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ON THE JULIA SET OF KÖNIG’S
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Abstract. As is well known, the Julia set of Newton’s method applied to
complex polynomials is connected. The family of König’s root–finding algo-
rithms is a natural generalization of Newton’s method. We show that the
Julia set of König’s root–finding algorithms of order σ ≥ 3 applied to complex
polynomials is not always connected.

1. Introduction and statement of results

Let Nf be the classical Newton iterative root–finding algorithm or, in other
words, Nf = Id − f/f ′ , where f is a degree d complex polynomial. In [3],
J. Hubbard, D. Schleicher and S. Sutherland show that if f is a complex poly-
nomial of degree d, then there is a finite set Sd depending only on d such that,
given any root α of f , there exists at least one point in Sd converging under it-
erations of Nf to α. This solves the ancient problem: Find all of the roots of a
complex polynomial.

By a root–finding algorithm or root–finding method we mean a rational map
Tf : Polyd → Ratk such that the roots of the polynomial map f are attracting
fixed points of Tf . We say that a root–finding algorithm Tf has order σ if the local
degree of Tf at each simple root of f is σ.

In order to construct the set Sd, it is essential that the immediate basins of attrac-
tion of Newton’s method be simply connected. This fact is shown by F. Przytycki in
[6]. He shows that if α is an attracting fixed point for Newton’s method Nf , and if
U is the immediate basin of attraction of α, then U is simply connected. A stronger
result due to M. Shishikura establishes that the Julia set of Newton’s method of
a complex polynomial is connected. (See [10].) The case of polynomials of degree
three has been studied by H. Meier in [5] and by L. Tan in [11]. Przytycki’s result
has been extended to entire holomorphic maps by S. Mayer and D. Schleicher in
[4]. Combining the previous results with the Riemann Mapping Theorem we ob-
tain a conformal isomorphism between the unit disk and the immediate basin of
attraction of Newton’s method, which gives a source of geometric information.
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A natural question is whether Hubbard, Schleicher and Sutherland’s results of
[3] also hold for root–finding algorithms of higher order than Newton’s method.

This paper deals with the preceding question. In particular, we focus on König’s
root–finding algorithm, which may be thought of as an arbitrarily high order gen-
eralization of Newton’s method. Indeed, when the order σ = 2, König’s method is
the classical Newton’s method. The well known Halley’s method is obtained when
σ = 3 (see [8]). A geometric interpretation of Halley’s method is as follows. We
may naturally approximate f at z0 by the unique automorphism of the Riemann
sphere whose 2-jet agrees with that of f , and define z1 as the unique zero of this
automorphism.

Our main result is the following.

Theorem 1.1. For all order σ ≥ 3, there exists a complex polynomial p such that
the Julia set of König’s method applied to this polynomial is not connected.

Thus, Przytycki’s and Shishikura’s results are, in general, no longer true for
König’s method when σ ≥ 3. Consequently, our result establishes restrictions for
extending the main result of [3] to higher order root–finding algorithms.

We remark that the proof of Theorem 1.1 hardly involves iteration. It is actually
a constructive example based mainly on the geometry of the map z+1/z. The proof
outline proceeds as follows:

Outline of Proof of Theorem 1.1. We denote by Kh,σ König’s method (2.1) applied
to an arbitrary function h, and we consider a disk C1 ⊂ C containing the unit circle
S1. For each σ ≥ 3 we can construct an analytic function fσ on C1 so that Kfσ,σ

has a pole at the origin and maps S1 onto a segment Iσ. This situation is illustrated
in Figure 1. Now we consider a quadratic polynomial gσ and we show that there
exists a domain C2 ⊂ C which contains Iσ, is disjoint from C1, and is contained in
the basin of attraction of a fixed point of the map Kgσ,σ.

Figure 1. The geometry of Kfσ,σ.

Now according to Mergelyan’s theorem, there exists a polynomial p close to both
fσ on C1 and gσ on C2. The most technical part of the proof is to check that the
assertions of the previous paragraph remain true for this polynomial. Once this
is done, we see that S1 is contained in the Fatou set of Kp, σ and also that there
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exists a preimage of infinity b under the map Kp, σ which is in the interior of the
unit disk. Since the Julia set of Kp, σ contains infinity, we conclude that b is also
in this Julia set. It follows that the Julia set of Kp, σ is disconnected.

In the next section we introduce the König root–finding algorithm and present
some preliminary results. The detailed proof of Theorem 1.1 is in section 3.

2. König’s root–finding algorithms

We first establish definitions and basic properties.

Definition 2.1. Let f : C → C be a meromorphic map and let σ ≥ 2 be an integer.
König’s method of order σ associated to f is the rational map Kf, σ : C → C defined
by

(2.1) Kf,σ = Id+ (σ − 1)
(1/f)[σ−2]

(1/f)[σ−1]
,

where (1/f)[k] is the kth derivative of 1/f .

Proposition 2.2 ([2]). Let f : U → C be a meromorphic map on a domain U ⊂ C.
We denote its zeros by αi and their multiplicities by ni ≥ 1. Then for any integer
σ ≥ 2, the fixed points of König’s method Kf, σ : C → C are either (super)attracting
or repelling. We have:

(1) The (super)attracting fixed points are exactly the zeros αi, and their corre-
sponding multipliers are 1 − (σ − 1)/(ni + σ − 2). When ni = 1, the local
degree of Kf, σ at αi is exactly σ.

(2) The extraneous fixed points of Kf, σ are exactly the zeros of (1/f)[σ−2]. If

βj is a zero of (1/f)[σ−2] with multiplicity mj, then it is a repelling fixed
point of Kf, σ with multiplier 1 + (σ − 1)/mj.

(3) König’s method has a repelling fixed point at ∞ with multiplier 1+
[(σ − 1)/(d− 1)].

We next record a useful result about spherical convergence which we will use to
prove Lemma 2.4 below. For a proof the reader can consult, for example, [9].

Proposition 2.3. Let {hn} be a sequence of meromorphic functions on a domain
U ⊂ C. Then hn converges to h for the spherical metric on compact subsets of U
if and only if about each point z0 ∈ U there is a closed disk D(z0, r) with center z0
and radius r > 0 such that either:

(1) |hn − h| → 0 or

(2) | 1
hn

− 1

h
| → 0

on D(z0, r), uniformly as n → ∞.

The following result has been proved in [2] under a more stringent hypothesis.

Lemma 2.4. Let {fn}n∈N be a sequence of polynomials converging uniformly to an
analytic function f on an open set U ⊂ C. Suppose that f has only simple zeros
and that Kf, σ is meromorphic in U . Then the sequence of rational maps Kfn, σ

converges uniformly to Kf, σ on every compact subset of U for the spherical metric

on C.
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Proof. We first recall the construction of König’s method given by N. Argiropoulos,
V. Drakopoulos and A. Böhm in [1]. Define h1(z) = 1 and, inductively,(

h1(z)

f(z)

)′
=

h′
1(z)f(z)− h1f

′(z)

[f(z)]2
=

h2(z)

[f(z)]2
,

(
h2(z)

[f(z)]2

)′
=

h′
2(z)f(z)− 2h2f

′(z)

[f(z)]3
=

h3(z)

[f(z)]3
.

In general, we have (
1

f(z)

)[k]

=
hk+1(z)

[f(z)]k+1
,

where hk+1(z) = h′
k(z)f(z)−khk(z)f

′(z), with k = 1, 2, . . . , σ−1. Now we rewrite

Kf, σ(z) = z + (σ − 1)
hσ−1(z)f(z)

hσ(z)
.

Let U be an open set of C. We write hf, k instead of hk to emphasize the
dependence on f . We show by induction on k that hfn, k converges to hf, k uniformly
on every compact subset of U . Since fn converges uniformly to f on every compact
subset of U , we have that hfn, 2 = h′

fn, 1
fn − hfn, 1f

′
n = −f ′

n converges to hf, 2

uniformly on every compact subset of U . Thus, the assertion is true for k = 1.
Assume that hfn, k converges to hf, k uniformly on every compact subset of U . We
have that hfn, k+1 = h′

fn, k
fn − khfn, kf

′
n converges to hf, k+1 = h′

f, kf − khf, kf
′

uniformly on every compact subset of U . This completes the induction. Define

Pf, σ(z) = zhf, σ(z) + (σ − 1)hf, σ−1(z)f(z)

and Qf, σ(z) = hf, σ(z). Rewrite Kf, σ = Pf, σ/Qf, σ.
Next we show that if σ ≥ 2, König’s method Kfn, σ converges uniformly to Kf, σ

on every compact subset of U for the spherical metric on C. To prove this, we need
only show that the sequence Kfn, σ satisfies condition (1) or condition (2) of Propo-
sition 2.3. Thus, for an arbitrary z0 ∈ U there are two cases. Suppose Qf, σ(z) �= 0
in a closed disk D(z0, r) ⊂ U . By Proposition 2.2(1), the local degree of Kf, σ at the
zeros of f is σ. Hence Pf, σ and Qf, σ have no common factors. It follows from the
induction above, and Hurwitz’s theorem, that Kfn, σ = Pfn, σ/Qfn, σ converges uni-
formly to Kf, σ = Pf, σ/Qf, σ on D(z0, r) for the Euclidean metric. Hence condition
(1) of Proposition 2.3 is satisfied. On the other hand, if Qf, σ(z0) = 0, we choose
r > 0 sufficiently small so that Pf, σ(z) �= 0 in D(z0, r), and again Pf, σ and Qf, σ

have no common factors. Combining the induction above with Hurwitz’s theorem,
we have that 1/Kfn, σ = Qfn, σ/Pfn, σ converges uniformly to 1/Kf, σ = Qf, σ/Pf, σ

on D(z0, r) for the Euclidean metric, so condition (2) of Proposition 2.3 is satisfied
and the lemma now follows. �

Remark 2.5. Here the fact that f has no multiple zeros is essential. If we consider
the sequence fn(z) = z2 + 1/n2, the corresponding Newton’s method

Nfn(z) =
(z2n2 − 1)

2n2z

fails to be normal in any domain containing the origin. In fact, Nfn is ∞ at z = 0 ,
whereas Newton’s method applied to the limit function f , that is, Nf (z) = z/2 ,
satisfies Nf (0) = 0 .
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The proof of our main result depends on the following classical theorem, whose
importance lies in its interplay between interpolation and approximation. We state
it without proof. (See [7].)

Theorem 2.6 (Mergelyan’s approximation). Let C be a compact subset of the
complex plane whose complement is connected. Then every function continuous
on C and analytic on the interior of C can be approximated uniformly on C by
polynomials.

3. Proof of the main theorem

Proof. Let r ∈ (0, 1
8 ). For each σ ≥ 3, define the function

fσ(z) =
(−i

√
σ − 1)σ−1 exp(i

√
σ − 1z)

[−i
√
σ − 1z − (σ − 1)]

.

Note that fσ is a meromorphic function and that for every σ ≥ 3, we have that
i
√
σ − 1 is a simple pole of fσ. In particular, fσ is holomorphic on C1 = {z ∈ C :

|z| ≤ 1 + r}.
König’s method of order σ applied to fσ is given by

Kfσ, σ(z) = z +
1

z
+ i

√
σ − 1.

Let Iσ = i
√
σ − 1 + [−2, 2]. For z0 /∈ Iσ, the equation Kfσ,σ(w) = z0 has two

solutions, one of which lies inside the unit circle and one of which lies outside. Hence
Kfσ maps the exterior of the closed unit disk isomorphically onto the complement
C \ Iσ. In particular, the map Kfσ, σ carries the unit circle S1 in a two–to–one
manner onto Iσ.

Now consider the quadratic polynomial

gσ(z) = (z − i
√
σ − 1)(z − (i

√
σ − 1 +N0))

where N0 is a positive integer. It is well known that König’s method for quadratic
polynomials is conjugated to z → zσ. For further details, see [2]. We first prove
the following.

Lemma 3.1. There exists δ0 > 0 such that, for all δ < δ0, the set C2 = {z ∈ C :
d(z, Iσ) ≤ δ} is contained completely in the basin of attraction of the fixed point
i
√
σ − 1 associated to Kgσ, σ.

Proof. König’s method of order σ applied to gσ has two superattracting fixed points,
namely i

√
σ − 1 and i

√
σ − 1 +N0. After composing Kgσ, σ with a Möbius trans-

formation if necessary, we may choose δ0 > 0 and an N0 sufficiently large so that
the open ball of radius δ0 centered at z1 = 2 + i

√
σ − 1 is contained in the basin

of attraction of i
√
σ − 1. It follows from compactness that there exists a finite sub-

set {z2, . . . , zl} of Iσ such that
⋃l

i=1 Bδ0(zi) is contained in the basin of attraction

of i
√
σ − 1. The proof finishes by taking δ < δ0 so that C2 is contained in the

preceding union. �
We continue the main proof. Choose δ as in Lemma 3.1 so that δ < r. We let C

denote the union of C1 and C2. Let

F (z) =

⎧⎨
⎩

fσ(z) if z ∈ C1,

gσ(z) if z ∈ C2.
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By Mergelyan’s theorem, there exists a sequence of polynomials {pn} which con-
verges uniformly to the map F on the compact subset C. Since F has only one
simple zero at i

√
σ − 1, it follows from Lemma 2.4 that Kpn, σ converges uniformly

to KF, σ on every compact subset of C. Now we need two auxiliary lemmas.

Lemma 3.2. For some positive integer k, the unit circle S1 lies in a Fatou com-
ponent of Kpn, σ, for all n ≥ k.

Proof. By Hurwitz’s theorem, there exist a sequence {an} in C converging to
i
√
σ − 1 and a positive integer n0 such that pn(an) = 0, for all n ≥ n0. By part

(1) of Proposition 2.2, Kpn, σ has an attracting fixed point at an, for every n ≥ n0.

Since i
√
σ − 1 is a superattracting fixed point of the rational map Kgσ,σ, there is a

real number α satisfying |K ′
gσ,σ(i

√
σ − 1)| < α < 1. From the preceding inequality

we conclude that there exists a positive integer n1 > n0 such that, for all z ∈ C2,
we have

|Kpn, σ(z)− an| < α|z − an|
for n ≥ n1. This shows that for each n ≥ n1, Kpn, σ maps C2 into itself. Conse-
quently, C2 lies in the Fatou set of the map Kpn, σ, for all n ≥ n1.

Note that there exists a positive integer n2 such that Kpn, σ(S
1) ⊂ C2, for all

n ≥ n2 . Indeed, if z ∈ S1, then KF, σ(z) ∈ S1. Since Kpn, σ(z) converges to
KF, σ(z) as n → ∞, we may choose a positive integer n2 so that, for all n ≥ n2,
we have |KF, σ(z)−Kpn, σ(z)| < δ. Thus Kpn, σ(z) ∈ C2 whenever n ≥ n2. Taking
k > max{n1, n2}, we obtain the lemma. �

Lemma 3.3. There exists a positive integer k′ such that infinity has preimages
{bn} under Kpn, σ which lie in the interior of the unit disk whenever n ≥ k′.

Proof. Note that König’s method applied to F has a pole of first order in 0. Now
arguing as in Lemma 3.2, we can use Hurwitz’s theorem to obtain a sequence {bn}
in C converging to 0 and a positive integer k′ such that for n ≥ k′, each element
of {bn} is a pole of the corresponding rational map Kpn, σ. �

These two lemmas allow us to finish the proof of Theorem 1.1. Let k and k′

be two positive integers as in Lemmas 3.2 and 3.3. Let m be a positive integer
such that m ≥ max{k, k′}. There is a preimage of infinity bm under the rational
map Kpm, σ which lies in the interior of the unit disk. Moreover, by part (3) of
Proposition 2.2, bm belongs to the Julia set of Kpm, σ. Since S

1 lies in the Fatou set
of Kpm, σ, it follows that S1 disconnects the Julia set of Kpm, σ, which completes
the proof. �

Remark 3.4. It is noteworthy that the sets Iσ and S1 are separated only if σ > 2.
In the case σ = 2, we cannot disconnect these sets. This is consistent with the fact
that the Julia set of Newton’s method applied to complex polynomials is connected.

Remark 3.5. Up to now we have been unable to show explicitly a disconnected
Julia set for König’s method applied to complex polynomials.
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1. N. Argiropoulos, V. Drakopoulos and A. Böhm, Julia and Mandelbrot–like sets for higher
order König rational iterative maps, Fractal Frontier, M. M. Novak and T. G. Dewey, eds.,
World Scientific, Singapore, 1997, 169–178. MR1636268 (99g:30028)

2. X. Buff and C. Henriksen, On König’s root-finding algorithms, Nonlinearity, vol. 16, 2003,
989–1015. MR1975793 (2004c:37086)

3. J. Hubbard, D. Schleicher and S. Sutherland, How to find all roots of complex polynomials by
Newton’s method, Invent. Math., vol. 146, Number 1, 2001, 1–33. MR1859017 (2002i:37059)

4. S. Mayer and D. Schleicher, Immediate and virtual basins of Newton’s method for entire func-
tions, Ann. Inst. Fourier (Grenoble), vol. 56, no. 2, 2006, 325–336. MR2226018 (2007b:30028)

5. H. Meier, On the connectedness of the Julia-set for rational functions, Preprint no. 4, RWTH
Aachen, 1989.

6. F. Przytycki, Remarks on the simple connectedness of basins of sinks for iterations of ra-
tional maps, Dynamical Systems and Ergodic Theory, ed. by K. Krzyzewski, Polish Scientific
Publishers (Warsawa), 1989, 229–235. MR1102717 (92e:58180)

7. W. Rudin, Real and complex analysis, McGraw-Hill, New York, 1966. MR0210528 (35:1420)
8. T. Scavo and J. Thoo, On the geometry of Halley’s method, Amer. Math. Monthly, vol. 102,

Number 5, 1995, 417–426. MR1327786 (96f:01019)
9. J. Schiff, Normal Families, Universitext, Springer Verlag, New York, 1993. MR1211641

(94f:30046)
10. M. Shishikura, Connectivity of the Julia set and fixed point, in Complex Dynamics: Families

and Friends, D. Schleicher, ed., 257–276, A K Peters, Wellesley, MA, 2009. MR2508260
(2010d:37093)

11. L. Tan, Branched coverings and cubic Newton maps, Fund. Math., vol. 154, 1997, 207–260.
MR1475866 (2000e:37051)
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