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A SIMPLE PROOF OF LI-ESTIMATES
FOR THE STEADY-STATE OSEEN AND STOKES EQUATIONS
IN A ROTATING FRAME. PART II: WEAK SOLUTIONS

GIOVANNI P. GALDI AND MADS KYED

(Communicated by Walter Craig)

ABSTRACT. This is the second of two papers in which simple proofs of L7-
estimates of solutions to the steady-state three-dimensional Oseen and Stokes
equations in a rotating frame of reference are given. In this part, estimates are
established in terms of data in homogeneous Sobolev spaces of negative order.

1. INTRODUCTION
As in [GK11a], we study the system
{ —Av+Vp—Rv—T(esAz-Vo—esAv)=f inR3

1.1
(1.1) divo =0 in R3,

where R > 0 and 7 > 0 are dimensionless constants. Here, v : R?> — R? and
p: R? — R represent Eulerian velocity and pressure fields, respectively, of a Navier-
Stokes liquid in a frame of reference rotating with angular velocity 7T es relative
to some inertial frame. The above system is the classical steady-state whole space
Oseen (R > 0) or Stokes (R = 0) problem with the extra term 7 (e3 Az-Vv—es Av),
which stems from the rotating frame of reference. Due to the unbounded coefficient
e3 Az, this term cannot be treated as a perturbation to the Oseen or Stokes operator.

In [GK1la] we gave an elementary proof of Li-estimates of solutions (v,p) to
() in terms of data f € LY(R?)3, 1 < ¢ < co. Such estimates had already been
shown in [FHMO04] and [Far06], but with very technical and non-trivial proofs based
on an appropriate coupling of the Littlewood-Payley decomposition theorem and
multiplier theory. In [His06], [KNPOS], and [KNP10] an approach similar to the
one in [FHMO04] and [Far06] was used to prove L?-estimates of weak solutions to
(TI) in terms of data f in the homogeneous Sobolev space Dy LUR3)3 of negative
order. Our aim in this paper is to extend our approach from [GK1la] and give an
elementary proof of these estimates of weak solutions.

Our main theorem reads:

Theorem 1.1. Let 1 < g < 00, Rg > 0, 0 < R < Ry, and T > 0. For any
fe Dgl’q(RS)?’ there exists a solution (v,p) € DVI(R®)3 x LY(R3) to (L) that
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satisfies
(1.2) [Vullg + llpllq < Cl|f‘—1,q)
with Cy independent of Rg, R, and T. Moreover,

(1.3) [RAzv|_y ,+ T (e3 Az - Vo —e3 /\v)|_17q < Cy (1 + %) | £ 1 40

with Cy = Co(Ro). Furthermore, if (9,p) € DV (R3)3 x L"(R3), 1 < r < oo, is
another solution to (1)), then
(1.4)

for some o € R.

Remark 1.2. In [KNP10, Theorem 2.1 and Proposition 3.2] it is stated that a
solution (v,p) € DM4(R?)? x LI(R®) to (L) with f € Dy "9 (R?)? satisfies

|R83’U|_17q + |T( es\x - Vv —e3 /\U)|—1,q < Cg|f|_17q

S}

=v+aes

with C5 independent of 7. However, going more carefully through the relevant
proofs of [KNP10|, in particular those in Appendix 2, one finds that the constant
C5 does, in fact, depend on T exactly in the way shown in (L3).

Before giving a proof of Theorem [[L1I] we first recall some standard notation.
By L(R?®) we denote the usual Lebesgue space with norm ||-||,. For m € N and
1 < g < oo we use D™4(R3) to denote the homogeneous Sobolev space with semi-
norm |-|

g b€

1
|v|m7q = < Z /}R3 |0%v(z)|? dx) , D™ .= {y e L (R®) | |v|m7q < 00}
|a|=m

We put D{"4(R?) := C§° (R3)‘A|m’“. We introduce homogeneous Sobolev spaces
of negative order as the dual spaces Dy ™(R?) := (Dg" ' (R%))" and denote their
norms by |~|7m’q. Here, and throughout the paper, ¢’ := ¢/(g—1) denotes the Holder
conjugate of q. For functions u : R® x R — R, we let divu(z,t) := div, u(z,t),
Au(z,t) == Ayu(z, t), ete.; that is, unless otherwise indicated, differential operators
act in the spatial variable x only. We use Ff = ]?to denote the Fourier transfor-
mation. We put B,, := {z € R? | |z| < m}. Finally, note that constants in capital
letters in the proofs and theorems are global, while constants in small letters are
local to the proof in which they appear.

2. PROOF OF MAIN THEOREM

As in [GK11a] we make use of an idea going back to [Gal03] and transform solu-
tions to ((LI)) into time-periodic solutions to the classical time-dependent Oseen and
Stokes problem. For this purpose, we introduce the rotation matrix corresponding
to the angular velocity T es:

cos(Tt) —sin(Tt) 0
Q) := [ sin(Tt) cos(Tt) O
0 0 1

We split the proof into several lemmas. We begin by recalling the following
result; see [Gal02] or [Sil04].
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Lemma 2.1. Let R >0 and T > 0. For any h € C§°(R3)3*3 there is a solution

(2.1) (v,p) € DM (R3)® N L°(R?)3 x L*(R?)
to
(2) —Av—l—Vp—Ragv—'T(eg/\:c-Vv—eg/\v):divh in R3,
’ dive =0 in R
that satisfies
(2.3) IVvll2 + [Ipll2 < CallB]2,
with Cy independent of R and T. Moreover
(24) (’U,p) c ﬂ Dm+1,2(R3)3 % Dm’2(R3).
m=1

In the next lemma we establish suitable L-estimates of the solution introduced
above.

Lemma 2.2. Let R >0 and T > 0. Let 1 < ¢ < oo and h € C§(R3)3*3. The
solution (v,p) from Lemma Bl satisfies

(2.5) IVollg + llpllq < Csllhllq,

with Cy independent of R and T .

Proof. Assume first that ¢ > 2. Let T > 0. For (z,t) € R3 x R put

(z,t) == Q) (Q(t) 'w — Rtes), p(x,t):=p(Q(t) = —Rtes),
H(z,t) = Q)h(Q(t) 'z — Rtes )Q() .

e

Then
Owu— Au+Vp=divH inR*x(0,7),
(2.6) divu =0 in R x (0,7),
u(z,0) = v(x) in R3.

By using classical multiplier theory like, for example, in [Lad69, Chap. 4, Sec. 5,
Theorem 6], it is straightforward to show that the Cauchy problem

Oy — Auy = div H — Vp  in R® x (0,7),
divu; =0 in R3 x (0,7),

li g =0

Jim e (- 8)lle

has a solution with u; € L" (R3 x (0, T))3 forall 1 <r < oo, and
Vurllr@s xo,1y) < c1llH| Lr®3x(0,1))

with ¢; independent of T'. Put

(2.7) ug(x, t) := (4mt) =32 / e l=ul /4t () dy.
R(}
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An elementary calculation shows that uy € LS (R3 X (O,T)), Oyia, Vug, VZug €

LY (R3x (0,T)), and that uy solves
Oruz — Aug =0 in R x (0,7),
divuz =0 in R x (0,7),

1'Hl '7 t - . = O

Tim [uz(,£) = v

Taking derivatives on both sides in (2.7)) and applying Young’s inequality, we obtain
Iz (-, 6)| parsy < e2t™2E77) | Volo,

with ¢, independent of 7. We claim that v = u; + up in R3 x (0,7)). This follows
from the fact that u; + us satisfies ([2.6]) combined with a uniqueness argument, for
example [GK11bl Lemma 3.6]. Recalling that ¢ > 2 by assumption, we can now
estimate

T
(T = D)||Vo||2 :/ / |Vu(z,t)|? dedt
1 Jrs
T
S C?’(”vul”%q(Rf‘x(O,T)) +/1 IIW2(-,t)IIZdt)

T _3g¢1__ 1
<er( Mooy + [ ¢ FEDIv0lar)

< o5 (TlR]E + T 5(IVoll3),

for some € € (0,1) and ¢5 independent of T, R, and 7. Dividing both sides by T,
and subsequently letting 7" — oo, we conclude that [|[Vo[|Z < cs[|h|g. Finally, we
deduce directly from (2.2)), applying div on both sides in (L)), that Ap = div div A,
which implies that ||pllq < c6||h|lq, With ¢ independent of R and 7. Hence (23]
follows in the case ¢ > 2.

The case ¢ = 2 is included in Lemma 2l Now consider 1 < ¢ < 2. In this
case we will establish (Z3]) by a duality argument. Consider for this purpose ¢ €

C§°(R3)3%3. For notational purposes, we put

(2.8) Lv:=—Av—Rdsv — T( es Ar - Vv — e3 /\v)7
(2.9) L*v:= —Av + R0o3v + T( es Az - Vv —e3 /\v).

As in Lemma 2] one can show the existence of a solution (¢, ), in the class (2.1))
and (2.4)), to the adjoint problem

L*¢+Vn=dive inR3,
(2.10) { vrvn=die

div) =0 in R3.
By arguments as above, one can also show that

(2.11) Vr e (2,00) = IVl + lInllr < ezllllr,
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with ¢7 independent of R and 7. Using the same approximation technique as in
[GKTTal Proof of Lemma 2.3], we compute

|/ Vv:godfc\:|/ v'divcpdx\:|/ v L™ dz|
R3 R? R?

:|/ Lv-1/;dx|:|/ divh-¢dx|:|/ h: Vi da
R3 R3 R3
< 12llglVellg < erllbllglielly,

where the last estimate follows from (ZII)) since 2 < ¢’ < oo. Having established
(ZI2)) for arbitrary ¢, we conclude that ||Vv|l; < ¢7||h|l4. Finally, the estimate
Iplly < cs||hllq follows simply from the fact that Ap = divdivh. We have thus

established (Z3]) also in the case 1 < ¢ < 2. This concludes the lemma. O

(2.12)

In the next lemma we establish estimates of the lower-order terms on the left-
hand side of (TJ).

Lemma 2.3. Let R > 0 and T > 0. Let 1 < ¢ < oo and h € C§°(R3)3*3. The
solution (v,p) from Lemma 211 satisfies

(2.13) (RAgv|_y ,+IT (es A Vo —es Av)|_, < Co (1 + %) lla,
with Cs = Cs(Ro).
Proof. Consider first 1 < ¢ < 2. For (z,t) € R3 x R put

u(z,t) = Q) (Q(t) "z), p(x,t) :=p(Q(t) x),

H(z,t) := Q(H)h(Q() '2)Q(t)".

Note that w, p, and H are smooth and 2?’T—periodic in the t variable. We can
therefore expand these fields in their Fourier series. More precisely, we have

u(a,t) =Y up(@)eTH, pla,t) = pi(a) T,

kezZ keZ
H(z,t) = Z Hy(z) e TH,
kEZ
with
2n /T . )T 4
ug(z) == % | u(x,t) e Tkt dt, pr(z) = %/0 p(z, 1) o iTkt dt,
T[T —iTkt

Hy(z) == H(z,t)e dt.

=5 i
As one may easily verify,

Ou — Au+Vp — Rdsu = divH in R® x R,
(2.14) 3
divu =0 in R® x R.
Replacing in (ZI4) w, p, and H with their respective Fourier series, we find that
each Fourier coefficient satisfies

{ 1T kug, — Aug, + Vpr — ROsug, = div H,  in RS,

2.15
(2.15) divu =0 in R3.
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In the case k = 0, (2I5) reduces to the classical Oseen system. By well-known
theories (see for example [Gal94, Theorem VII.4.2]),

(2.16) Vuollg + R[03uo|_; , < c1llHollg < callhllq,

l,q —

with ¢y independent of R and 7. Now consider k # 0. By Minkowski’s integral
inequality and Lemma 2.2] we find that

T 2r /T 1/q
Wl < g [ ([ wunras) = v, < i,
0 R3

and similarly ||pg|lq < Cs||h|lq. We can thus conclude from (2.I5) that

217)  [Tklfuk| g < IVurlly + [Iprlly + RIOsur|_y , < esllbllq + ROsur|_y 4,
with c3 independent of R and 70 A simple interpolation argumen@ yields
(2.18) |Ostk] _y 4 < calelur]_yq + &7 Vukllg)

for all ¢ > 0. We now choose ¢ = |Tk|/(2Rcy) in (ZI8) and apply the resulting
estimate in (2I7). It follows that

(219 ol sy < esre (14 250 )bl 2 0)

with ¢5 independent of R and 7. We observe at this point that v(z) = u(z,0) =
> kez uk(x) and put

(2.20) vy =0 — Ug.

We then define

U(x’t) = Q(t)vl (Q(t)—rl’) = U(l‘,t) —Ug = Zuk(x) eiTkt.

k0

The first equality above follows from the fact that Q(¢)uo(Q(t)'x) = ug(x) for
all t € R, which one easily verifies directly from the definition of ug. Now let
o € C°(R?)? and put o(z,t) = Q(t)p(Q(t)Tx). Since ¢ is smooth and 27/7T-

periodic in ¢, we can write ¢ in terms of its Fourier series:

)= Bp(x)e ™™, Bp(z) =

keZ

T 2 /T

— ®(x,t)e T e,
27

1Since uy, solves the resolvent-like system (Z15)), known theory implies that |O3ug|—1,q is finite.
One can also show this directly by applying 93 to both sides of ([ZI5]), which shows that Osuy
satisfies the same system. Repeating the preceding arguments of the proof with (9suy,d3pk)
in the role of (ug,px), and likewise substituting (d3u, d3p) for (u,p) and (d3v,d3p) for (v,p), it
follows that V2895uy,, Vaspy € Dgl’q(R3). Returning to (215), one then finds d3uy € Dgl'q(R:}).
2In fact, the inequality is an obvious consequence of the following one:

@) H“”;RS < C|u|717q,R3 |“‘1,q7[R3 )

which, by the argument of [Gal94, Lemma VII.4.3], is enough to prove for u € C§°(R3). By the
Calderén-Zygmund theorem, it is easy to see that the function ¢ = V(£*u), with £ a fundamental
solution to Laplace’s equation, satisfies divy = u, [|[V2¥|q < clul; o Wlla <clul_y 4, so that @

= R =

follows from the classical Nirenberg’s inequality ||div ¢||§ < c|[¥llqI V22 ]lq-
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We now compute, using Parseval’s identity and (2.19),

B T 27 /T
|/]R3 v1(z) - p(x) dz| = \—/ /RS U(zx,t) - O(x,t)dedt]

/R Zuk ) dz|

k£0
< Z |Uk‘—1,q||vq)k||q’
k0
R?
sCs(H )nhn > IVl
k#0
1
R 7/
<a(1+Z) 2 ||q<2|k|q) (Sivedy)’

k#0 k#0
Recalling that 1 < ¢ < 2, we employ the Hausdorff-Young inequality to estimate

4 1

(lewkn )% < (/R [% /:W/T|v<1><x,t>qcufdx)7_

E#0
Applying Minkowski’s integral inequality to the right-hand side above, we obtain

N @ T 2T . 1F N\
(Ziweud) " < (5 [ | [ iveeor a] ") = e,
™ Jo R3

k0
We thus conclude that
R\ 1
[, ) plo)asl < co (14 2 ) FInlI vl
and consequently, since ¢ is arbitrary,
R\ 1
(2:21) orlay < er(1+ 5 ) il

with ¢7 independent of R and 7. By the same interpolation argument as in (2I1)),
we estimate

(2.22) 103v1]_1 4 < es(lv1]_y 4 + [[Vorllg)-
Now combining (2.8), (2I06), 220), @21), and [222]), we obtain
(2.23) Vg e (1,2]: [ROv|_; , <co <1 + >||h||q,

with Cg = C9 (Ro)
Now consider 2 < g < 0o. Let ¢ € C§°(R?)3. Recall (Z]) and (2.9). By [GK11al,
Lemma 2.1] there is a solution (¢, 1) € DY2(R3)3 N LS(R3)3 x L5(R?) to

L*%+Vn=¢ inR3

{ divy) =0 in R?

satisfying (2.4]). Moreover, since A commutes with L*, (A, An) satisfies
L*AvY +VAnp=divVy in R3,

{divmp =0 in R3.

(2.24)

(2.25)
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Repeating the argument from above leading to ([2.23]), we also obtain

(2.26) Vr € ( ] |R(93A1M 1 < 10 (1 + )HV(,DHT,
with ¢19 = ¢10(Ro). As in (ZI2)), we compute
O3v - pdx = 83U-L*wdx:—/ Lv~83wdac=—/ div h - 03¢ dz.
RS RS RS R3

Pufl ©; = F1[&hh;(€)], i = 1,2,3. Then © € L(R®)? for all r € (3/2,00),
VOl < ci1]lh|lg, and A® = div h. It follows that

[ s pdal = | [ ©-0u80dal < |VOII0801 < crallily 03801y -

Since ¢’ € (1,2), we deduce by (2.26) that

\/ D - @dx<c13<1+ )nhn IVl

We conclude [R3v|_; , < c1a(1+ T 2)||hllg, with c1a = c14(Ro).
Since ’T( es Az - Vv —e3 /\v) = Av — Vp + R0O3v + div h, the estimates already
obtained in (23] together with the estimate for Rdsv above imply that

(e e Vo —es )|y, < e (14 25 ) Il
with ¢15 = ¢15(Rg). We have thus established ([ZI3) completely. O
We can now finalize the proof of the main theorem.

Proof of Theorem [[.1l Except for the uniqueness statement, Lemmas 2 IHZ.3 es-
tablish the theorem in the case f = divh for some h € C§°(R?)3*3. It remains to
extend to the general case f € Dy “?(R3)3. Consider therefore f € Dy "¢(R3)3.
Choose a sequence {h, }32, C Cg°(R3)3*3 with lim,, o div h, = f in Dy ¢(R3)3.
Let (vn,pn) be the solution from Lemma 2] corresponding to the right-hand side
div h,,. Then choose &,, € R3 such that 0 = fBl Uy, — K dz. From Lemma and
Poincaré’s inequality, it follows that { (v, — kn, pn)}52; is a Cauchy sequence in the
Banach space

X = {(v,0) € Lie(R?)? x Ly (R?) | (v, )] x,, < o0},
10, D)l == [Vollg + [lpllg + [0l La B,

for all m € N. Consequently, there is an element (v,p) € (,,cy Xm With the
property that lim, o (v, — Kpn,Pn) = (v,p) in X, for all m € N. Recall (2.8). It
follows that lim,, o [L(vy, — kn) + Vp,] = Lv + Vp in D'(R?)3. By construction,
limy, so00[Lv, + Vo] = f in Dy "9 (R3)3. We thus deduce that lim,, o, Lr, =
f — [Lv + Vp]. Consequently, f — [Lv + Vp|] = Lk for some x € R3. Tt follows

3Following the summation convention, we implicitly sum over repeated indices.
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that (v + k,p) € DV4(R3)3 x LI(R?) solves ([LT)). Moreover, since (v, p,) satisfies
(T2) and (3] for all n € N, so does (v + &, p). This concludes the first part of the
theorem.

To prove the statement of uniqueness, assume that (9,p) € D"(R?)? x L™(R3)
is another solution to (LI). Put w := v — ¥ and q := p — p. It immediately
follows that Agq = 0, which, since q € LI(R?®) 4+ L"(R?), implies that q = 0. Now
put U(z,t) == Q(t)w(Q(t) 'x) for (x,t) € R? x R. Since U is smooth and 27/7-
periodic in ¢, we can write U in terms of its Fourier series

] T 2m /T
Uz, t) = ZUk(x) T, U () :

kEZ

= Uz, t)e Tk qt.
o7 /. (z,t)e

As one may easily verify, Uy satisfies iTkUy — AUy — RO3U, = 0 in .7/ (R?)3.
Thus, a Fourier transformation yields (i(Tk — R&s) + |€ \2)1/]; = 0. It follows that
U, = 0 for all k& # 0. Moreover, since ( — iR&3 + |§|2)(/JE = 0, it follows that
supp(ﬁg) C {0}. Consequently, since Uy € D¥4(R3)? + D17(R3)3, Uy = b for some
b € R3. Tt follows that U(z,t) = b = Q(#)w(Q(t) z) for all t € R and = € R3.
Thus, Q(t) "b is t-independent, and so b = ae3 for some a € R. We conclude that
w(z) = Up(x) = aes. O
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