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A NEW PROOF ON THE CHARACTERIZATION

OF VANISHING SUBALGEBRAS OF GROUP ALGEBRAS

F. GHAHRAMANI

(Communicated by Thomas Schlumprecht)

Abstract. We give a new proof to a result due to T. Shimizu stating that
for a locally compact group G and the associated group algebra L1(G), if S
is a measurable subset of G, then a necessary and sufficient condition for the
subspace of all functions in L1(G) that vanish almost everywhere off S to be an
algebra is that S is equal to a subsemigroup of G, locally almost everywhere.
Our proof bypasses a deep result of A. Ionescu Tulcea and C. Ionescu Tulcea,
used in Shimizu’s proof, and is for the most part functional analytic.

1. Introduction and preliminaries

Let G be a locally compact group and let L1(G) be its group algebra. For a
measurable subset S of G we let LS denote the space of all elements of L1(G)
that vanish off S, almost everywhere. In [10] A. B. Simon initiated the problem of
identifying those sets S for which LS is a subalgebra of L1(G). He used the term
vanishing algebra for such algebras. The problem was subsequently attempted by
others (see [2], [3], [7], and [8]), and various necessary or sufficient conditions were
obtained. T. Shimizu in [9] solved the problem by building on the work done by
A. B. Simon [10], T.-S. Liu [7] and by applying a deep result due to A. Ionesco
Tulcea and C. Ionescu Tulcea on the existence of lower density mappings on locally
compact groups. In [6] renewed interest in the problem has been shown by A. T.-M.
Lau and R. J. Loy in connection with their study of contractive projections onto
subalgebras of certain Banach algebras related to locally compact groups. Here we
give a new proof to the problem that is for the most part functional analytic and
makes no use of the deep result of Ionescu Tulcea [5].

We fix a left Haar measure λ on G and we let L1(G) = L1(G, λ) be the associ-
ated goup algebra. The book [4] is our main reference for the basic properties of
group algebras and measure algebras. Here we recall the definition and some basic
properties of the first Arens product on the second dual A∗∗ of an arbitrary Banach
algebra A. The (continuous) dual A∗ of A can be made into a Banach A-bimodule
with the following actions:

For a ∈ A and f ∈ A∗ we let f ·a and a·f be elements of A∗ defined by

〈f ·a , b〉 = 〈f , ab〉, 〈a·f , b〉 = 〈f , ba〉 (b ∈ A).
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Next for F ∈ A∗∗ and f ∈ A∗ we let F ·f be the element of A∗ defined by

〈F ·f , a〉 = 〈F , f ·a〉 (a ∈ A).

Finally, if F and H are in A∗∗, then their first Arens product is defined by

〈F �H , f〉 = 〈F , H ·f〉 (f ∈ A∗).

In the above definition, A∗ is a left A∗∗-module. It is easy to see that for a
fixed H ∈ A∗∗ the mapping F �→ F �H is weak*-continuous on A∗∗, and for a
fixed a ∈ A the mapping F �→ a�F is also weak*- continuous, where we implicitly
consider a as an element of A∗∗ via the canonical embedding of A into A∗∗. Hence

if (fi), (hj) are nets in A with f̂i → F and ĥj → H in the weak*-topology of A∗∗,
then

F �H = weak*− lim
i
lim
j

f̂ihj .

If I is a closed ideal in A, then I∗∗ is a closed ideal in A∗∗, [1]. In particular,
the Banach algebra L1(G)∗∗ is an ideal of M(G)∗∗. Therefore, since M(G) can
be viewed as a subalgebra of M(G)∗∗ via the canonical embedding, the (Arens)
products of the elements of M(G) by those of L1(G)∗∗ are defined. In particular,
if x ∈ G and δx is the point mass (Dirac measure) at x, then the (Arens) products
of δx by the elements of L1(G)∗∗ are defined.

For a measurable set S, the space LS , as defined above, is obviously the range
of the operator

P : f �→ χSf,

with pointwise multiplication on L1(G); below we shall consistently use the latter
identification.

2. The result

Theorem 2.1. Let G be a locally compact group and let S be a measurable subset of
G. Then the range of the operator of pointwise multiplication by χS is a subalgebra
of L1(G) if and only if S is locally almost everywhere equal to a subsemigroup of
G.

Proof. The “if ” part is relatively easy, as shown by A. B. Simon in [10]. We give
a new proof for the “only if” part.

We equip L1(G)∗∗ with the first Arens product �. Next we show that
P ∗∗(L1(G)∗∗) is a subalgebra of L1(G)∗∗. Let m and n be arbitrary elements
of L1(G)∗∗, and let (mi) and (nj) be some nets in L1(G) such that

m̂i → m, n̂j → n,

the limits being in the weak-star topology of L1(G)∗∗. Then, since the range of P ∗∗

is weak*-closed we have

(2.1)

P ∗∗(m)�P ∗∗(n) = weak*− lim
i

lim
j
(P̂ (mi) ∗ P̂ (nj))

= weak*− lim
i

lim
j

̂P (ξi,j)

= P ∗∗(k),

showing that the range of P ∗∗ is an algebra.
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We let (ei) be a bounded approximate identity for L1(G), with ei ≥ 0 and
‖ei‖ = 1, for all i. By considering the module action of L1(G) on L1(G)∗, as
defined in the Arens product, we have χS ·ei → χS and ei ·χS → χS , in the weak*-
topology of L1(G)∗. Let K be a compact subset of G and let f = χK∩S − χK∩Sc .
We have

(2.2) lim
i

∫
G

[χS(x)− (χS ·ei)(x)]f(x) dλ(x) = 0;

equivalently,

(2.3) lim
i

[∫
K∩S

[1− (χS ·ei)(x)] dλ(x) +
∫
K∩Sc

(χS ·ei)(x) dλ(x)
]
= 0.

We can find a sequence (en) ⊂ (ei) ((en) need not necessarily be a subnet of the
original net (ei)) such that

(2.4) lim
n

[∫
K∩S

[1− (χS ·en)(x)] dλ(x) +
∫
K∩Sc

(χS ·en)(x) dλ(x)
]
= 0.

Noting that χS .en(x) ≤ ‖χS‖‖en‖ = 1, we can view (2.4) as an L1-convergence, so
that we can find a subsequence of (en), also denoted by (en), satisfying

(2.5) (χS ·en)(x) → 1 a.e. on K ∩ S

and

(2.6) (χS ·en)(x) → 0 a.e. on K ∩ Sc.

The findings (2.5) and (2.6) were based on χS · ei
w∗
→ χS . However, we could have

combined χS · ei w∗
→ χS with ei ·χS

w∗
→ χS to have the sequence (en) additionally

satisfy

(2.7) en · χS(x) → 1 a.e. on K ∩ S

and

(2.8) en · χS(x) → 0 a.e. on K ∩ Sc.

Equations (2.5) and (2.6) can be combined into an equivalent reformulation

(2.9) (χS · en)(x) → χS(x) a.e. on K,

whereas equations (2.7) and (2.8) can be combined into

(2.10) (en · χS)(x) → χS(x) a.e. on K.

There exists a subnet (eni
) of the sequence (en) such that

(êni
) → EK ∈ L1(G)∗∗,

in the weak*- topology of L1(G)∗∗. We claim that for almost all x ∈ K ∩ S,

(2.11) P ∗∗(EK�δx) = EK�δx and P ∗∗(δx�EK) = δx�EK .

To prove our claim, we assume that x ∈ K∩S, (χS ·en)(x) → 1 and (en ·χS)(x) → 1.
We then have

(2.12)

〈EK�δx , χS〉 = lim
i
〈eni

∗ δx , χS〉

= lim
i
〈δx , χS ·eni

〉

= lim
i

χS ·eni
(x) = 1.
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The operator I −P is positive on L1(G) (meaning that it sends non-negative func-
tions into non-negative functions); therefore, the operators I − P ∗ on L∞(G) and
I − P ∗∗ on L1(G)∗∗ also have this property (note that in L1(G)∗∗ the positive
cone consists of all n satisfying n(f) ≥ 0 whenever f ∈ L∞(G) is a non-negative
element). Hence

E�δx − P ∗∗(E�δx) = (I − P ∗∗)(EK�δx) ≥ 0,

since EK�δx ≥ 0. Hence, using equation (2.12) we have

(2.13)

‖EK�δx − P ∗∗(EK�δx)‖ = 〈EK�δx − P ∗∗(EK�δx) , 1〉
= 〈EK�δx , 1〉 − 〈P ∗∗(EK�δx) , 1〉
= 〈EK�δx , 1〉 − 〈EK�δx , χS〉
= 1− 1 = 0,

and so

(2.14) P ∗∗(EK�δx) = EK�δx.

Similarly,

(2.15) P ∗∗(δx�EK) = δx�EK .

The collection K of all compact subsets of G is a directed set under the set
inclusion upwards. Hence, since ‖EK‖ = 1, for a subnet (EKα

) of (EK) we have an
element E ∈ L1(G)∗∗ such that EKα

→ E, in the weak*-topology of L1(G)∗∗.
From equation (2.11), we have

(2.16) P ∗∗(E�δx) = E�δx, P ∗∗(δx�E) = δx�E,

locally almost everywhere on S;

(2.17) P ∗∗(E�δx) = P ∗∗(δx�E) = 0,

locally almost everywhere on Sc; and

(2.18) E · χS(x) = χS(x), χS · E(x) = χS(x),

locally almost everywhere.
Let

T = {x ∈ G : P ∗∗(E�δx) = E�δx ; P ∗∗(δx�E) = δx�E}.
Then from equations (2.16) and (2.17) we see that T = S, locally almost every-

where.
We show that T is a semigroup. Let x, y ∈ T . Then from the definition of T and

the fact that the range of P ∗∗ is an algebra, we have

(2.19) E�δxy�E = P ∗∗(E�δx)�P ∗∗(δy�E) = P ∗∗(F ),

for some F ∈ L1(G)∗∗.
Since evaluation at the constant function 1 is a multiplicative linear functional

on L1(G)∗∗, and P ∗∗(F ) ≥ 0, we have ‖P ∗∗(F )‖ = 1. Noting that P ∗∗ is an
idempotent, from equation (2.19) we have

(2.20) P ∗∗(E�δxy�E) = P ∗∗(F ).
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Evaluating the two sides of equation (2.20) at the constant function 1 and using
the first part of equation (2.18) we find

〈P ∗∗(E�δxy), 1〉 = 〈E�δxy, χS〉 = 〈P ∗∗(E�δxy�E), 1〉 = 1.

Hence
P ∗∗(E�δxy) = E�δxy.

Similarly, by using the second Arens product ♦ on L1(G)∗∗, noting that for every
t ∈ G, E�δt = E♦δt, and employing the second part of equation (2.18), we can
show that P ∗∗(δxy�E) = δxy�E.

Hence xy ∈ T , and T is a semigroup. �
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