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ABSTRACT. We prove that the classes of Dixmier and Connes-Dixmier traces
differ even on the Dixmier ideal M1 o,. We construct a Marcinkiewicz space
My, and a positive operator T' € M,, which is Connes-Dixmier measurable
but which is not Dixmier measurable.

1. INTRODUCTION AND PRELIMINARES

In [5] J. Dixmier proved that there exists a non-normal trace (a Dixmier trace)
on the non-commutative Marcinkiewicz spaces M., for every ¢ such that

(1.1) im LD _ g

t—o00 1/)(t)
In [4] A. Connes introduced a subclass of Dixmier traces, later termed in [9] Connes-
Dixmier traces. In this paper, we investigate the relationship between these two
classes and show that they differ even on the classical Dixmier ideal M o. Fur-
thermore, we prove that there is a Marcinkiewicz ideal M, with v satisfying (L))
such that these two classes of traces generate distinct sets of measurable elements
(see [ IV.2.5.Definition 7] and Definitions and [[4 below).

1.1. Generalized limits. Let [, be the Banach space of all bounded sequences
x = (zo,21,...) with the norm

l#ll1e = sup |zl
n>0

A normalized positive linear functional on [,, which equals the ordinary limit
on convergent sequences is called a generalized limit. For every n € N we define a
dilation operator o, : loo — ls as follows:

on(T0, 1, -.) = | Toye L0, T1ye v ey Ty -
—_— ——
n n
If a generalized limit w on [, satisfies the condition
w(opz) = w(x)

for every = € I and any n € N, then w is called a dilation invariant generalized
limit.
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Let Lo, = Ls(0,00) be the space of all real-valued bounded Lebesgue measur-
able functions on (0, c0) equipped with the norm

lz]|lL., = ess Sélp |z(t)].

A normalized positive linear functional on L., which equals the ordinary limit
on convergent (at infinity) sequences is called a generalized limit. For every x € L
and for any generalized limit v on Lo the following inequalities hold:

liminf 2(t) < y(x) < limsup z(¢).
t—o0 t—00

By the Hahn-Banach extension theorem, for every x € L., there exist generalized
limits 7 and ~» such that

(1.2) T (z) = 1138(313:6@), "2(z) = lim inf z(?).
We define a dilation operator o, : Lo, — Lo as follows:
(osz)(t) = z(t/s), s>0.
A generalized limit w on L. is said to be dilation invariant if
w(osx) = w(x)

for every = € Lo and any s > 0.
Let 7 be the isometric embedding 7 : I — Lo given by

oo
{zn}nlo ™ Z TnX(n,n+1]-

n=0
The following natural way to generate dilation invariant generalized limits was
suggested in [4, Section IV, 24]. A. Connes observed that for any generalized limit
~v on Ly, a functional w := yo M o is a dilation invariant generalized limit on [,.
Here, the bounded operator M : L., — L, is given by the formula
1 t ds
Mz)(t) .= — —.
(Mz)(t) = 177 1 z(s) —
Throughout the paper we denote by logt¢ the natural logarithm and by log, ¢ the
logarithm with base 2.

1.2. Marcinkiewicz spaces. Let B(H) be an algebra of all bounded linear oper-
ators on a separable Hilbert space H equipped with the uniform norm and let Tr
be the standard trace.

For every operator T € B(H) a generalized singular value function u(T) is
defined by the formula

w(t,T) =inf{||Tp| : pis a projection in B(H) with Tr(1 — p) < t}.

For a compact operator T, it can be proven that p(k, T') is the k-th largest eigenvalue
of an operator |T|, k > 0.

Since B(H) is an atomic von Neumann algebra and traces of all atoms are
equal to 1, it follows that u(7') is a step function and p(7T") = w(u(k,T)) for every
T € B(H).

Let Q denote the set of all concave functions ) : [0,00) — [0,00) such that
lim; 04 ¥ (t) = 0 and limy_, o0 9¥(t) = 00.
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Let 1 € Q. Consider the Banach ideal (My, || - ||a1,) of compact operators in
B(H) given by (see e.g. [2 [8,9])

>0 Y(1+n

1 n
My = {T T am,, = sup ot Zu(k:,T) < oo} .
" k=0
For f € L, we set

1 t
a(t, f) = —/ f(s)ds,
¥(t) Jo
where f* denotes the decreasing rearrangement of the function |f]|, that is,
f(@t) :=1inf{s > 0: meas({|f| > s}) < t}.

We define the Marcinkiewicz function space My of real-valued measurable func-
tions f on (0, 00) by setting

1fllaz, == supa(t, f) < oo.
t>0

For a compact operator we have T' € M, if and only if p(T') € My.
In the case when 9 (t) = log(1 + t) the space M, is a well-known Dixmier ideal
M oo

1.3. Singular traces on general Marcinkiewicz spaces. For an arbitrary di-
lation invariant generalized limit w on I, the weight

Tro(T) = w ({m;u(mﬂ} _O> , 0<T e M,

=0
extends to a non-normal trace (a Dixmier trace) on M o [0 4, 2]. We denote the
set of all Dixmier traces by D.

The subclass C C D of all Dixmier traces Tr,, defined by w = yo M om was termed
Connes-Dixmier traces in [9]. A priori, C C D and the question about the precise
relationship between these two classes arises naturally. Recently the distinction
between C and D was studied by A. Pietsch in terms of density characters (see [11]-
[13]). For the discussion of various classes of singular traces, we refer to [T}, 2], [10].

The first main result of the present paper (Theorem below) shows that the
inclusion C C D is proper. Our approach is completely different from that of
A. Pietsch and the proof provided here is much shorter.

It has become traditional to reduce various problems about Dixmier traces to
its commutative analogues.

For every dilation invariant generalized limit w on L., one can define a commu-
tative analogue of the Dixmier trace (a Dixmier functional on M ) as follows:

(1.3) To(f) =wla(t, f)), 0< f e Mo

and extend it to M o by linearity.
It was shown in [7, [§] that, for a general Marcinkiewicz space M., the following
conditions are equivalent:

(i) The space M, admits non-trivial Dixmier traces.
(ii) The function 1 € Q satisfies the condition

(1.4) lim inf
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(iii) There exists a dilation invariant limit w on I, such that

(22)-

It was also proven in [8, Proposition 9, Theorem 11] that for ¥ € Q satisfy-
ing (4], the weight

1 n
Tr,(T) = w ({m kzzou(k;, T)}

extends to a Dixmier trace on My, if and only if a dilation invariant generalized
limit w on I satisfies (L3).

Similarly to the definition of Connes-Dixmier traces on M o, for every ¢ €
satisfing (L4)) and any dilation invariant limit w = vy o M o7 on I, satisfying (L5
we can define a Connes-Dixmier trace Tr,, on M,,.

Similarly to (L3]), we define Dixmier and Connes-Dixmier functionals 7, for
every dilation invariant generalized limit w on L., satisfying

2t

(1.6) w <M) =1

¥(t)
Remark 1.1. By [16, Theorem 14, Corollary 15] and [8, Theorem 11] we know that
for every Dixmier trace Tr,, on M,y (w: is a dilation invariant generalized limit
on ls) there exists a Dixmier functional 7, on My (w2 is a dilation invariant
generalized limit on Lo, ) such that

Try, (T) = T, (W(T)), 0<T € My.

The converse implication also holds.

o0

>, 0<T e My,

n=0

The following lemma was borrowed from [§, Proposition 9].

Lemma 1.2. Let ¢ € Q satisfy (L4) and let w be a dilation invariant generalized
limit on Lo satisfying (L6). For every f € My, we have

()

Proof. Since w is a dilation invariant generalized limit,

(s o) ol [ o0

Since w satisfies (L6, it follows from [8, Proposition 4] that

Hence,

and, furthermore,
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Again, applying dilation invariance of w, we have
tfr(t
w ( ™ )) =0. (I
¥(t)

1.4. Measurability. The following definitions were motivated by A. Connes [4]
IV.2.3.Definition 7] (see also [9, Definition 3.2]) in the case when ¢ (t) = log(1 +¢).

Definition 1.3. Let ¢ € Q satisfy (I4)). An operator T' € M, is called Dixmier
measurable if Tr,, (T) takes the same value for all Tr,, € D.

Definition 1.4. Let ¢ € Q satisfy (I4)). An operator T € M, is called Connes-
Dixmier measurable if Tr,,(7) takes the same value for all Tr,, € C.

Theorem 1.5 (Corollary 3.9 from [9]). If ¢ € Q satisfying [LA) is such that

(1.8) t-%log (v(eh) < C

for some C > 0 and for allt > 0, then for a positive operator T' € M, the following
statements are equivalent:

(i) T is Dizmier measurable.

(1) T is Connes-Dizxmier measurable.

(iii) There exists

(1.9) lim —— > u(k,T).

It is easy to check that the function v (¢t) = log(1+t) satisfies the condition (LJ).
Notwithstanding the difference between the sets of Dixmier and Connes-Dixmier
traces, a positive operator T' € M o, is Connes-Dixmier measurable if and only if
it is Dixmier measurable.

This result naturally raises the question, whether for an arbitrary function ¢ € Q
satisfying (L4)) the Connes-Dixmier measurability is equivalent to Dixmier measur-
ability on the cone of all positive elements from M. Our second main result
(Theorem B4 below) shows that the answer is (surprisingly) negative.

An example of the function ¢ € Q satisfying (I4) but failing the equivalence
(i) & (iil) was constructed in [6l Theorem 4.6]. However, if ¢ €  satisfies (L)),
then Theorem B3] below shows that the equivalence (i) < (iii) holds independently
of the condition (LS.

2. THE CLASSES OF DIXMIER AND CONNES-DIXMIER TRACES ARE DISTINCT

Denote by M?p the separable part of the space My, that is, the closure in My,
of the set of all finite-dimensional operators from B(H). The following lemma was
proven in [9, Theorems 2.8 and 5.12] (see also [2] Theorems 7.3 and 7.4]).

Lemma 2.1. If ¢ € Q satisfies (L)), then

(2.1) dist(T, M%) = sup Tr,(T), 0<T e My.
Tr, €D
If ¢ satisfies (L)), then there exists ¢ > 1 such that
(2.2) sup Tr,(T) < dist(T, M?p) <c- sup Tr,(T), 0<T e My.

Tr,€C Tr,€C
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In view of the difference between (2] and (2.2]), the following question arises
naturally: “Is the constant ¢ in ([22)) necessarily strictly greater than 1?7 The fol-
lowing theorem shows that the inclusion C C D is proper and answers this question
in the affirmative.

Theorem 2.2. There ezists a positive operator Ty € M o such that

sup Tr,(Tp) > sup Tr,(Tp).
Tr,ED Tr,e€C

Proof. Let Ty be such that

k—2k
#To) = Sup 2777 X g ot

We set fo = pu(Tp). By Lemma [ZT], we have

sup Tr,(Tp) = dist(T,M%)
Tr,€D

= limsup a(t, fo).

t—o0

By ([2), we have

sup Tr, (Tp) = limsup(Ma(-, fo))(¢).
Tr, €C t—o0

So, it is sufficient to prove that

limsup a(t, fo) > limsup(Maf(-, fo))(t).

t—o0 t—o0

Clearly, fo = fi. For every 22" <t < 22" we have

2"‘"
_ 92"
a(t, fo) = Tog(1+1) 1+t ( s)ds + (t )fo(ﬂ)
22"

(2.3) 2k=2"4s 1t fo(t) + O(1

log1+t 221@1 s+ tfo(H) +00)

2n+1 f

1).

~ logt + log(1 + ) o)

It is easy to check that fy € M o and, hence, Ty € M; .

By Lemma [[L2 v o M (lsg(gﬁ)t)) = 0 for every generalized limit v on L., and,

appealing to ([[.2)), we conclude that

(2.4) tlg(r}loM <%) (t) =0, forevery f € M .

Define the function = € L, by setting

n

Z 1()th[22" 227z+1)(t) t> 0.
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Hence, we obtain from (2.3]) and (2.4,
lim sup(Ma(-, fo))(t) = 2lim sup(Mx)(t).

t—o0 t—o0

For 22" <t < 22n+1, we have

Kt
dlog s b dlogs

Mz) + 2" o(1

(Mz) logt kz /2 log s /22n log s +0()

Since

= +C,

/ dlogs logy(logy s) — logs(log, €)
log s log,y e

it follows that

log2 [
(Mz)(t) lozt <Z 28 4 2" (log, (log, t) — n)) +0(1)
k=0
2" log 2
= 2182 (14 tog, 1o 1) — ) + ol1).

The function

2™ log 2 n_ontl
git— logf (1+logy(logy ) —n), te[22,2")

has extrema at
) —1+n n n+1
,L_22“=’2 €[2?2",2""), neN.

We have g(t,) = for every n € N. Since ¢(22") = 1 for every n € N and since

elog2
g is continuous on (1, 00), it follows that limsup,_, . g(t) = elog2 and
4
1?;801.}13( a(-, fo))(t) = lirj’)gp( z)(t) = elog?2’

By the definition we have f5(22") = 27+1=2""" and so, from (Z3), we obtain

limsup a(t, fo) > limsup a(22n,f0)

t—o0 n—00
on+1 22" f0(22")
= . 1'
log 2 P (log2 22" + log, 22" )

1 22ﬂ,2n+172n+1
= slimsup 24+ —

10g2 n—o0o 2n
2
~ log?2
4
= elog?2
= limsup(Ma(-, fo))(%). =

t—o0
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3. THE CLASSES OF DIXMIER AND CONNES-DIXMIER
MEASURABLE ELEMENTS ARE DISTINCT

The following lemma is taken from [I5] (see Theorem 18 or [I4, Theorem 6.1.3]).

Lemma 3.1. Let x € Lo such that x o exp is uniformly continuous. The equality
w(x) = A holds for every dilation invariant generalized limit w on Lo, if and only
if
I d
im — m(as)—s =A
t—oo logt /g s

uniformly in a > 1.

Corollary 3.2. Let ¢ € Q satisfy (L4). Let f € My and let A be a real number.
The equality 7,,(f) = A holds for every Dizmier functional 7, if and only if
I d
m — [ a(as, )=

i =A
t—oo logt Jy

uniformly in a > 1.

Proof. The mapping ¢t — a(et, f) is uniformly continuous since

d d( 1
2= “(s)d

dt <¢<et> /0 ) S) |

a1 -

_et1//((3t) 1 ¢ “(8) ds e'f*(e')
el ARAOLE e
< 2],

O

The following theorem strengthens the result from [9) Corollary 3.9] in the case
when ¢ € Q satisfies (L)).

Theorem 3.3. Let ¢ € Q satisfy (LI)). A positive operator T € My, is Dizmier
measurable if and only if there exists a limit in (L9).

Proof. Suppose that T € M, is a Dixmier measurable positive operator; that is,
Tr,(T) = A for every Dixmier trace Tr,, on M,. According to Remark [T, we
have 7,(u(T)) = A for every Dixmier functional 7, on My. Denote, for brevity,
f:=p(T). By Corollary we have

t

. 1 ds
(3.1) tgrgo Togt /. a(as,f)? =A

uniformly in a > 1.
Using the pinching theorem one can show that the assumption (I.I]) implies that

lim YY)
So, for any N > 0 one can find tg = to(V) such that for every t > ¢, we have

b(t) 1
vy 2T

=1 for every N > 0.

(3.2)
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By the definition of a limit superior, there exists a > ty such that
1
(3.3) ala, f) > (1 — —) lim sup a(t, f).
N t—o00
Using [32) and [3.3]), we have

a(s f)

Y

f()

w N) Jo
R

IV

t—o0

for every s € [o, alN].
Hence,

Lo [ atas )% - 1= Y tmeupats )
log N J, nas, Jg logN N 1&151)& e

Letting N — oo and applying (BII), we obtain
A > limsupa(t, f).

t—o00

Similarly one can prove that
A <liminfa(t, f)
t—o0
and, therefore,
Jm a(t, f) = A
The converse implication is trivial. O

Let us consider the Marcinkiewicz space My, with ¢ (t) = 2VIee20+8) _ 1 Tt is
easy to see that ¢ € (2 satisfies (ILT]). Hence, M, admits non-trivial Dixmier traces.

A direct computation shows that 1(t) = 2V!°8204%) _ 1 does not satisfy (L8).
The following theorem provides an example of a positive operator Ty € My,
which is Connes-Dixmier measurable; however, it is not Dixmier measurable.

Theorem 3.4. Let 1)(t) = 2V1°82048) _ 1 There eists a positive Connes-Dizmier
measurable operator Ty € My, such that the limit in (LI) does not exist.

Proof. Let Ty be such that

(TO) - Sup2 X[012k2)-
k>0

We set fo := u(Tp). We obtain for every m* <t < 2HD)?)
(t, fo) = — / F(s)ds + (¢ — 27 fo(t)
a(t, = —— s)ds —
AT WA ’

(3.4) Z/ 26—k g5 4 t£2(1) + O(1)
2(k=1)2

A1)
B oV logyt Y(t)

+ o(1).
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It is easy to see that a(-, fo) is uniformly bounded and, so, fo € My. Hence,
Ty € Md)'

By Lemma [[.2] for every dilation invariant generalized limit w on L, that sat-
isfies (LG we have

(3.5) w (ti*(g)) =0 forevery fe& M,y.

Denote by
o0
_ Z N1 /logy tX[2n2 72(n+1)2)(t)-
=0

We conclude from [B4) and B3] that 7, (f) = 2-w(z) for every dilation invariant
generalized limit w on Lo, satisfying (L6)).
For every o’ <t < 2(”‘“)2, we have

(Mz)(t) 1ogt 2/2

o(k+1)2

t
qu/logzsé +/ 2n71/log25§
S on? S

Since
d 1
it s )

and

: 2(n+1)2

/ 2n—,/log25§ < / 271—\/10525@ =n-+ L :o(logt),

n2 S n2 S log

we have

n—1
(Mz)(t) = logt (Z 2k (2—’f Yk+1+ @) — 2Rk + @))) +o(1)

2 k
== N 24001
logt];)2+o()

- 2log 2 +o(l).

Hence, lim;_, o (Mz)(t) = @ and, therefore, 7,(f) = 10g2 for every Connes-
Dixmier functional 7,. Consequently, Tj is a Connes-Dixmier measurable operator.
However, direct computation shows that

lim sup a(t, fo) > hm a(2 "2af0) =2

t—o0
and

liminf a(t, fo) < lim a(g(n+1/2)2,f0) — 2.
t—o0 n—00

We conclude that a(-, fo) has no limit at infinity and, so, a limit in (L.9]) does not
exist. O
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