) such that
flz,s)/s < for |s| < so,
which implies that
F(x,5) < (u/2)s* for |s| < so.
This inequality with (f1) shows that
F(x,8) < (u/2)s* + C|s|PT"  for s € R,

with some C' > 0. Since p; is the first eigenvalue of —A, it follows that ||Vul3 >
pil|ul|3 for u € HE(Q2). Then Iy is estimated as

1 K +1 +1
To(w) > 5IVullz = S lull = Cllullp > = OVl

This shows the existence of r and p satisfying [22)). Let zo, dg be as in (f3). Let
¢ be a function such that ¢ € C3(Q), ¢ > 0, ¢ # 0 and the support of ¢ is in
B(xg,00). Here B(xg, dp) is a ball centered at x¢ with radius dg. By (£3),

min{F(x,s)/s?: x € B(xo,00)} = 00 as s — oc.
Put a :=||¢]|eo/2 and
D :={x € B(xg, ) : ¢(z) > a}.
For ¢t > 0, we compute
hits) = (@/2IV6l}~ [ Floto)is
Q

F(z,tp)
t2¢2

IA

(t /2)|V¢||2—t2 — 2 T p2dr — —o0  as t — oo.
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We fix ¢ > 0 so large that Ip(t¢) < 0 and t||V¢|2 > r. Then uy := t¢ satisfies the
assertion of the lemma. ]

For u; in Lemma 2.3, we define

I:={y € C((0,1], Hy(2)) : 4(0) =0, (1) = w1},

co = inf max To(~(2)).

Lemma 2.4. ¢y is a critical value of I.

Proof. This is a well-known mountain pass lemma. For the proof, we refer the
reader to [3], [7, [8, [@]. |

We call u a mountain pass solution of Iy if I;(u) = 0 and Iy(u) = ¢p. In general,
a mountain pass solution is not necessarily unique but we have an a priori estimate
for all mountain pass solutions in the next lemma.

Lemma 2.5. There exists a constant C' > 0 such that ||lullcyqy < C for any
mountain pass solution u of Iy.

Proof. Let u be any mountain pass solution of Iy. Since I)(u) = 0 and Ip(u) = co,
we use (Z1]) with (f2) to get

oa—2

2

This gives an a priori bound of the H{ (2) norm of u; i.e., |[Vul|s < C witha C > 0
independent of u. By the bootstrap argument with (f1) and the elliptic regularity
theorem, we get the upper bound of the W29(Q) norm of u for all ¢ € [1,00).
Especially, an a priori C1(2) estimate of u follows. O

[Vul|2 < aco + C’HUHZ +C < acy + C”HVUH% + C.

By Lemma 28] we have an M > 0 such that
(2.3) lu)loo < M for any mountain pass solution u of Iy.

Now, we define
g(x,0) if s <0,
g(z,s) =1 g(x,s) if 0 <s<2M,
g(x,2M) if s > 2M.
Then §(z, s) is continuous and bounded on  x R. We choose a function h € C$°(R)

such that 0 < h < 1in R, h(s) =1 for |s| < 2M and h(s) = 0 for |s| > 4M. We
define

In(u) = /Q (%|Vu2 ~ F(z,u) — Ab(w)C(a, u)) da,

Gla,u) = /Ou Gz, 5)ds.

A critical point of I is a solution of

(2.4) —Au = f(z,u) + Mo(w)G(z, u) + A (u)G(z,u) in Q,

with © = 0 on 9. Our plan to prove Theorem [[1] is as follows. First, we find a
mountain pass solution uy of I. Next, we prove that 0 < uy(z) < 2M for |A| small
enough. Then A'(uy) =0, h(uy) =1, g(z, uy) = g(z,uy) and therefore uy becomes

a solution of (1)), (2.
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Using the same argument as in Lemma with the fact that h(s)G(z,s) and
its partial derivative on s are bounded, we get the next lemma.

Lemma 2.6. For each A € R, Iy satisfies the Palais-Smale condition.

Lemma 2.7. There exists a A\g > 0 such that Ix has a mountain pass geometry
when |A| < Ap.

Proof. Since h(s)G(x, s) is bounded on € x R, we have
(2.5) Io(u) — INC < In(u) < In(u) + |AC for u € HE(R),

where C > 0 is independent of A and u. Let 7, p and u; be as in Lemma 2.3} For
|A| small enough, it follows that

I)\(ul) < Io(ul) + |/\|C <0,

(2.6) In(u) > p—|AC > p/2 when ||[Vulls =1
The proof is complete. O

We define the mountain pass value cy of I by

= inf I .
ox i= inf max A((t))

Then ¢y — ¢o as A — 0 by (2.3]).

Lemma 2.8. Let \,, € R be a sequence converging to zero and wu, a mountain pass
solution of I, . Then a subsequence of u, converges to a limit ug in W24(Q) for
all g € [1,00), where ug is a mountain pass solution of I.

Proof. By definition, I, (u,) = cx,, I3 (un) = 0 and hence u, satisfies [2.4) with
A replaced by \,. Using the same argument as in Lemma 2.5 with the boundedness
of ¢y, , we can prove that the W*9(Q) norm of w, is bounded for any ¢ € [1,00).
By the compact embedding, a subsequence of u,, converges to a limit ug in C*(€Q).
Then uq satisfies that Iy(ug) = ¢o and Ijj(ug) = 0, i.e., that ug is a mountain pass
solution of Iy. The right-hand side of (24]) with u = u,, and A = \,, converges to
that with u = ug and A\ = 0 uniformly on = € Q. The elliptic regularity theorem
again ensures that u, converges to ug strongly in W24(Q) for all ¢ € [1,00). |

We shall prove the positivity and a priori estimate of mountain pass solutions
for I. To this end, for § > 0, we put

Qs :={x € Q: dist(x,00) < d},
where dist(x, 9Q) denotes the distance from x to 99Q.

Lemma 2.9. There exist constants Ao, 6,a,b > 0 such that any mountain pass
solution u of I with |\ < Ao satisfies (1) and (ii) below.
(i) 0 <wu(x) <2M in Q, where M has been defined by [23).
(il) Ou/Ov < —a in Qs and wu(z) >b in Q\ Qs. Here /v is well defined
at each point in Qs for § > 0 small because O is smooth.

Proof. First, we shall prove |u(z)| < 2M for |A| > 0 small enough. Suppose that
our claim is false. Then there exist sequences A, € R and u,, such that \,, converges
to zero, u, is a mountain pass solution of I, and ||un|lcc > 2M. By Lemma 2.8
a subsequence of wu, converges to a mountain pass solution ug of I in C1(€Q).
Since |[upllooe < M by (Z3), it follows that ||u,||ec < 2M for n large enough. A
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contradiction occurs. Thus we have ||u]| < 2M. The positivity of w in (i) follows
from (ii).

Next, we shall prove that Ou/0v < —a in s with some a,d > 0 independent
of u. Suppose on the contrary that there exist \,, x,, u, such that A, — 0,
dist(x,, 0Q) — 0, u, is a mountain pass solution of I, and

lim inf Qu,, (x,,)/0v > 0.
n—oo

We choose a subsequence of x,, which converges to a limit 2y € 9. By Lemma[2.8]
a subsequence of u,, converges to a mountain pass solution ug of Iy in C*(€2). Then
Oug /v (zp) > 0, a contradiction to Lemma 21l Thus Ou/dv < —a in 5 with some
a,0 > 0. Fix such a § > 0. Then by the same method as above, we can prove that
u(z) > bin Q\ Qs with some b > 0. O

In Lemma [2.3] we replace r by any positive constant smaller than r. Then ([2.2))
is still valid after p is replaced by a smaller positive constant. Hence (Z.6]) still holds
if || is replaced by a small one. Thus the next lemma follows.

Lemma 2.10. There exists an ro > 0 such that for any r € (0,19), there exist
constants p, \' > 0 which satisfy

I\(u) > p  when |[Vulla =7, [N\ <X.

The lemma above will be used to find a small positive solution of (I, (2.
We are now in a position to prove Theorem [[.1]

Proof of Theorem [LIl Choose Ao > 0 which satisfies Lemmas 2.7 and 2.0 Let
ux be a mountain pass solution of Iy with |A] < Ag. Then 0 < ux(z) < 2M by
Lemma 291 Thus h'(uy) = 0, h(ux) = 1, g(z,ux) = g(z,uy) and therefore uy
becomes a solution of (LIl), (IZ). Let A; be any sequence converging to zero. By
Lemma [Z.8 a subsequence uy, converges to a mountain pass solution ug of Iy in
W24(Q) for all g € [1,00).
We now suppose that g(x,0) > 0, g(z,0) £ 0 in . By (Z0]), we have
inf  In(u) > p/2 > 0= I1,(0).
IVulla=r

Let B be the set of u € Hj(Q) such that ||Vul|ls < r. Then the minimum of I in
B is achieved at an interior point vy. Indeed, choose a sequence u,, in B such that
I (uy,) converges to the infimum of I, in B. A subsequence of u,, weakly converges
in H}(Q) to a point vy in B. By the weakly lower semicontinuity of I, we have

I)\(U)\) < lim inf I)\(un),
n—oo

which means that vy is a minimum point of I in B. Since I»(0) = 0, we have
In(vy) < 0 < Ix(uy), where uy is a mountain pass solution of I. Therefore
vy # u). In the same way as in Lemma with |[A| and r > 0 small enough, we
can prove that ||vy]|eo < M. Hence g(z,vy) = g(z,v)) and vy is a solution of (II]).
Moreover, vy # 0 because g(z,0) £ 0. Thus v, is a nontrivial solution. We shall
show that vy(z) > 0 for A > 0. Let D be the set of x € Q such that vy(z) < 0.
Since f(z,s) = f(z,0) = 0 and g(z,s) = g(z,0) > 0 for s < 0, we see that for
A >0,
—Avy = f(z,v\) + A\g(z,v)) >0 in D, wvy=0onadD,

which shows that vy > 0 in D, a contradiction to the definition of D. Thus D must
be empty, and vy(z) > 0 in Q. By Lemma 210 ||[Vuy|l2 — 0 as A — 0. By the
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bootstrap argument, the W?24(£2) norm of vy converges to zero for all ¢ € [1,00),
and hence vy — 0 in C*(Q). Then Lemma 23] (i) shows that vy (z) < ux(x) in Q
for A > 0 small enough.

We suppose that (L3]) holds. Put A := ||[va|leo- By ([L3)), there is a C' > 0 such

that
g(z,8) —g(x,0) > —Cs for0<s< A, z€.
Moreover, f(z,s) > —C's for 0 < s < A in the proof of Lemma 2] Then we have
(L +A)C = A)vy = f(z,vx) + Cuy
+ A(g(z,vy) — g(z,0) + Cvy) + Ag(z,0)
> 0.

By the strong maximum principle, vy, is strictly positive. The proof is complete. [
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