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Abstract. We study the Laplace spectra of the intrinsic instantaneous met-
rics on the event and cosmological horizons of a Kerr-Newman-de Sitter space-
time and prove that the spectral data from these horizons uniquely determine
the metric among all such space-times. This is accomplished by exhibiting
formulae relating the parameters of the space-time metric to the traces of in-
variant and equivariant Green’s operators associated with these Laplacians.
In particular, an interesting explicit formula for the cosmological constant is
found.

1. Introduction

The Kerr-Newman-de Sitter metric exhibits four horizons. Three of these have
the following physical interpretations: a Cauchy (inner) horizon, a black-hole event
horizon, and a cosmological horizon. In this paper, we study the event and cosmo-
logical horizons.

The space-time metric induces on each of these horizons an S1-invariant Rie-
mannian metric which we call intrinsic instantaneous metrics. Each of these met-
rics’ Green’s operators yield S1-invariant and k-equivariant trace formulae. In [4]
we proved, for the case of a single horizon in the Kerr metric, that the two trace
formulae uniquely determine the two parameters of this space-time. In the present
paper there are four parameters which must be determined: the total mass, angular
momentum per unit mass, charge, and cosmological constant. The two horizons
each provide two distinct types of trace formulae constituting a non-linear system
of four equations in the parameters which is then shown to have a unique solution.
Each of the parameters is given semi-explicitly in terms of the spectrum, but in the
case of the cosmological constant we are, in fact, able to find an explicit formula.

2. Background

The Kerr-Newman-de Sitter family of metrics are stationary, axisymmetric so-
lutions of the source-free (vacuum) Einstein equations:

Rμν − 1

2
gμνR+ Λgμν = 0
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with positive cosmological constant Λ. These solutions produce models of space-
times depending on Λ as well as three other parameters which determine the mass,
angular momentum, and charge. As indicated by the name, these metrics generalize
some of the previously discovered solutions including the Kerr solution which, itself,
is a generalization of the Schwarzschild solution.

The cosmological constant term in the field equations was proposed by Einstein in
order to allow the possibility of a static spatially closed universe on the cosmological
scale. But Hubble’s observations in 1929 suggested that the universe was expanding
(i.e. not static), and so the cosmological constant was removed. It made a come-
back in 1968 when (we believe it was) Zel’dovich (see [2] or [20]) realized it was
equivalent to the vacuum energy density,

(2.1) ρvac =
Λ

8π
,

in suitable units. More recently, the discovery of cosmic acceleration in 1998 ([13]
and [14]) and the concept of dark energy have suggested the re-introduction of a
cosmological constant into the theory.

From a geometric point of view, the most interesting consequence of the pres-
ence of a positive Λ is the existence of, in addition to the event horizon, a second
cosmological horizon. For these models one can think of the horizons as certain,
naturally defined, two-dimensional null slices of the space-time which turn out to
be Riemannian manifolds, diffeomorphic to S2, whose rotation invariant metrics
are induced from the space-time metric (see [9]). There is little harm in viewing
them as two surfaces of revolution (although they may not isometrically embed in
euclidean space).

As we will see in the next section, one can define a type of radial coordinate on the
space-time, a specific, large value of which corresponds to the cosmological horizon.
In astronomical terms, this might represent an “outer” boundary of the observable
universe. The event horizon will then be located at another specific, but much
smaller, value of this coordinate, which might be interpreted as the boundary of a
black hole formed from a gravitationally collapsed star or maybe a super massive
black hole.

Our previous work ([5] and [6]) developed two types of trace formulae for each of
the invariant and equivariant spectra of surfaces of revolution, and these were found
in [4] to uniquely determine the mass and angular momentum parameters of Kerr
metrics. As a bonus, thanks to a uniqueness theorem of Robinson ([15]), all non-
charged stationary axially symmetric asymptotically flat vacuum space-times with
a regular event-horizon are determined by these surface eigenvalues. On the other
hand, this spectral data is not sufficient to also specify the charge for Kerr-Newman
metrics. In this paper, although to our knowledge there is no similar uniqueness
theorem for Λ > 0, at least we are able to determine all of the parameters due to
the presence of twice as many trace formulae.

3. The metric

Explicit expressions for Kerr-Newman-de Sitter metrics can, of course, be found
in many references (see, for example, [10]). They are given by
(3.1)

ds2 = − Δr

χ2ρ2
(dt− a sin2 θdφ)2 +

Δθ sin
2 θ

χ2ρ2
[
adt− (r2 + a2)dφ

]2
+ρ2

(
dr2

Δr
+

dθ2

Δθ

)
,
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where Δθ = 1+ 1
3Λa

2 cos2 θ, χ = 1+ 1
3Λa

2, Δr = (r2 + a2)(1− 1
3Λr

2)− 2mr +Q2

and ρ = r2 + a2 cos2 θ. The parameters (m, a,Q,Λ) (all of which, unless otherwise
stated, we assume to be positive) represent, respectively, the total mass, angular
momentum per unit mass, the charge, and the cosmological constant.

In general, of course, the equation Δr = 0 has four roots. Here we are only
interested in two positive real roots, denoted by re and rc, which correspond to the
event and cosmological horizons respectively. We assume, of course, that re < rc.

Let r0 denote either re or rc. To obtain the intrinsic instantaneous metrics on
these surfaces we pull back the space-time metric (3.1) to the surface defined by
r = r0 (so that dr = 0) and dt = 0 to obtain two-dimensional Riemannian metrics
on each of the event and cosmological horizons. Both take the form

(3.2) ds2 =
ρ2

Δθ
dθ2 +

Δθ(r
2
0 + a2)2

χ2ρ2
sin2 θdφ2.

Following the notation of [16], we define the scale parameter by η =
√
r20 + a2

and the distortion parameter by β = a√
r20+a2

. We also define a new parameter:

(3.3) ξ =
Λa2

3

1 + Λa2

3

.

With the change of variable x = − cos θ one finds that the horizon metric is

(3.4) ds2r0 = η2(1− ξ)

(
1

f(x)
dx2 + f(x)dφ2

)
,

where (x, φ) ∈ (−1, 1)× [0, 2π) and

(3.5) f(x) =
1− ξ(1− x2)

1− β2(1− x2)
(1− x2).

The area of this metric is A = 4πη2(1 − ξ) (see [3]). It is well known that the
Gauss curvature of such a metric takes the form K(x) = −f ′′(x)/(2η2(1 − ξ)) so
that in this case from (3.5) the curvature is

(3.6) K(x) =
1

η2(1− ξ)

[
ξ

β2
+

(
1− ξ

β2

)
1− β2(1 + 3x2)

(1− β2(1− x2))3

]
.

The special case β2 = ξ gives a constant curvature metric on a horizon but yields
only one horizon corresponding to a positive solution of Δr = 0.

4. Spectrum of S1
invariant metrics on S2

In this section, for the purpose of making the discussion self-contained, we re-
produce some of the first author’s previous work on the properties of the spectrum
of the Laplace operator for S1-invariant metrics on S2. This section is similar in
content to the summary found in section III of [4], and detailed discussions can be
found in [5], [6], [7], and [19].

Let (x1, x2, · · · , xn) be the coordinate functions on a chart of a Riemannian man-
ifold with metric (gij). We recall that the the Laplacian, in these local coordinates,
is given by

Δg = − 1
√
g

∂

∂xi

(
√
ggij

∂

∂xj

)
.
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Here we study metrics of the form

(4.1) dl2 =
1

f(x)
dx2 + f(x)dφ2,

where (x, φ) ∈ (−1, 1)× [0, 2π) and f(x) satisfies f(−1) = 0 = f(1) and f ′(−1) =
2 = −f ′(1). The coordinates (x, φ) are sometimes called action-angle coordinates.

The Gauss curvature in these coordinates is given by K(x) = (−1/2)f
′′
(x), the

area of the metric is 4π, and the canonical (i.e. constant curvature 1) metric is
obtained by setting f(x) = 1− x2.

The Laplacian, in action-angle coordinates, for the metric (4.1) is given by

Δdl2 = − ∂

∂x

(
f(x)

∂

∂x

)
− 1

f(x)

∂2

∂φ2
.

For any eigenvalue λ of −Δdl2 we denote by Eλ and dimEλ the eigenspace for λ
and its multiplicity (degeneracy) respectively. We will use the symbol λm to denote
the mth distinct eigenvalue, and we adopt the indexing convention λ0 = 0. Since
S1 (parametrized here by 0 ≤ φ < 2π) acts on (M, g) by isometries, we can separate
variables, and because dimEλm

≤ 2m + 1 (see [7] for the proof), the orthogonal
decomposition of Eλm

has the special form

Eλm
=

k=m⊕
k=−m

eikφWk,

in which Wk(= W−k) is the “eigenspace” (it might contain only 0) of the ordinary
differential operator

Lk = − d

dx

(
f(x)

d

dx

)
+

k2

f(x)

with suitable boundary conditions. It should be observed that dimWk ≤ 1, a value
of zero for this dimension occurring when λm is not in the spectrum of Lk.

The discrete set of positive eigenvalues is given by Spec(dl2) =
⋃

k∈Z
SpecLk,

and consequently the non-zero part of the spectrum of −Δ can be studied via the
spectra SpecLk = {0 < λ1

k < λ2
k < · · · < λj

k < · · · }∀k ∈ Z. The eigenvalues λj
0

in the case k = 0 above (which, in fact, correspond to 1-form eigenvalues in order
to avoid the zero eigenvalue) are called the S1-invariant eigenvalues since their
eigenfunctions are invariant under the action of the S1 isometry group. If k �= 0
the eigenvalues are called k equivariant or simply of type k �= 0. Each Lk has a
Green’s operator, Γk : (H0(M))⊥ → L2(M), whose spectrum is {1/λj

k}∞j=1 and
whose trace is defined by

(4.2) γk(dl
2) ≡

∞∑
j=1

1

λj
k

.

The formulas of present interest were derived in [5] and [6] and are given by

(4.3) γ0(dl
2) =

1

2

∫ 1

−1

1− x2

f(x)
dx

and

(4.4) γk(dl
2) =

1

|k| if k �= 0.
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5. Spectral determination of the space-time

In case f(x) is given by (3.5), the metric (3.4) is related to (4.1) via the homothety
ds2r0 = η2(1− ξ)dl2, and it is well known that

λ ∈ Spec(dl2) if and only if
λ

η2(1− ξ)
∈ Spec(η2(1− ξ)dl2)

so that, after an elementary integration and some algebra, the trace formulae (ob-
tained by multiplying (4.3) and (4.4) by η2(1− ξ)) for either horizon take the form

(5.1) γ0(η
2(1− ξ)dl2) = η2

⎡
⎢⎣1− β2 +

(
ξ − β2

)
(√

1−ξ
ξ arctan

√
ξ

1−ξ

)
− 1

ξ

⎤
⎥⎦

and

(5.2) γk(η
2(1− ξ)dl2) =

η2(1− ξ)

|k| ∀k �= 0.

For the remainder of the paper we will suppress the dependence of γk on the metric.
An immediate consequence of (5.2) is that the area of the metric (as is the case

in [4]) has a representation for each k ∈ N given by

(5.3) A = 4πkγk.

Defining

(5.4) g(ξ) =

(√
1−ξ
ξ arctan

√
ξ

1−ξ

)
− 1

ξ

brings equation (5.1) into the form

(5.5) γ0 = η2
[
1− β2 +

(
ξ − β2

)
g(ξ)

]
.

One now has, for each of the two physical horizons r = re and r = rc, corre-
sponding triples of parameters and traces, denoted by (ηe, βe, γ

e
k) and (ηc, βc, γ

c
k)

respectively, each of which must satisfy a non-linear system (5.2), (5.5).
We can now prove:

Theorem 5.1. If a �= 0, Λ > 0, and rc �= re, then

(5.6) Λ =
3(γe

0 − γe
1 + γc

1 − γc
0)

γc
1γ

e
0 − γe

1γ
c
0

.

Proof. The proof is elementary and is accomplished by simply combining the ex-
pressions for the traces consisting of (5.2) (with k = 1) and (5.5) for both horizons
and using the definitions of the parameters found in section 3. �

Encouraged by this result, one might hope that the other parameters are also
spectrally determined, and indeed this is the case. This implies:

Theorem 5.2. A metric in the 4-parameter family of all Kerr-Newman-de Sitter
space-times is uniquely determined by the union of the spectra of its cosmological
and event horizons.
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Proof. After defining

(5.7) h(ξ) =
1 + ξg(ξ)

1− ξ
,

the pair of equations (5.2) and (5.5) for each horizon yields

(5.8) h(ξ) =
γe
0 − γc

0

γe
1 − γc

1

.

Once it is verified that the function h is invertible, we obtain

(5.9) ξ = h−1

(
γe
0 − γc

0

γe
1 − γc

1

)
.

From the definition (3.3), the angular momentum parameter is given by

(5.10) a2 =
h−1

(
γe
0−γc

0

γe
1−γc

1

)

1− h−1
(

γe
0−γc

0

γe
1−γc

1

) · γc
1γ

e
0 − γe

1γ
c
0

(γe
0 − γe

1 + γc
1 − γc

0)
.

From (5.2) (k = 1), (5.9), and (5.10) one can solve for re and rc respectively.
The resulting equations are

(5.11) r2e,c =
γe,c
1

1− h−1
(

γe
0−γc

0

γe
1−γc

1

) −
h−1

(
γe
0−γc

0

γe
1−γc

1

)

1− h−1
(

γe
0−γc

0

γe
1−γc

1

) · γc
1γ

e
0 − γe

1γ
c
0

(γe
0 − γe

1 + γc
1 − γc

0)
,

and we have Λ, a2, re and rc in terms of the traces. Finally, after substituting
these (distinct) values of r into the equation Δr = 0, a non-singular linear system
in the variables m and Q2 is obtained and, therefore, m and Q2 are uniquely
determined. �

6. Comments

In this paper, as in [4], we have studied the spectra of the Laplacians on the
pullbacks of Kerr-Newman (de Sitter) metrics to their horizons. To our knowledge,
these are the only papers on the subject. On the other hand, the spectrum as-
sociated with the wave equation defined on the four-dimensional space-time (the
Teukolsky master equation) has received quite a bit of attention (see [1], [9], [11],
[18], [12], and [17] among many others). Separation of variables for the Teukol-
sky equation yields (in general complex) quasinormal mode frequencies for scalar,
electromagnetic, and gravitational radiation of black holes, and, notably, [11] and
[17] study the case with a non-zero cosmological constant. One can consider these
to be characteristic sounds of the black hole space-time and are observable, in an
astrophysical sense, as the ringdown of gravitational waves. In the Λ = 0 case, the
angular operator (and respectively its separation constants) coming from separation
of variables in the Teukolsky equation is similar to the Laplacian (and respectively
its eigenvalues) on the event horizon in the sense that, for scalar fields, they both
reduce to the Laplacian (and corresponding eigenvalues) on the constant curvature
S2 for the Schwarzschild (a = 0) case. For Λ > 0 the differences between the
quasinormal modes spectrum and the Laplace spectra become more pronounced.
Perhaps some insight into the physical interpretation of the horizon spectra will
come from combining equations (2.1) and (5.6) and trying to understand the in-
dividual frequencies by comparison with a sum over all quantum fields (quarks,



HORIZON SPECTRUM 3311

leptons, gauge fields, etc.) expression for the vacuum energy found in [8]. Such
calculations are, however, fraught with many difficulties and are outside our area
of expertise, so we will not attempt them here.

In conclusion, although a physical interpretation of the Laplace spectra of the
two horizons is difficult to come by, they clearly play an important role in the
geometry of the space-time manifold.
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