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DILATIONS OF SEMIGROUP CROSSED PRODUCTS

AS CROSSED PRODUCTS OF DILATIONS

NADIA S. LARSEN AND XIN LI

(Communicated by Marius Junge)

Abstract. Laca constructed a minimal automorphic dilation for every semi-
group dynamical system arising from an action of an Ore semigroup by injec-
tive endomorphisms of a unital C∗-algebra. Here we show that the semigroup
crossed product with its action by inner endomorphisms given by the imple-
menting isometries has as minimal automorphic dilation the group crossed
product of the original dilation. Applications include recent examples studied
by Cuntz and the second-named author.

Introduction

Starting from the work of Cuntz in [Cu1], the theory of semigroup crossed prod-
ucts has consolidated itself as a rich source of many new and interesting examples
of C∗-algebras. In [Cu1], semigroup crossed products appear as corners in ordinary
group crossed products. Later, in [Sta], a definition of semigroup crossed products
was introduced in terms of a universal property for a covariance relation relat-
ing representations of the C∗-algebra and representations of the semigroup. Much
of the subsequent theory developed along this path; see for example [Mur] and
[La-Ra1]. However, the corner representation in an ordinary group crossed product
played an important role; see [Mur]. Laca extended the work of Murphy to a large
class of not necessarily abelian semigroups, the Ore (right-reversible) semigroups
which act by injective endomorphisms of a unital C∗-algebra; see [La].

Recent new examples of C∗-algebras arising in number theory and in a purely
algebraic context turned out to be instances of semigroup crossed products; see
[Cu2], [Cu-Li1], [Cu-Li2] and [Li]. From these semigroup crossed products isomor-
phisms emerge involving ordinary group crossed products by affine-type groups.
These isomorphisms play an important role in the K-theory computations.

The goal of this note is to establish a general result about the minimal automor-
phic dilation of a certain type of semigroup dynamical system. Given a semigroup
dynamical system, one can first dilate the dynamical system to the effect that the
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endomorphisms become automorphisms and then form the crossed product (by a
group), or one can first form the semigroup crossed product and then dilate the
resulting C∗-algebra. Our main result (Theorem 1.3) says that the outcome is the
same.

We were led to this result by certain isomorphisms established in [Cu2] and
[Cu-Li1] (see Section 2). They turn out to be special cases of our main theorem.
Therefore, this note gives a unified treatment of these phenomena.

1. Dilations of semigroup crossed products

Let A be a unital C∗-algebra and P a discrete semigroup with an identity el-
ement. We always assume that our semigroups are discrete and have an identity
element. Let α be an action of P on A, so α is a semigroup homomorphism
P → End (A) preserving the identity elements. We associate the semigroup crossed

product A
e
�α P with the semigroup C∗-dynamical system (A,P, α). The sym-

bol
e
� stands for “semigroup crossed product by endomorphisms”. The C∗-algebra

A
e
�αP is universal for covariant representations of (A,P, α): these are pairs (π,W )

consisting of a nondegenerate representation π of A on a Hilbert space H and a
homomorphism W from P into the semigroup of isometries on H such that the
covariance condition π(αp(a)) = Wpπ(a)W

∗
p is satisfied for all a ∈ A and p ∈ P .

The crossed product A
e
�α P is generated as a C∗-algebra by a universal covari-

ant representation (iA, iP ); see for example [Sta, Mur, La-Ra1]. One can argue

that the idea behind the definition of A
e
�α P is to enlarge A by adding isometries

wp = iP (p) for all p ∈ P so that the action of α becomes inner, in the sense that

αp(·) = wp · w∗
p for all p ∈ P . In general, it may happen that A

e
�α P is zero; see

e.g. [Sta, Example 2.1(a)].
In this note we will be concerned with actions of Ore semigroups. Recall that a

(right-reversible) Ore semigroup is a cancellative semigroup P such that Ps∩Pt �= ∅
for all s, t ∈ P . There is a similar notion of left-reversible Ore semigroups. A
cancellative semigroup is Ore precisely when it can be embedded in a group G in
such a way that G = P−1P . G is called the enveloping group of P and is determined
uniquely up to isomorphism by P ; cf. [Cli-Pre, Theorems 1.23, 1.24, 1.25]. The
semigroup structure of P induces a partial pre-order on P (and also on G) given
by p ≤ r if r ∈ Pp.

Let α be an action of an Ore semigroup P on a unital C∗-algebra A. If there is

a nontrivial covariant representation for (A,P, α), then A
e
�α P is nonzero by e.g.

[La-Ra1], and due to the right-reversibility of P the crossed product A
e
�α P is the

closed span of the monomials iP (p)
∗iA(a)iP (r) for a ∈ A and p, r ∈ P ; see [La].

Fix a semigroup dynamical system (A,P, α) with P an Ore semigroup and α an
action of P by endomorphisms αp which are injective for all p ∈ P . Laca used dila-
tion theory for projective representations of semigroups to show that the existence
of a nontrivial covariant representation for this kind of (A,P, α) is automatic. In-
deed, if (A,P, α) is a semigroup dynamical system with P an Ore semigroup and α
an action by injective endomorphisms, let G = P−1P be the enveloping group of P ,
and recall that [La, Theorem 2.1] shows that there exist an ordinary C∗-dynamical
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system (B,G, β) and an embedding ι : A ↪→ B such that

(1) βp ◦ ι = ι ◦ αp for all p ∈ P

and

(2)
⋃
p∈P

β−1
p (ι(A)) = B.

The triple (B,G, β) is the minimal automorphic dilation of (A,P, α) and is unique
up to isomorphism. The identities in (1) express the dilation phenomena, and con-

dition (2) is the minimality. Laca’s other main result shows that A
e
�α P can be

realised as a full corner of the ordinary crossed product B �β G; cf. [La, Theo-
rem 2.4].

Remark 1.1. A model for B is given as follows (see the proof of [La, Theorem 2.1]):
Take the direct limit over the directed set P of copies Ap of A for all p ∈ P with
connecting homomorphisms αp

r : Ap → Ar given by αp
r := αrp−1 when p ≤ r. Then

there is an action α∞ of G on A∞,α = lim−→P
{A;αp

r}r≤p such that (A∞,α, G, α∞)

and the embedding ι1 : Ae → A∞,α satisfy (1) and (2). Here e is the identity
element of P .

Let 1A denote the unit of A, let wp = iP (p) for p ∈ P and let ug, g ∈ G, be the
unitaries in the multiplier algebra of B �β G which implement β. The inclusion

ι : A ↪→ B induces an inclusion A
e
�αP ↪→ B�βG, also denoted ι, with the property

that

(3) ι(wp) = upι(1A)

for p ∈ P ; see [La, Theorem 2.4]. We note the following.

Lemma 1.2. The net (u∗
pι(1A)up)p∈P is an approximate unit in B.

Proof. This is an immediate consequence of the fact that u∗
p · up = β−1

p (·) for all p
in P and that

⋃
p∈P u∗

pι(A)up is dense in B by (2). �

Next we notice that we can form a new semigroup dynamical system with injec-

tive endomorphisms by letting φ be the action of P on A
e
�αP given by φp := Adwp

for p ∈ P . Moreover, let ψ be the action of G on B �β G given by ψg := Adug for
g in G.

The main thrust of this note is that the dilation of the new system (A
e
�α

P, P, φ) is the crossed product B �β G. This result was suggested by very recent
examples of actions arising in number-theoretic and purely algebraic contexts; see
[Cu2, Cu-Li1, Cu-Li2].

Theorem 1.3. The embedding ι : A
e
�α P ↪→ B �β G and the dynamical system

(B �β G,G, ψ) form the minimal automorphic dilation of (A
e
�α P, P, φ).

Proof. By [La, Theorem 2.1] we have to show the dilation phenomena and the
minimality. That ψp dilates φp for every p in P in the sense of (1) follows from (3).

To show that (B �β G,G, ψ) is minimal, we need to show that any y ∈ B �β G

can be approximated from
⋃

p∈P u∗
p(ι(A

e
�α P ))up. It suffices to prove this claim
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for y = bug for b in B and g in G because elements of this form span a dense subset
of B �β G. So fix b and g. By (2), we can find a net (ap)p∈P in A such that

(4) b = lim
p

u∗
pι(ap)up.

Since G = P−1P , we can find for all p in P elements qp and rp in P such that
q−1
p rp = pgp−1. Then upgp−1 = uq−1

p rp
= u∗

qpurp . Hence, using (3), we obtain

u∗
p(ι(apw

∗
qpwrp))up = u∗

pι(ap)ι(w
∗
qp)ι(wrp)up

= u∗
pι(ap)u

∗
qpurpι(1A)up

= u∗
pι(ap)upugu

∗
pι(1A)up.(5)

Lemma 1.2 and (4) imply that the term in (5) converges to bug. Hence bug can be

approximated from
⋃

p∈P u∗
p(ι(A

e
�α P ))up, as claimed. �

Remark 1.4. In other words, we have shown that the C∗-algebras

B �β G and lim−→
p∈P

{
A

e
�α P ;φp

}
are canonically isomorphic.

In the cases of interest for our applications the semigroup P has the form P =
H �η M , where M is a right-reversible Ore semigroup, H is a group and η :
M → End (H) an action of M by injective endomorphisms of H. Both H and
M can be embedded as subsemigroups in P via H 	 h 
→ (h, eM ) ∈ P and M 	
m 
→ (eH ,m) ∈ P , where eH and eM denote the identity elements in H and M ,
respectively. Since H is a group, the action α of P restricts to an action α|H
of H by automorphisms (as long as the identity element of P acts as the identity
homomorphism). It follows from our assumptions that P is again an Ore semigroup.
Let G be the enveloping group of P . The equality (−h, eM )(h,m) = (eH ,m) shows
that the semigroup M is a cofinal subset of P (i.e. for any (h,m) ∈ P there
is an element x ∈ M such that (h,m) ≤ x in the right-order on P ). Therefore
an inductive limit over P can be viewed as an inductive limit over M . Hence

Theorem 1.3 implies that the embedding ι : A
e
�α P ↪→ B �β G and the triple

(B�βG,M−1M,ψ|M−1M ) form the minimal automorphic dilation of the semigroup

dynamical system (A
e
�α P,M, φ|M ). With the notation of Remark 1.1,

(6) (A
e
�α P )∞,φ|M

∼= B �β G.

Remark 1.5. Note that in the case P = H �η M , the condition (2) expressing the
minimality of the minimal automorphic dilation (B,G, β) takes the following form:⋃

m∈M

β−1
(eH ,m)(ι(A)) is dense in B.

This follows from cofinality of M in P .

The motivating example is that of Z � N×, where the multiplicative semigroup
N× of nonzero natural numbers acts on Z by multiplication n 
→ kn for k ∈ N×

and n ∈ Z. It is easily seen that Z � N× is right-reversible. Note that already
N � N× is right-reversible, where N is the additive semigroup of natural numbers
with 0. But N× is not cofinal in N � N× for the right-order. However, N � N×

is not left-reversible, since for pairs (l, k), (n,m) ∈ N � N× such that n − l is not
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congruent to 0 mod gcd(k,m) we have (l, k)(N � N×) ∩ (n,m)(N � N×) = ∅; see
[La-Ra2, Proposition 2.2] (there it is shown that (Q�Q×

+,N�N×) is quasi-lattice
ordered with respect to its left-order).

2. Applications

2.1. The C∗-algebra QN. The first application concerns the C∗-algebra QN con-
structed in [Cu2]. Recall from [Cu2] that QN is the universal C∗-algebra generated
by isometries sm for m ∈ N× and a unitary u subject to the relations sksm = skm,
smu = umsm and

∑m−1
n=0 unsms∗mu−n = 1 for k,m ∈ N×. Let PN be the semidi-

rect product N � N× arising from the action of N× on N given by k · n = kn for
k ∈ N× and n ∈ N. (Note that this PN is the opposite semigroup of the semigroup
of matrices denoted by the same symbol in [Cu2].) The operation in PN is given by
(l, k)(n,m) = (l + kn, km) for (l, k), (n,m) ∈ PN.

Let em = sms∗m denote the range projection of sm for all m ∈ N×. It is shown
in [Cu2] that the C∗-algebra D generated by the projections unemu−n, where 0 ≤
n < m for all m ∈ N×, is commutative. The semigroup PN acts on D by α(n,m) :=
Ad (unsm). Let (iD, iP ) denote the universal covariant pair of the semigroup system
(D, PN, α). Let w(n,m) = iP (n,m) for n ∈ Z, m ∈ N×. It follows that the isometries

w(0,m) for m ∈ N× and the unitary w(1,1) satisfy the relations defining QN. By the

universal property of QN there is a homomorphism from QN to D
e
�α PN sending u

to w(1,1) and sm to w(0,m) for all m ∈ N×. The algebra D
e
�α PN is the closed span

of monomials of the form w∗
(l,k)iD(f)w(n,m) for f ∈ D, (l, k), (n,m) ∈ PN. Writing

w(n,m) = wn
(1,1)w(0,m) and using that D is generated by projections of the form

unemu−n show that D
e
�α PN is generated as a C∗-algebra by the elements w(1,1)

and w(0,m) for m ∈ N×. Simplicity of QN implies that the homomorphism defined
above is an isomorphism, i.e.

(7) QN
∼= D

e
�α PN.

This fact is implicit in [Cu2] and follows from taking R = Z in [Cu-Li1]; see Para-
graph 2.2.

Since u is a unitary, α extends to an action of Z�N× on D (also denoted by α).

Moreover, D
e
�α PN and D

e
�α (Z � N×) are canonically isomorphic. It is easy to

see that the (ax+ b)-group P+
Q = Q � Q×

+ is the enveloping group of Z � N×. By

Theorem 1.3 as formulated in (6), (D
e
�α PN)∞,φ|

N×
is isomorphic to D∞,α �β P+

Q .

It is proved in [Cu2] that D is isomorphic to C(Ẑ); the isomorphism sends

unemu−n to the characteristic function of the set n+mẐ; see [Cu-Li1]. Here Ẑ is
the profinite completion of the integers. Under this isomorphism the action α of PN

on D is transformed into the action of PN on C(Ẑ) given by affine transformations,

(8) αaff
(n,m)(f)(x) =

{
f(m−1(x− n)), if x ∈ n+mẐ,

0, otherwise.

It follows from [Cu2] and [Cu-Li1] that D∞,α is isomorphic to C0(Af ), where
Af is the finite adele ring over the rationals. The embedding of D into D∞,α is

the canonical embedding ι : C(Ẑ) → C0(Af ) obtained from cutting down with the

projection equal to the characteristic function of Ẑ. The action β of P+
Q extending
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αaff is the action by affine transformations on C0(Af ). Taking into account (7), we
have established that C0(Af ) �αaff P+

Q is isomorphic to the dilation of QN by the

endomorphisms x 
→ smxs∗m, m ∈ N×. This dilation is the algebra Q̄N from [Cu2],
and we have recovered [Cu2, Theorem 6.4].

2.2. C∗-algebras associated to integral domains. Similarly to the previous
example we now outline how to use Theorem 1.3 to recover [Cu-Li1, Theorem 2].

Recall the following from [Cu-Li1]: Suppose that R is an integral domain with
set of units strictly contained in R× = R \ {0} and such that for each m ∈ R×

the ideal (m) of R is of finite index in R. Then A[R] is the universal C∗-algebra
generated by isometries {sm | m ∈ R×} and unitaries {un | n ∈ R} subject to
a number of relations (in the case R = Z these are the relations defining QN).
The C∗-algebra D[R] := span{unemu−n | n ∈ R,m ∈ R×} is commutative and is

isomorphic to the algebra of continuous functions on the profinite completion R̂ of
R.

To apply Theorem 1.3 we need to start with a semigroup crossed product and
dilate it to obtain an ordinary group crossed product. Therefore we proceed in the
opposite direction as that pursued in [Cu-Li1] and start by identifying A[R] with a
semigroup crossed product. Indeed, let PR be the right-reversible semigroupR�R×,
where R× acts multiplicatively on the additive group R. Let α(l,k) := Ad (ulsk) for

(l, k) ∈ PR. Then α(l,k)(u
nemu−n) = ul+knekmu−(l+kn) for all (l, k), (n,m) ∈ PR,

and it follows that α is an action of PR by injective endomorphisms of D[R]. If
(iD, iP ) is the universal covariant pair of (D[R], PR, α), then iD(1) is the identity
element in the semigroup crossed product and each w(n,m) := iP (n,m) is an isom-
etry for (n,m) ∈ PR. It follows from our construction that the isometries w(0,m)

for m ∈ R× and the unitaries w(n,1) for n ∈ R satisfy the relations defining A[R].
Moreover, it follows as in Section 2.1 that w(n,1) and w(0,m) for n ∈ R and m ∈ R×

generate D[R]
e
�αPR. Then simplicity of A[R], established in [Cu-Li1], implies that

there is an isomorphism of A[R] onto D[R]
e
�α PR which carries sm to w(0,m) for

m ∈ R×.
The enveloping group of PR is PQ(R), the (ax+ b)-group over the quotient field

Q(R) of R. Theorem 1.3 implies that (D[R])∞,α �β PQ(R) is isomorphic to the

dilation (D[R]
e
�α PR)∞,φ|R× , and so there is an isomorphism

(9) (D[R])∞,α �β PQ(R)
∼= (A[R])∞,Ad |R× .

It was shown in [Cu-Li1] that (D[R])∞,α is isomorphic to C0(R), where R is the
generalised finite adele ring associated with R. The C∗-algebra (A[R])∞,Ad |R× is

the stabilisation A(R) from [Cu-Li1], and (9) recovers therefore the isomorphism of
A(R) with C0(R)� PQ(R). This is [Cu-Li1, Theorem 2].
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