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COFINAL MAXIMAL CHAINS IN THE TURING DEGREES

WEI WANG, LIUZHEN WU, AND LIANG YU

(Communicated by Julia Knight)

Abstract. Assuming ZFC, we prove that CH holds if and only if there exists
a cofinal maximal chain of order type ω1 in the Turing degrees. However, it
is consistent that ZF+“the reals are not well ordered”+“there exists a cofinal
chain in the Turing degrees of order type ω1”.

1. Introduction

A chain in the Turing degrees is a set of degrees in which every two elements
are Turing comparable. A chain is maximal if it cannot be properly extended, and
cofinal if every degree is below a degree in the chain. The study of chains in the
Turing degrees can be traced back to Sacks [7] and is related to the global theory of
the Turing degrees. Obviously, assuming ZFC, the existence of a cofinal chain is
equivalent to CH. An interesting question is how nice a maximal chain can be. In
particular, is there a cofinal maximal chain of order type ω1? Such a chain would
provide a nice ranking for the Turing degrees. However, maximal chains of order
type ω1 are not automatically cofinal. For example, Abraham and Shore [1] proved
that every locally countable upper semi-lattice of size ℵ1 with a least element could
be embedded into the Turing degrees as an inital segment, and as a consequence,
there exists a maximal chain of order type ω1 which is an initial segment of the
Turing degrees. So the behavior of chains may be very abnormal. In this paper,
we construct a cofinal maximal chain of order type ω1 in a highly nonuniform way.

The construction of a well ordered cofinal maximal chain depends heavily on
ZFC +CH. To be precise, we need a well ordering of reals of order type ω1. Such
a chain gives a ranking of Turing degrees, as we mentioned above, and thus also a
ranking of all reals. Although a ranking of reals looks quite like a well ordering, we
prove that a well ordered cofinal chain may not entail a well ordering of reals.

We organize the paper as follows. In section 2, we prove the existence of a cofinal
maximal chain of order type ω1 under ZFC + CH. In section 3, we present two
proofs of the independence result. Certainly the two proofs use forcing arguments,
and the second one is slightly more general. Nevertheless, we include the first
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proof, because it involves more recursion theory (of Gödel’s L) and thus may be
more interesting for recursion theorists. In the last section, we give some remarks.

We close this section by recalling some notions and useful results.
Given a real x, ωx

1 is the least ordinal α > ω such that

Lα[x] |= Σ1-Replacement.

For an ordinal β < ω1, ω
β
1 is the least ordinal α > β such that

Lα |= Σ1-Replacement.

Kleene’s O relativized to x is denoted by Ox. For α < ωx
1 , the α-Turing jump x(α)

is well defined. Moreover, if y ≥T x, then y(α) ≥T x(α).
The following theorem, Spector-Gandy’s Theorem, will be used later.

Theorem 1.1 (Spector and Gandy; see [8]). For any real x, a real y is Δ1
1(x) if

and only if y ∈ Lωx
1
[x].

If R is an linear ordering, then

R � x = {(y, z) ∈ R | (z, x) ∈ R}.
If R is a well ordering, then let otpR denote the order type of R.

For other conventions, we follow [6], [4], [5] and [8].

2. A cofinal maximal chain of order type ω1

In this section, we construct a cofinal maximal chain of order type ω1 by induc-
tion. The construction is very nonuniform. For any given real x, we put elements
z and z′′ into the chain such that x ≤T z′′ and then fill up the interval [z, z′′]. This
guarantees that the final chain is both cofinal and maximal.

Chong and Yu [2] proved the following result.

Lemma 2.1 (ZF ). For a countable A ⊂ 2ω and x ∈ 2ω there is a minimal cover
z of A such that x ≤T z′′.

Recall that z is a minimal cover of A if and only if x ≤T z for every x ∈ A and
no y <T z can compute all x ∈ A.

With Lemma 2.1 and CH, it is routine to construct a maximal chain in the
Turing degrees so that every degree is bounded by a double jump of some degree in
the chain. Actually we can improve this by eliminating double jumps. To this end
we need the following technical lemma, which is proved using existence methods of
coding double-jumps into joins (see [6]).

Lemma 2.2 (ZF ). There are reals x0 and x1 of minimal degree such that

∅′′ ≡T x0 ∨ x1 ≡T x′′
0 ≡T x′′

1 .

Lemma 2.3 (ZF ). There is a maximal chain 0 = c0 < c1 < . . . < cω = 0′′ in
[0,0′′].

Proof. Fix an enumeration (dn : n ∈ ω) of degrees below 0′′. Let c0 = 0.
Suppose that cn is defined with c′′n = 0′′. Relativize Lemma 2.2 to get degrees

x0 and x1 such that x0 ∨x1 = c′′ = 0′′ = x′′
0 = x′′

1 . If dn < 0′′, then there must be
some i < 2 with xi 
≤ dn; let cn+1 = xi. If dn = 0′′, then let cn+1 = x0.

Finally, let cω = 0′′. �
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One might ask whether the maximal chain in the lemma above could be cofinal
in [0,0′′). The answer is negative, for if an r.e. degree r > 0 were bounded by cn
but not by cn−1, then n− 1 > 0 and cn would have been r.e. in cn−1.

Theorem 2.4. Assuming ZFC, CH holds if and only if there is a cofinal maximal
chain of order type ω1 in the Turing degrees.

Proof. (⇒) Assuming CH, let (dα|α ∈ ω1) be an enumeration of the Turing degrees.
We inductively construct a chain Cα for each α ∈ ω1 such that

(1) for each β < α there is some c ∈ Cα such that c ≥ dβ,
(2) Cα is of order type α× ω + 1 if α is a successor or 0, and
(3) Cα is of order type α× ω if α is a limit ordinal.

Moreover we ensure that Cβ ⊂ Cα whenever β < α < ω1.
At the beginning let C0 = {0}.
Suppose that α = β + 1 and Cβ is defined. Given dβ , we apply Lemma 2.1 to

get a minimal cover a of Cβ with a′′ ≥ dβ . Then we relativize Lemma 2.3 to get a
maximal chain a = a0 < a1 < . . . < aω = a′′ in [a, a′′]. Let Cα = Cβ∪{aγ : γ ≤ ω}.

For α a limit, if the Cγ ’s are defined for γ < α, then let Cα =
⋃

γ<α Cγ .

Finally, let C =
⋃

α<ω1
Cα. It is easy to see that the order type of C is ω1, C is

a maximal chain and for each α < ω1 the (α× ω + ω + 1)-th element of C bounds
dα.

(⇐) Since every degree bounds at most countably many degrees, CH follows
immediately if there is a maximal chain as described. �

Note that it is not difficult to see, by a usual fusion argument, that assuming
ZF + CH, there are 2ℵ1 many such chains.

3. Cofinal chains vs. AC

In this section, we construct a model N such that

N |= ZF + “there is no a well ordering of reals”+

“there is a cofinal chain in the Turing degrees of order type ω1”.

The general idea is to start with a ground model

M |= ZFC + CH

and to construct an HOD-like model N in a generic extension so that N models
ZF+“there is no well ordering of reals”.

We include two constructions of N . The first one is a forcing argument over L
and involves some higher recursion theory. So, we guess that it is more interesting
for recursion theorists. However, the second proof is a forcing argument over any
M as above, which is a little more general.

3.1. Forcing over L. The ground model is L. Let P be Cohen forcing. In other
words, P = (2<ω,≤), where σ ≤ τ if and only if σ � τ . Pω1

is the finite support
product of Cohen forcings of length ℵ1. In other words, elements of Pω1

are functions
p such that dom p ⊂ ω1 is finite and p(α) ∈ 2<ω for each α ∈ dom p. For p and q in
Pω1

, p ≤ q if and only if for every α ∈ dom q, α ∈ dom p and p(α) � q(α).
For every α < ω1, let Pα be the set of p ∈ Pω1

such that dom p ⊆ α. The partial
order in Pα is the restriction of that in Pω1

to Pα.
For every α < ω1, Pα ∈ Lωα

1
.
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Let A = {2n|n ∈ ω} and A0 = {4n|n ∈ ω}, and let E be the set of countable
ordinals of the form α+ω. Actually A and A0 can be replaced by any infinite and
coinfinite recursive sets with A \A0 infinite.

Lemma 3.1. There exist binary relations {Rα}α∈E ∈ L so that for each α ∈ E:

• Rα ∈ L is a well ordering of order type α on A, and
• for β ∈ α ∩ E and α ∈ E, there is a function f ≤T Rα which is an
isomorphism from Rβ to an initial segment of Rα.

Proof. We work in L and build {Rα}α∈E by induction.
Suppose that we have defined {Rα}α∈E∩δ for δ = γ+ω. Let R be a well ordering

of order type γ on A0. So for every α ∈ E ∩ δ, there is a unique isomorphism fα
between Rα and an initial segment of R. Let Rδ = R+S, where S is a well ordering
of order type ω on A \A0 which computes fα for every α ∈ E ∩ δ.

Then {Rα}α∈E are as required. �

From now on, we fix {Rα}α∈E ∈ L as above.
Let G be a Pω1

-generic set over L. Then G can be viewed as an ω1-sequence
{Gα}α<ω1

of reals, where Gα =
⋃

p∈G p(α). Let G<α = {(β,Gβ) | β < α}.

Definition 3.2. For any α ≤ γ ∈ E and a sequence {zβ}β<α of reals, define the
join of {zβ}β<α along Rγ by induction on α to be the set

⊕

Rγ

{zβ}β<α = Rγ ⊕ {2n · 3j | ∃β < α(j ∈ zβ ∧ β = otp(Rγ � n)}.

The following lemma says that the join operator is order preserving.

Lemma 3.3. For any β1 ≤ β2 ≤ α1 ≤ α2 ∈ E,
⊕

Rβ2

{Gγ}γ<β1
≤T

⊕

Rα2

{Gγ}γ<α1
.

Proof. Suppose that β1 ≤ β2 ≤ α1 ≤ α2 ∈ E. Obviously Rβ2
≤T Rα2

.
Fix f ≤T Rα2

, which maps Rβ2
isomorphically to an initial segment of Rα2

.
Then for any n, j,

2n · 3j ∈
⊕

Rβ2

{Gγ}γ<β1
if and only if 2f(n) · 3j ∈

⊕

Rα2

{Gγ}γ<α1
.

So
⊕

Rβ2
{Gγ}γ<β1

≤T

⊕
Rα2

{Gγ}γ<α1
. �

The following lemma helps us to build a cofinal chain.

Lemma 3.4. For a real x and an ordinal α ∈ E, if x ∈ L[G<α], then there is some
countable β ≥ α in E with x ≤T (

⊕
Rβ

{Gγ}γ<β)
(β).

Proof. Suppose that x ∈ L[G<α]. Note that for any α < ω1,

L[G<α] = L[
⊕

Rα

{Gγ}γ<α]

since Rα ∈ L. So there must be some β1 ≥ α in E such that x ∈ Lβ1
[
⊕

Rα
{Gγ}γ<α].

By Lemma 3.3,
⊕

Rα
{Gγ}γ<α ≤T

⊕
Rβ1

{Gγ}γ<β1
. So x ∈ Lβ1

[
⊕

Rβ1
{Gγ}γ<β1

].
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Since β1< ω

⊕
Rβ1

{Gγ}γ<β1

1 , by Theorem 1.1, we have that x is Δ1
1 in

⊕
Rβ1

{Gγ}γ<β1
.

So there must be some β ≥ β1 in E ∩ ω

⊕
Rβ1

{Gγ}γ<β1

1 such that

x ≤T (
⊕

Rβ1

{Gγ}γ<β1
)(β).

By Lemma 3.3 again, x ≤T (
⊕

Rβ
{Gγ}γ<β)

(β). �

In L[G], let xg
α = (

⊕
Rα

{Gγ}γ<α)
(α) for every α ∈ E, and let τα be the canonical

Pω1
-name of xg

α. Let

C = {z | ∃α ∈ E(z ≡T xg
α)}.

Obviously C is a chain of Turing degrees in L[G].
Set

N = (HOD(trcl({C})))L[G],

where trcl({C}) ∈ L[G] is the transitive closure of {C}.
We have the following facts about the forcing and N .

Lemma 3.5. For any α < ω1,

(1) Pα preserves cardinals;
(2) G<α is a Pα-generic set over L;
(3) C ∈ N is a cofinal chain of order type ω1 in the Turing degrees in L[G];
(4) (2ω)L[G] = (2ω)N .

Proof. (1) and (2) are standard facts (see [4] for a proof). Moreover (4) follows
from (3) immediately. We only prove (3).

By the definition of N , C ∈ N . By Lemma 3.3, C is a chain. For any real
x ∈ L[G], there exists a countable ordinal α such that x ∈ L[G<α]. By Lemma 3.4,
for some countable β ≥ α in E, x ≤T (

⊕
Rβ

{Gγ}γ<β)
(β) = xg

β. So, C is cofinal in

the Turing degrees in L[G]. �

So N is a cardinal preserving extension of L. By (3) and (4) of the above lemma,
N satisfies ZF+“there exists a cofinal chain of Turing degrees”.

Let N ′ = HOD({Gα | α < ω1}). Then in N ′ there is no well ordering of 2ω by
Cohen’s proof (see [5]). But for N , to follow Cohen’s argument, we need to take
some additional care to make C invariant under permutations. So, we work with a
subset of permutations of ω1.

If π is a permutation of ω1, then let spt π = {α < ω1 | π(α) 
= α}. Let H0 be
the set of all permutations π of ω1 with | spt π| < ω. Let

H = {π ∈ H0 | ∀α < ω1(π(α) + ω = α+ ω)}.
For each π ∈ H, let π̄ be the permutation of LPω1 induced by π.

Let B be the set of Pω1
-names of reals, and define a Pω1

-name of C by

Ċ = {(τ, p) ∈ B × Pω1
| ∃α ∈ E(p � (τ ≡T τα))}.

Lemma 3.6. If π ∈ H and γ ∈ E, then � τγ ≡T π̄(τγ).

Proof. Note that the canonical name γ̌ of γ is invariant under π and Rγ is definable
in γ, as L is the least inner model. So τGγ and π̄(τγ)

G differ from each other only on
finitely many columns, for any Pω1

-generic G. The lemma follows immediately. �
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Thus we have the following conclusion:

Corollary 3.7. If π ∈ H, then Ċ = π̄(Ċ).

So, the permutations in H are sufficient for showing

N |= There is no well ordering of reals.

3.2. Forcing over models of CH. Fix a ground model

M |= ZFC + CH.

Let (xα|α < ω1) be a cofinal chain in the Turing degrees in M such that xα <T xβ

for α < β < ω1.
We define P,Pα,Pω1

and H as in the last subsection. For x ⊆ ω and i ∈ ω, let
(x)i = {j ∈ ω | 〈i, j〉 ∈ x}.

For each limit α < ω1, fix a bijection fα : ω → α. We define a sequence of reals
(yα : α is limit) by induction:

(1) yω = ∅.
(2) Suppose that α is a limit and yβ is defined for each limit β ∈ α. Let yα be

such that

(yα)2n = yβ and (yα)2n+1 = {〈i, j〉 | fβ(i) = fα(j)}
for each limit β ∈ α and n = f−1

α (β).

Each yα is a code for the sequence (fβ : β ≤ α). Let G be a Pω1
-generic over

M, which is a sequence (Gα|α ∈ ω1) of reals. For each α, let G∗
<α =

⊕
n∈ω Gfα(n).

Lemma 3.8. In M[G], there is a cofinal chain in the Turing degrees, namely
(xα ⊕ yα ⊕G∗

<α | α is a countable limit ordinal).

Proof. We work in M[G].
Firstly, we show that xβ⊕yβ⊕G∗

<β ≤T xα⊕yα⊕G∗
<α for limits β < α. Clearly,

xβ ⊕ yβ ≤T xα ⊕ yα. It suffices to show that G∗
<β ≤T yα ⊕G∗

<α. Let n = f−1
α (β).

For 〈i, k〉, find some j with 〈i, j〉 ∈ (yα)2n+1; then

〈i, k〉 ∈ G∗
<β ↔ 〈j, k〉 ∈ G∗

<α.

So, (xα ⊕ yα ⊕G∗
<α | α is a limit) is a chain.

Secondly, we show that the chain is cofinal in M[G]. For x ∈ 2ω ∩M[G], let τ
be a name for x, and let β be a limit ordinal such that for each k < ω, there exists
p with p ∈ P<β ∩ G deciding τG(k). As P<β is countable (in M), fβ naturally

induces a coding of P<β as a subset of ω, and thus the relation p � τ (ǩ) = b̌ for
p ∈ P<β is also coded by some real z ∈ M. By carefully picking an induced coding,
we can have x ≤T z ⊕G∗

<β. Let α > β be a limit ordinal with z ≤T xα. Then

x ≤T z ⊕G∗
<β ≤T xα ⊕ yα ⊕G∗

<α.

Hence, the chain is cofinal. �
Each π ∈ H induces an automorphism π̄ of all Pω1

-names in M and a map
π̂ : (G∗

<α|α < ω1) → 2ω in M[G]. Moreover, we have π̂(G∗
<α) ≡T G∗

<α for all limits
α. Let Sα be the Turing degree of xα ⊕ yα ⊕G∗

<α for each limit α < ω1 and let

S = (Sα|α is a countable limit ordinal).

As in the last subsection, let

N = HOD(trcl{S})M[G].
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Obviously, N |= (there is a well ordered cofinal chain in the Turing degrees).
Moreover, we can choose names of Sα’s so that the definition of N is invariant

under all π ∈ H. It follows by the homogeneity of Pω1
that

N |= There is no well ordering of reals.

If instead we want to violate CH in the final model, then we could simply
require that ω1 = ωL

1 also hold in M. The assumption that ω1 = ωL
1 can pass to

the above N . So in N , CH implies the existence of a well ordering of reals, while
this consequence has already been refuted.

4. Some comments

Finally, we give some further comments.

(1) We can also construct a cofinal maximal chain of order type ω1 in the
hyperdegrees by the same method as above based on the results in [9].

(2) One may want to “localize” our result. As a motivation, by Lemma 2.3,
there exists a cofinal maximal chain of order type ω2 in arithmetical sets.
However it is not difficult to see that there exists no well ordered cofinal
chain in [a, an) for any degree a and number n > 0. Abraham and Shore’s
result [1] implies that the order types of cofinal maximal chains in some
interval [a,b) range over all countable ordinals.

(3) Obviously, every minimal degree belongs to a cofinal maximal chain of order
type ω1. By Lemma 2.3, so does every Turing degree ≥ 0′′.1

(4) Not every Turing degree belongs to a cofinal maximal chain of order type ω1.
Examples include Δ0

2 generic degrees, 2-generic degrees, 2-random degrees
and hyperimmune-free random degrees, since they do not bound minimal
degrees.

(5) Slaman and Woodin prove that every countable set of degrees is definable
in (D,≤) with parameters. As Shore pointed out to us, it follows from
this definability theorem that the Turing degrees belonging to well ordered
cofinal maximal chains are definable (without parameters). But a local or
natural definition would sound more interesting.

(6) We do not know whether the existence of a cofinal maximal chain of the
Turing degrees of order type ω1 implies CH over ZF .
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