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LOG-LIPSCHITZ EMBEDDINGS OF HOMOGENEOUS SETS

WITH SHARP LOGARITHMIC EXPONENTS AND SLICING

PRODUCTS OF BALLS

JAMES C. ROBINSON

(Communicated by Matthew A. Papanikolas)

Abstract. If X is a compact subset of a Banach space with X −X homoge-
neous (equivalently ‘doubling’ or with finite Assouad dimension), then X can
be embedded into some R

n (with n sufficiently large) using a linear map L
whose inverse is Lipschitz to within logarithmic corrections. More precisely,
there exist c, α > 0 such that

c
‖x− y‖

| log ‖x− y‖ |α
≤ |Lx− Ly| ≤ c‖x− y‖ for all x, y ∈ X, ‖x− y‖ < δ,

for some δ sufficiently small. It is known that one must have α > 1 in the case

of a general Banach space and α > 1/2 in the case of a Hilbert space. It is
shown in this paper that these exponents can be achieved.

While the argument in a general Banach space is relatively straightforward,
the Hilbert space case relies on the fact that the maximum volume of a hyper-
plane slice of a k-fold product of unit volume N-balls is bounded independent
of k (this provides a ‘qualitative’ generalisation of a result on slices of the unit
cube due to Hensley (Proc.AMS 73 (1979), 95–100) and Ball (Proc.AMS 97
(1986), 465–473)).

1. Introduction

Any metric space (X, d) with finite topological dimension dT (X) can be home-
omorphically embedded into a finite-dimensional Euclidean space:

Theorem 1.1. Let (X, d) be a compact metric space with 2dT (X) < k ∈ N. Then
a generic set of maps in C0(X;Rk) is injective on X.

For a proof of this result, due to Menger and Nöbeling, see Hurewicz and Wall-
man [15] or Robinson [26].

As one refines the definition of ‘dimension’, one can obtain increasingly strong
embedding results. For example, if one replaces the topological dimension by the
Hausdorff dimension, one can obtain linear embeddings. The following result, es-
sentially due to Mañé [20], is given in a form due to Robinson [25], which is closer
in spirit to what follows in this paper. In the statement of the theorem,

X −X = {x− y : x, y ∈ X},
and we discuss ‘prevalence’, an infinite-dimensional version of ‘almost every’, in
Section 2.
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Theorem 1.2. Suppose that X is a compact subset of a Banach space Z with
dH(X −X) < k ∈ N. Then a prevalent set of linear maps L : Z → R

k is injective
on X.

Since dT (X) ≤ dH(X), the condition in this theorem is stronger than that in
Theorem 1.1, but the embedding map is now linear. However, one can show that
in general a condition on the Hausdorff dimension is not sufficient to guarantee any
particular modulus of continuity for the resulting parametrisation of X, i.e. of L−1

(Robinson [25]).
However, this can be done if one strengthens the notion of ‘dimension’ yet further

and uses the upper box-counting dimension dB . In 1993, Ben-Artzi et al. showed
that if X ⊂ R

N with 2dB(X) < k ∈ N, then almost every rank k orthogonal
projection P is injective on X, with P−1 Hölder continuous. Foias and Olson [8]
then proved a similar result for subsets of infinite-dimensional Hilbert spaces with
finite box-counting dimension, proving density of such injective projections with
Hölder inverses. Finally, Hunt and Kaloshin [14] gave a sharp bound on this Hölder
exponent, treating linear maps L : H → R

k directly (rather than projections)
and providing the essential steps for extending the argument to subsets of Banach
spaces.1 A representative result (again from Robinson [25]) is the following (one
can improve the estimate on the exponent θ by using Hunt and Kaloshin’s notion of
the ‘thickness exponent’ and variants; see Chapter 7 of Robinson [26] for example).

Theorem 1.3. Let X be a compact subset of a Banach space Z with 2dB(X) <
k ∈ N. Then for any θ with

0 < θ <
k − 2d

k(1 + d)

a prevalent set of linear maps L : Z → R
k is injective on X with L−1 Hölder

continuous with exponent θ.

One can improve the modulus of continuity of L−1 further (beyond Hölder) if
one is prepared to consider more restrictive definitions of dimension. This paper
concentrates on the Assouad dimension, which was introduced in the context of
metric spaces (Assouad [2]; see also Bouligand [5]) and has been used extensively
in the search for conditions under which an arbitrary metric space admits a bi-
Lipschitz embedding into some R

k (see Heinonen [10] for more on this problem,
and Luukaainen [19] or Olson [21] for more on the Assouad dimension).

This dimension is most naturally defined as a concept auxiliary to the notion of
a homogeneous space:

Definition 1.4. A metric space (X, d) is said to be (M, s)-homogeneous (or simply
homogeneous) if for any 0 < ρ < r, any ball of radius r can be covered by at most
M(r/ρ)s balls of radius ρ. The Assouad dimension of X, dA(X), is the infimum of
all s such that (X, d) is (M, s)-homogeneous for some M ≥ 1.

Since any subset of RN is homogeneous and homogeneity is preserved under bi-
Lipschitz mappings, it follows that (X, d) must be homogeneous if it is to admit
a bi-Lipschitz embedding into some R

N . However, the example of the Heisenberg

1 Some additional work is in fact required for their techniques to be applicable in the Banach
space case; see Robinson [25].
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group with the Carnot-Carathéodory metric shows that homogeneity is not suf-
ficient2 to guarantee a bi-Lipschitz embedding (see Semmes [27]; there are other
counterexamples due to Laakso [17]; see also Lang and Plaut [18]). Homogeneity
is, however, equivalent to the existence of a quasisymmetric embedding into some
Euclidean space (see Heinonen [11] for the definition of such an embedding and a
proof of this result).

Despite the fact that one cannot prove the existence of a bi-Lipschitz embedding,
one can improve significantly on Hölder continuity. Olson [21] showed that if X is a
subset of RN with dA(X−X) < s, there is an ‘almost bi-Lipschitz’ embedding of X
into R

k, i.e. an embedding that is linear and has a log-Lipschitz inverse. This result
was extended by Olson and Robinson [22] for subsets of real Hilbert spaces, and
their argument was subsequently adapted by Robinson [25] to treat subsets of real
Banach spaces, yielding the following result which forms the focus of this paper.
The notion of ‘prevalence’, used in the theorem, is briefly recalled in Section 2.

Theorem 1.5 (Olson and Robinson [22]; Robinson [25]). Let X be a compact subset
of a Banach space B with dA(X −X) < d < N , where N ∈ N. If

(1.1) γ >
αN + 1

N − d
,

where α = 2 if B is a Banach space and α = 3
2 if B is in fact a Hilbert space,

then a prevalent set of linear maps L : B → R
N is γ-almost bi-Lipschitz: for some

constants cL > 0, ρL > 0,

(1.2)
1

cL

‖x− y‖
| log ‖x− y‖ |γ ≤ ‖Lx− Ly‖ ≤ cL‖x− y‖

for all x, y ∈ X with ‖x− y‖ ≤ ρL.

(One can rephrase this result in terms of compression functions; see Arzhantseva,
Drutu, and Sapir [1]. For example, the above embedding has a compression function
of order t/(log(1/t)γ).)

Given this result, it is natural to ask whether or not the exponent γ is sharp;
here this is taken to mean whether the limiting value as N → ∞, namely γ > α, is
optimal. Following an approach developed by Ben-Artzi et al. [4], Pinto de Moura
and Robinson [24] showed that for the simple example of an orthogonal set whose
norm decays exponentially, one cannot improve on γ > 1 in the Banach space case
and γ > 1

2 in the Hilbert space case.
This paper closes the gap between these limits and the exponents in the state-

ment of the theorem above, showing that one can indeed take α = 1 in the Banach
space case and α = 1

2 in the Hilbert space case.
Since one can isometrically embed any compact metric space (X, d) into the

Banach space L∞(X) using the Kuratowski mapping x 	→ d(·, x), the condition
in Theorem 1.5 for subsets of Banach spaces can be translated into a theorem
for compact metric spaces, where one has to interpret the condition ‘X − X is
homogeneous’ in terms of the image of X in L∞ under the Kuratowski mapping.

2It is interesting to note that if one allows some finite ‘resolution’, i.e. only requires the bi-
Lipschitz property for points in X that are more than some ε > 0 apart, then one can obtain a
bi-Lipschitz embedding, under fairly mild assumptions, by means of the Johnson–Lindenstrauss
Lemma (Johnson and Lindenstrauss [16]). This approach can be refined using the Assouad di-
mension, see for example the papers by Agarwal et al. [32], Indyk and Naor [31], and Klartag and
Mendelson [30].
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It would be interesting to obtain a more intrinsic characterisation of such metric
spaces.

While the argument to obtain the optimal exponents in a general Banach space
is relatively straightforward, the Hilbert space case relies on the following result,
proved in Section 4, which is perhaps of some independent interest. The theorem
generalises a result due to Hensley [12] that the maximum volume of hyperplane
slices of the unit cube in R

n is independent of n (Hensley gave an upper bound of

5; the proof of Ball [3] gives the sharp result that the upper bound is
√
2; here we

are only concerned with the qualitative result that there is an upper bound that
does not depend on n).

Theorem 1.6. Let

Q =
n∏

j=1

Udj
,

where Ud is the ball of unit volume in R
d. Set N =

∑n
j=1 dj , and let S be a

co-dimension one subspace of RN with unit normal a. Then for any r ∈ R

|(S + ra) ∩Q| ≤ C(d),

where d = maxj=1,...,n dj .

2. ‘Prevalence’ and some preparatory lemmas

The main theorem of this paper shows that there is a ‘prevalent’ set of lin-
ear mappings from B into R

k with log-Lipschitz inverses. Prevalence provides an
infinite-dimensional generalisation of the idea of ‘almost every’; the idea was first
used by Christensen [6] in the study of the differentiability of Lipschitz mappings
between infinite-dimensional spaces, the theory of ‘prevalence’ being further devel-
oped by Hunt et al. [13], mainly dealing with problems in the field of dynamical
systems (see also Ott and Yorke [23]).

More formally, a subset S of a normed linear space V is prevalent3 if there exists
a compactly supported probability measure μ on V such that μ(v + S′) = 1 for
every v ∈ V , where S′ is a Borel set contained in S. The support of μ provides a
‘probe set’ E of allowable perturbations: given v ∈ V , S is prevalent if v + e ∈ S
for μ-almost every e ∈ E. A major step in proving that any set S is prevalent is
the construction of an appropriate probability measure μ (and thus of E).

The construction of E here, tailored to a particular set X, relies on the following
lemma, whose proof can be found in Robinson [25]. (The statement of the lemma
there is slightly different, but the proof of the result as stated here is identical.)

Lemma 2.1. Suppose that Z is a compact homogeneous subset of B. Then there
exists an M ′ > 0 and a sequence of linear subspaces {Vj}∞j=0 of B∗ with dimVj ≤
M ′ for every j, such that for any z ∈ Z with 2−(n+1) ≤ ‖z‖ ≤ 2−n, there exists an
element ψ ∈ Vn such that

‖ψ‖ = 1 and |ψ(z)| ≥ 2−(n+3).

In a Hilbert space it is more helpful to use the following result; note that the
spaces {Vj} are now mutually orthogonal, but that the space Vn alone is not suffi-
ciently ‘rich’ to obtain (2.1).

3In the terminology of Christensen, S is prevalent if its complement is Haar null.
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Lemma 2.2. Suppose that Z is a compact homogeneous subset of a Hilbert space
H. Then there exists an M ′ > 0 and a sequence {Vj}∞j=0 of mutually orthogonal

linear subspaces of H, with dimVj ≤ M ′ for every j, such that for any z ∈ Z with

2−(n+1) ≤ ‖z‖ ≤ 2−n,

(2.1) ‖Πnz‖ ≥ 2−(n+2),

where Πn is the orthogonal projection onto
⊕n

j=1 Vj.

Proof. Suppose that Z is (M, s)-homogeneous. Write

Zj = {z ∈ Z : 2−(j+1) ≤ ‖z‖ ≤ 2−j}.

Since Zj ⊂ B(0, 2−j) it can be covered by Mj balls of radius 2−(j+2), with centres

{u(j)
i }Mj

i=1, where

Mj ≤ M(2−j/2−(j+2))s = 4sM = M ′,

since Z is (M, s)-homogeneous.

Let Uj be the space spanned by {u(j)
i }Mj

i=1; clearly dim(Uj) ≤ M ′, and if Pj

denotes the projection onto Uj ,

‖Pjz‖ ≥ ‖z‖ − ‖z − Pjz‖ ≥ 2−(j+1) − 2−(j+2) = 2−(j+2)

for all z ∈ Zj . Finally, define mutually orthogonal subspaces Vj of dimension at
most M ′ such that

n⊕
j=1

Vj =
n⊕

j=1

Uj ,

and the result follows since ‖Πnz‖ ≥ ‖Pnz‖. �

The spaces whose existence is guaranteed by these two lemmas if one chooses
Z = X − X form the basis of the construction of the ‘probe space’ with respect
to which it will be shown that linear embeddings with log-Lipschitz inverses are
prevalent.

In the case of a general Banach space, take Sj to be the unit ball in Vj (the
spaces constructed in Lemma 2.1, which are subsets of B∗), choose s > 1, and let
E0 be the collection of all maps � ∈ B∗ given in the form

(2.2) � =

∞∑
j=1

j−sφj , with φj ∈ Sj .

The choice s > 1 guarantees (via the triangle inequality) that the expression for �
converges. To define a measure on E0, the first step is to define a measure on Sj

for each j. To do this, first choose a basis for Vj ; then by means of the coordinate
representation with respect to this basis one can identify Sj with a symmetric
convex set Uj ⊂ R

dj . The uniform probability measure on Uj induces a probability
measure λj on Sj . Now define the measure μ0 on E0 to be that in which each �j is
chosen independently and at random according to the distribution λj . Finally, let
E be the collection of maps L : B → R

N given by

(2.3) E = {L = (�1, . . . , �N ) : �j ∈ E0, j = 1, . . . , N} ,
equipped with the measure μ, in which each E0 is chosen independently and at
random according to μ0.
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If B = H is in fact a Hilbert space, let Sj be the unit-volume ball4 in Vj (which
is now a subspace of H), take s > 1/2, and let E0 be the collection of all maps
� ∈ H∗ given in the form

(2.4) � =

⎡
⎣ ∞∑
j=1

j−sφj

⎤
⎦
∗

with φj ∈ Sj ,

where x∗ denotes the linear map u 	→ (x, u). Since the spaces Vj are mutually
orthogonal, ∥∥∥∥∥∥

∞∑
j=1

j−sφj

∥∥∥∥∥∥
2

=
∞∑
j=1

j−2s‖φj‖2 ≤ n
∞∑
j=1

j−2s,

and the condition s > 1/2 is now sufficient to ensure that the expression for �
converges. We can define a measure μ0 on E0 by choosing each φj from a uniform
distribution on Sj , and build the space E and its measure μ as before.

The following bound is central to the proof, and key to the improvement in
the exponent of the logarithmic term. In the Banach space case it follows from
an argument due to Hunt and Kaloshin [14, Lemma 3.10]. In the Hilbert space
case the argument is much more delicate (since the orthogonal spaces used in the
construction of E are ‘smaller’ than the spaces used in the Banach space case), and
relies on the slicing result of Section 4. In the statement of the lemma, L (B,RN )
denotes the space of all bounded linear maps from B into R

N .

Lemma 2.3. If z ∈ Z with 2−(j+1) ≤ ‖z‖ ≤ 2−j, then for any f ∈ L (B,RN),

(2.5) μ{L ∈ E : |(f + L)z| < ε2−j } ≤ CεN jsN ,

where C = C(N).

Proof. In the Banach space case, an argument essentially due to Hunt and Kaloshin
shows that for any z ∈ B and any ψ ∈ Sj with ‖ψ‖∗ = 1,

μ{L ∈ E : |(f + L)z| < ε} ≤
(
jsdjε|ψ(z)|−1

)N
;

for a result in precisely this form see Lemma 5.10 in Robinson [26]. In the case
considered here, dj = dim(Vj) ≤ M ′, and there exists a ψ ∈ Sj with ‖ψ‖ = 1 such

that ψ(z) ≥ 2−(j+3) using Lemma 2.1, from which (2.5) follows immediately.
In the Hilbert space case, note first, following Lemma 5.6 in [26], that it is

sufficient to show that

μ{L ∈ E : |Lz| < ε2−j} ≤ CεN jsN ,

which is an immediate consequence of

μ0{L ∈ E0 : |Lz| < ε2−j} ≤ Cεjs, z ∈ Zj .

4As in Robinson [26] one could instead replace Sj by the ‘unit cube’ Cj in Vj , defined by
selecting a particular orthonormal basis for Vj . φj would then be chosen from a uniform distribu-
tion on Cj , and one could obtain the result of Lemma 2.3 in this case from the classical results of

Hensley and Ball on slicing the unit cube (since the k-fold product of a unit cube in R
d is another

unit cube). However, the generalised slicing result of Section 4 seems to be of some independent
interest, and it seems preferable to be able to specify the construction of E0 without introducing
an arbitrary choice of reference basis.
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This inequality can be reduced to the problem of hyperplane slices of the product
of unit volume spheres:

μ0{L ∈ E0 : |Lz| < ε2−j} = μ0

{
{φi} ∈

∞∏
i=1

Si :
∣∣ ∞∑
i=1

(i−sφi, z)
∣∣ < ε2−j

}

≤ μ0

{
(φ1, . . . , φj) ∈

j∏
i=1

Si :
∣∣ j∑
i=1

(i−sφi, z)
∣∣ < ε2−j

}

= μ0

{
(φ1, . . . , φj) ∈

j∏
i=1

Si :
∣∣ n∑
i=j

(φi, i
−sPiz)

∣∣ < ε2−j
}

≤ μ0

{
(φ1, . . . , φj) ∈

j∏
i=1

Si :
∣∣ j∑
i=1

(φi,
Piz

‖Πjz‖
)
∣∣ < ε

2−j

‖Πjz‖
js
}

≤ P
{
x ∈ Q : |(x · a)| < ε

2−j

‖Πjz‖
js
}
,

where

Q =

j∏
i=1

Si

is a subset of RD, with D =
∑j

i=1 dim(Si), and where ‖a‖ = 1. Note that since
the {Si} come from Lemma 2.2, dim(Si) ≤ M ′.

It follows from Theorem 1.6 that

μ0{L ∈ E0 : |Lz| < ε2−j} ≤ 2C(M ′)

{
ε

2−j

‖Πjz‖
js
}
.

Since z ∈ Z and the subspaces Vj come from Lemma 2.2, ‖Πjz‖ ≥ 2−(j+2), so
finally

μ0{L ∈ E0 : |Lz| < ε2−j} ≤ C ′(M ′)εjs,

and the result follows as stated. �

3. Log-Lipschitz embeddings with sharp exponent

Armed with Lemma 2.3 the argument that gives the sharp exponents is relatively
straightforward. The short proof, reproduced here in order to make this paper self-
contained, is taken from Robinson ([25]; see also [26]).

Theorem 3.1. In Theorem 1.5 one can take α = 1 if B is a Banach space and
α = 1

2 if B is in fact a Hilbert space.

Proof. Choose s > α small enough to ensure that

(3.1) γ >
sN + 1

N − d

and define the probe set E following the construction outlined above using this
value of s.
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Define a sequence of layers of X −X,

(3.2) Zj = {z ∈ X −X : 2−(j+1) ≤ ‖z‖ ≤ 2−j},

and for a given f ∈ L (B,RN ), let Qj be the corresponding set of maps that fail
to satisfy the almost bi-Lipschitz property for some z ∈ Zj ,

Qj = {L ∈ Q : |(f + L)z| ≤ j−γ2−j for some z ∈ Zj}.

For every L ∈ Q, the map f+L is Lipschitz, with Lipschitz constant no larger than
K.

By assumption dA(X − X) < d, and so Zj ⊂ B(0, 2−j) can be covered by

Mj ≤ Mjγd balls of radius j−γ2−j , whose centres z
(j)
i (i = 1, . . . ,Mj) lie in Zj .

Given any z ∈ Zj there is z
(j)
i such that ‖z − z

(j)
i ‖ ≤ j−γ2−j , and thus

|(f + L)z| ≥ |(f + L)z
(j)
i | − |(f + L)(z − z

(j)
i )|

≥ |(f + L)(z
(j)
i )| −Kj−γ2−j ,

which implies, using Lemma 2.3, that

μ(Qj) ≤
Mj∑
i=1

μ{L ∈ Q : |(f + L)z
(j)
i | ≤ (1 +K)j−γ2−j }

≤ MjC(1 +K)Nj−γNjsN

≤ C ′jγd−N(γ−s),

since Mj ≤ Mjγd. Condition (3.1) implies that γd+N(s− γ) < −1, and so

∞∑
j=1

μ(Qj) < ∞.

Using the Borel–Cantelli Lemma, μ-almost every L is contained in only a finite
number of the Qj . Thus for μ-almost every L there exists a jL such that for all
j ≥ jL,

2−(j+1) ≤ ‖z‖ ≤ 2−j ⇒ |Lz| ≥ j−γ2−j ,

so for ‖z‖ ≤ 2−jL ,

(3.3) |Lz| ≥ 2−(1+γ) ‖z‖
| log ‖z‖ |γ . �

4. Slicing products of unit-volume balls

In 1979, Hensley showed that if Q = [− 1
2 ,

1
2 ]

D ⊂ R
D, and S is a co-dimension

one hyperplane, then the (D − 1)-volume of the slice S ∩ Q is no larger than 5,

independent of D. This bound was subsequently improved to
√
2 by Ball [3], and

this bound is optimal. For comparison with what follows, note that the k-fold
product of the one-dimensional ‘unit-volume ball’ is precisely the unit cube in R

k;
in this case we recover the result that the measure of a hyperplane slice is bounded
independently of k.
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Theorem 4.1. Let

Q =

n∏
j=1

Udj
,

where Ud is the ball of unit volume in R
d. Set N =

∑n
j=1 dj , and let S be a

co-dimension one subspace in R
N with unit normal a. Then for any r ∈ R

|(S + ra) ∩Q| ≤ C(d),

where d = maxj=1,...,n dj .

Note that since the volume of the unit ball in R
k is Ωk = πk/2/Γ(k2 + 1), the

radius of the unit-volume ball in R
k is rk = Ω

−1/k
k = π−1/2Γ(k2 + 1)−1/k.

Proof. The proof follows closely that of Ball [3], with the necessary adjustments
to deal with the fact that each ‘factor’ of Q is a ball rather than an interval, and
simplifications since there is no attempt to find the optimal value of C(d).

Let

f(r) = |(S + ra) ∩Q|.

As observed by Ball, f obtains its maximum value when r = 0 (a consequence of
the Brunn–Minkowski inequality), so f(r) ≤ f(0) = |S ∩Q| for every r ∈ R.

Let the unit normal to S be

a = (a1, . . . , an).

Assume that n ≥ 2 and |ai| < 1 for all i. If n = 1 this is slicing the unit-volume

ball in R
d, and |H ∩Q| = Ωd−1r

d−1
d for every choice of S; while if ai = 1 for some

i this is slicing the unit ball in R
di , and |H ∩Q| = Ωdi−1r

di−1
di

.

If Xj is a random variable uniformly distributed over Udj
(0), then

f(r) = lim
s→0

1

2s

∫ r+s

r−s

f(t) dt

= lim
s→0

1

2s
|{x ∈ Q : |

n∑
j=1

(aj · xj)− r| ≤ s}|

= lim
s→0

1

2s
P

⎛
⎝|

n∑
j=1

(aj · xj)− r| ≤ s

⎞
⎠ .

For each fixed j, aj · xj has characteristic function ψj(t) given by

ψj(t) =

∫
Udj

eit(aj ·x) dx

=

∫
Udj

eitαjx1 dx,
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choosing x1 to be aligned with aj , and setting αj = |aj |. Then

ψj(t) = Ωdj−1

∫ rdj

−rdj

eitαjx1(r2dj
− x2

1)
(dj−1)/2 dx1

= r
dj

dj
Ωdj−1

∫ 1

−1

eitαjrdju(1− u2)(dj−1)/2 du

=
Ωdj−1

Ωdj

Jdj/2(αjrdj
|t|)

(αjrdj
|t|/2)dj/2

Γ(
dj+1
2 )Γ( 12 )

= Γ(
dj

2 + 1)
Jdj/2(αjrdj

|t|)
(αjrdj

|t|/2)dj/2
,

since by definition (see Grafakos [9, Appendix B]) the Bessel function Jk(t) is given
by the Poisson representation formula

Jk(t) =
(t/2)k

Γ(k + 1
2 )Γ(1/2)

∫ 1

−1

eits(1− s2)k
ds√
1− s2

,

and Ωk = πk/2/Γ(k2 + 1) and Γ( 12 ) =
√
π.

So the characteristic function of

X =

n∑
j=1

aj ·Xj

is

φ(t) =

n∏
j=1

φj(t) =

n∏
j=1

Γ(
dj

2 + 1)
Jdj/2(αjrdj

|t|)
(αjrdj

|t|/2)dj/2
.

Using the Fourier inversion theorem, it follows that

f(0) =
1

2π

∫ ∞

−∞

⎛
⎝ n∏

j=1

Γ(
dj

2 + 1)
Jdj/2(αjrdj

|t|)
(αjrdj

|t|/2)dj/2

⎞
⎠ dt.

Since a is a unit vector,
∑n

j=1 α
2
j = 1; set pj = α−2

j and use Hölder’s inequality
with exponents p1, . . . , pn to obtain

|f(0)| ≤ 1

2π

n∏
j=1

(∫ ∞

−∞

∣∣∣∣Γ(dj

2 + 1)
Jdj/2(αjrdj

|t|)
(αjrdj

|t|/2)dj/2

∣∣∣∣
pi

dt

)1/pi

=
1

2π

n∏
j=1

(
2

αjrdj

∫ ∞

0

∣∣∣∣Γ(dj

2 + 1)
Jdj/2(τ )

(τ/2)dj/2

∣∣∣∣
pi

dτ

)1/pi

.

It follows from the series expansion for Jk,

Jk(t) =
1

Γ( 12 )

(
t

2

)k ∞∑
i=0

(−1)i
Γ(i+ 1

2 )

Γ(i+ k + 1)

t2i

(2i)!
,

that

Ij(t) := Γ(
dj

2 + 1)
Jdj/2(t)

(t/2)dj/2
=

Γ(
dj

2 + 1)

Γ( 12 )

∞∑
j=0

(−1)i
Γ(i+ 1

2 )

Γ(i+
dj

2 + 1)

t2i

(2i)!
.
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Then, dropping the j subscripts,

I(t) =
Γ(d2 + 1)

Γ( 12 )

(
Γ( 12 )

Γ(d2 + 1)
−

Γ( 32 )

Γ(d2 + 2)

t2

2!
+

Γ( 52 )

Γ(d2 + 3)

t4

4!
− · · ·

)

= 1−
1
2

d
2 + 1

t2

2!
+

1
2 · 3

2

(d2 + 1)(d2 + 2)

t4

4!
− · · ·

= 1− 1

d+ 2

t2

2!
+

1 · 3
(d+ 2)(d+ 4)

t4

4!
− 1 · 3 · 5

(d+ 2)(d+ 4)(d+ 6)

t6

6!

+
1 · 3 · 5 · 7

(d+ 2)(d+ 4)(d+ 6)(d+ 8)

t8

8!
− · · · ,

since Γ(1 + x) = xΓ(x). It follows that

I(t) < 1− 1

d+ 2

t2

2!
+

1 · 3
(d+ 2)(d+ 4)

t4

4!

= 1− 1

d+ 2

t2

2
+

1

(d+ 2)(d+ 4)

t4

2 · 4

if t2 < 8(d+ 8).
Compare this with

e−t2/4(d+2) = 1− t2

(d+ 2)4
+

t4

(d+ 2)2422!
− t6

(d+ 2)3433!

> 1− t2

(d+ 2)4

if t2 < 12(d+ 2).
Since [

1− t2

(d+ 2)4

]
−
[
1− 1

d+ 2

t2

2
+

1

(d+ 2)(d+ 4)

t4

2 · 4

]

=
1

d+ 2

t2

2
− 1

(d+ 2)(d+ 4)

t4

2 · 4 − t2

(d+ 2)4

=
t2

4(d+ 2)

[
1− t2

2(d+ 4)

]

it follows that

I(t) ≤ e−t2/4(d+2) for all t ≤ t∗ := 2(d+ 4).

Since (see Grafakos [9] again)

Jk(t) ≤
C

2k
√
t
, t ≥ 1,

it follows that

I(t) ≤
cΓ(d2 + 1)

t(1+d)/2
.
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Therefore, using the bound Γ(1 + z) ≤ czz and the fact that p ≥ 2,∫ ∞

0

|I(t)|p dτ ≤
∫ ∞

−∞
e−pt2/4(d+2) dt+ cΓ(d2 + 1)p

∫ ∞

t∗

1

tp(1+d)/2

=

√
4π(d+ 2)

p
+ c

2Γ(d2 + 1)p

p(1 + d)− 2
t∗−(pd+p−2)/2

=

√
4π(d+ 2)

p
+

c

p(1 + d)− 2

(
d

4(d+ 4)

)pd/2 (
1

2(d+ 4)

)(p−2)/2

=
c1(d)√

p
+

c2(d)

p(1 + d)− 2

≤ c(d)
√
p
,

noting that p(1 + d)− 2 ≥ √
p since p ≥ 2.

Finally,

|f(0)| ≤ 1

2π

n∏
j=1

(
2c(dj)

αjrdj

√
p
j

)1/pj

≤ 1

2π

n∏
j=1

(
2c(dj)

rdj

)1/pi

≤ 1

2π

n
max
j=1

2c(dj)

rdj

. �
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