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IRREDUCIBILITY AND STABLE RATIONALITY

OF THE LOCI OF CURVES OF GENUS AT MOST SIX

WITH A MARKED WEIERSTRASS POINT

EVAN M. BULLOCK

(Communicated by Lev Borisov)

Abstract. Given a numerical semigroup H ⊆ (Z≥0,+), we consider the locus

MH
g,1 of smooth curves of genus g with a marked Weierstrass point of semi-

group H. We show that for all semigroups H of genus g ≤ 6 the locus MH
g,1

is irreducible and that for all but possibly two such semigroups it is stably
rational.

1. Introduction

By a curve, we will mean a projective curve over the complex numbers. Given
a smooth connected curve C of genus g > 1 and a point p ∈ C, the Weierstrass
semigroup of C at p is the set

H = {n ∈ Z≥0 : some meromorphic function f

has a pole of order n at p and no other poles}.

It follows from the Riemann-Roch theorem that if H ⊆ Z≥0 is the Weierstrass
semigroup of C at p, then H consists of all but g of the positive integers, called the
Weierstrass gaps. If H ⊆ (Z≥0,+) is any subsemigroup with |Z≥0\H| = g, we say
that H is a numerical semigroup of genus g.

For a general point p ∈ C, the Weierstrass semigroup is 〈g + 1, g + 2, g + 3, . . .〉
and the gaps are 1, 2, . . . , g. A Weierstrass point on C is any point with a different
semigroup. The pairs (C, p) where p is a Weierstrass point of a smooth irreducible
curve C form a divisor in the coarse moduli space Mg,1 of pointed curves. The
subset MH

g,1 ⊆ Mg,1 consisting of (C, p) where p has semigroup H is locally closed.
An irreducible variety V of dimension n is stably rational if V ×Pm is birational

to Pn+m for sufficiently large m; this condition is strictly stronger than unirational-
ity, but strictly weaker than rationality. For example, stably rational varieties that
are not rational are constructed in [BCTSSD85], and in [AM72] Artin and Mumford
show that the torsion part of H3(X,Z) is a birational invariant of a smooth pro-
jective variety X and construct unirational varieties of each dimension n ≥ 3 with
non-trivial torsion in H3; such varieties cannot be stably rational by the Künneth
theorem.
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In this paper, we prove the following:

Theorem 1.1. Let H be a semigroup of genus g ≤ 6. Then the locus MH
g,1 of

smooth curves of genus g with a marked point of Weierstrass semigroup H is ir-
reducible. Moreover, MH

g,1 is always stably rational, with the possible exceptions
of the semigroup 〈5, 7, 8, 9, 11〉 of a general Weierstrass point in genus 5 and the
semigroup 〈6, 7, 8, 9, 10〉 of a general odd subcanonical point in genus 6.

We will prove this in Section 2 after recalling the equivalence between the Weier-
strass semigroup of C at p and the vanishing and ramification sequences of the
canonical series KC at p and discussing previous results on the irreducibility of
MH

g,1.
Weierstrass points can also be defined in terms of holomorphic 1-forms rather

than meromorphic functions. Given a point p on a smooth curve C, the vanishing
sequence (of the canonical series KC) at p is the ascending sequence 0 = a0(p) <
a1(p) < · · · < ag−1(p) ≤ 2g − 2 of non-negative integers such that

{ai(p)} =
{
vp(ω) : ω ∈ H0 (C,KC)

}
;

i.e. the ai(p) are the zero orders at p of the global holomorphic 1-forms on C.
It follows from the Riemann-Roch theorem (cf. [ACGH85], I.E) that the set of
Weierstrass gaps at p is {ai(p) + 1}, so a Weierstrass point is a point where the
vanishing sequence is bigger than the sequence ai = i at a general point.

The ramification sequence 0 = α0 ≤ α1 ≤ · · · ≤ αg−1 ≤ g − 1 is the non-
decreasing sequence defined by αi(p) = ai(p) − i; it also encodes the same infor-
mation as the vanishing sequence or the semigroup. The weight of a Weierstrass
point,

w(p) =

g−1∑
i=0

αi(p),

measures how far a point is from being general. In particular, if H is a semigroup
of weight w, then every component of MH

g,1 has codimension at most w in Mg,1; a
component is called dimensionally proper if the codimension is equal to the weight.

The most powerful tool for showing the existence of Weierstrass points for wide
classes of numerical semigroups (i.e. the non-emptiness of MH

g,1) is the method
of limit linear series of Eisenbud and Harris [EH87a], which has since been used
to prove several slight extensions of their results (e.g. [Kom91]), and was a major
tool in showing that every numerical semigroup of genus at most 8 is a Weierstrass
semigroup in [Kom94]. This method involves attaching an elliptic tail to a Weier-
strass point on a genus g − 1 curve and smoothing to get a genus g curve. It is
not typically well-suited for proving irreducibility because there is no easy way of
showing that the closure of a component of MH

g,1 in Mg,1 would necessarily meet
the boundary component Δ1,1.

On the other hand, there are relatively few infinite classes of semigroups for
which irreducibility is known (e.g. for ordinary Weierstrass points of weight 1 this
was shown in [EH87b]). Weierstrass points with first non-gap 3 must lie on trigonal
curves, and gap sequences of such points have been completely classified, including
irreducibility for each gap sequence, in [BS98].

In [Arb74], Arbarello proves the irreducibility of the locus Wn,g of Weierstrass
points whose first non-gap is n; this certainly shows that some MH

g,1 is irreducible,
but while we should expect H to be the “smallest” semigroup (with respect to
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the natural partial order on the corresponding vanishing or ramification sequences)
with this property, as far as I know this has never been proven.

Similarly, in their study of the moduli space of pairs (C, ω) of a curve and a
holomorphic 1-form with a prescribed partition of zeros in [KZ03], Kontsevich and
Zorich in particular analyze the case of subcanonical points, i.e. points p ∈ C
such that KC

∼= OC ((2g − 2) p), and show that this locus has three irreducible
components for all g ≥ 4. In [Bul13], we show that each component is a different
MH

g,1 and determine for each genus the three semigroups, using a limit linear series
argument as in [EH87a].

The general irreducibility theorems covering the most different non-trigonal semi-
groups, however, are still those using earlier techniques. In [Pin74], Pinkham con-
structed a compactification of MH

g,1 for each numerical semigroup H = 〈k1, . . . , kr〉
by studying the weighted deformation theory of the singular monomial curve in Ar

parameterized by (tk1 , . . . , tkr). In [Buc80, 4.2], Buchweitz noticed that applying
some general unobstructedness results from deformation theory could be used to
show the existence of Weierstrass points, in the cases where H has two or three
generators, and the case where H has four generators and the ring C[tk1 , . . . , tkr ] is
Gorenstein. Of course if there are no obstructions, the Pinkham compactification
of MH

g,1 is just a weighted projective space, which is certainly irreducible, so the
Buchweitz result implies irreducibility as well.

The Gorenstein property in this case was shown to have a purely combinatorial
description in [Kun70]: let c be the largest gap of H. We say that H is symmetric
iff for all 0 ≤ i ≤ c, we have that i is a gap if and only if c − i is a non-gap.
Then C[tk1 , . . . , tkr ] is Gorenstein if and only if H is symmetric. We thus have the
following (the r ≤ 3 part of which was known to Nakano in [Nak08]):

Theorem 1.2. Let H = 〈k1, . . . , kr〉 be a numerical semigroup. Suppose either that
r ≤ 3 or that r = 4 and H is symmetric. Then MH

g,1 is non-empty and irreducible
and its Pinkham compactification is a weighted projective space.

Remark. The Weierstrass points with symmetric semigroup are precisely the sub-
canonical points discussed in [Bul13]. This follows from [Kun70, Lemma] since a
point is subcanonical if and only if 2g − 1 is a gap.

In [NM04] and [Nak08], Nakano and Mori used computer deformation theory
calculations to prove irreducibility and rationality of MH

g,1 for (almost) all the four-
generator semigroups H of genus at most 6. In our proof of Theorem 1.1 in the
next section, we use other methods to study the one remaining four-generator case
and all the cases where H has more than four generators.

2. Proof of Theorem 1.1

By the results [NM04, Nak08] mentioned above, together with the results of
Ballico, Casnati, and Fontanari [CF07,BCF09] showing that Mg,1 itself is rational
for g ≤ 6, the irreducibility and rationality of MH

g,1 is known for all semigroups of
genus g ≤ 6 except the nine cases in Table 1.

The locus MN(6)5
6,1 is an open subset of the locus W4,6 of pointed curves of genus

6 possessing a g14 that is totally ramified at the marked point: this is the locus
of pointed curves (C, p) where h0 (C,OC(4p)) ≥ 2, and by Riemann-Roch this is
equivalent to the condition a3(p) ≥ 4. Since 0, 1, 2, 4, 5, 6 is the smallest possible
vanishing sequence in genus 6 that satisfies this condition (and Weierstrass points
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Table 1

semigroup vanishing sequence ramification sequence

N(5)8 = 〈5, 7, 8, 9, 11〉 0, 1, 2, 3, 5 0, 0, 0, 0, 1

N(6)5 = 〈4, 9, 10, 11〉 0, 1, 2, 4, 5, 6 0, 0, 0, 1, 1, 1

N(6)11 = 〈5, 8, 9, 11, 12〉 0, 1, 2, 3, 5, 6 0, 0, 0, 0, 1, 1

N(6)12 = 〈5, 8, 9, 11, 13〉 0, 1, 2, 3, 5, 7 0, 0, 0, 0, 1, 2

N(6)18 = 〈6, 8, 9, 10, 11, 13〉 0, 1, 2, 3, 4, 6 0, 0, 0, 0, 0, 1

N(6)19 = 〈6, 7, 9, 10, 11〉 0, 1, 2, 3, 4, 7 0, 0, 0, 0, 0, 2

N(6)20 = 〈6, 7, 8, 10, 11〉 0, 1, 2, 3, 4, 8 0, 0, 0, 0, 0, 3

N(6)21 = 〈6, 7, 8, 9, 11〉 0, 1, 2, 3, 4, 9 0, 0, 0, 0, 0, 4

N(6)22 = 〈6, 7, 8, 9, 10〉 0, 1, 2, 3, 4, 10 0, 0, 0, 0, 0, 5

of any semigroup of genus at most 8 exist by [Kom94]), it is the vanishing sequence
at a general point in W4,6.

This locus W4,g has been studied for general genus g: it was shown to be ir-
reducible of dimension 2g + 1 in [Arb74] and rational in [CDC04]. By the same

reasoning, MN(6)11
6,1 is an open subset of W5,6 and hence is irreducible of dimension

2g + 2 by [Arb74].
The semigroups N(5)8 and N(6)18 correspond to general Weierstrass points, and

irreducibility is known in this case for every genus. In fact, in [EH87b] a stronger
result was proved: for H = 〈g, g + 2, g + 3, . . . , 2g + 1〉 the semigroup of a general
Weierstrass point of genus g, the monodromy of the cover MH

g,1 → Mg is the full
symmetric group S(g−1)g(g+1).

In one other case irreducibility is known: MN(6)22
6,1 is the locus of odd subcanon-

ical points with the smallest possible semigroup, which is shown to be non-empty
and irreducible for any genus in [Bul13].

To prove irreducibility and stable rationality in the remaining cases, we first
recall a description of (most) genus 6 curves:

Proposition 2.1 ([ACGH85], V.A, [SB89]). Let C ⊂ P5 be a canonical curve of
genus 6 which is not hyperelliptic, trigonal, bielliptic, isomorphic to a smooth plane
quintic curve, or birational to a plane sextic with double point singularities, at least
one of which is tacnodal (or worse). Then C lies on a unique smooth quintic del
Pezzo surface Σ ⊂ P5, embedded by | −KΣ|, and C is the zero locus of a section
of OΣ(2). The automorphism group of Σ is isomorphic to the symmetric group S5,
and the action extends to a linear action of S5 on P5 preserving Σ.

The curve C has exactly five g14’s, and the corresponding five g26’s arise from
blowing down one of the five sets of four disjoint lines in Σ to obtain an irreducible
sextic in P2 with four nodes or cusps in linear general position. Conversely, every
plane sextic with four nodes or cusps in linear general position arises in this way,
and the canonical series KC

∼= OC(1) is cut out on the plane sextic by the plane
cubics passing through the four double points.
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Let Vd = H0 (Σ,OΣ(d)) for d = 1, 2. By Kodaira vanishing and Riemann-Roch
for surfaces, we have

dimV1 = χ(OΣ) +
1

2

(
(−KΣ)

2 − (−KΣ) ·KΣ

)
− h0 (Σ, 2KΣ) = 1 + 5− 0 = 6,

since KΣ − (−KΣ) = 2KΣ is negative, and similarly

dimV2 = χ(OΣ) +
1

2

(
(−2KΣ)

2 − (−2KΣ) ·KΣ

)
− h0 (Σ, 3KΣ) = 1 + 15− 0 = 16.

These numbers could also have been computed as, respectively, the dimension of the
vector space of plane cubics passing through four points in linear general position,
and the dimension of the vector space of plane sextics double at those four points.

2.1. Stable rationality in the case 0, 0, 0, 0, 0, n. We consider first the case of
the vanishing sequence 0, 1, 2, 3, 4, 5 + n, for 1 ≤ n ≤ 4. First, we set

F = {(τ, p) ∈ V1 × Σ: τ (p) = 0} .
Then F → Σ is a rank 5 vector subbundle of the trivial vector bundle V1 ×Σ → Σ
over the surface Σ. In particular, F is irreducible of dimension 7. Now, for a general
(τ, p) ∈ F over a given p ∈ Σ, the zero locus T = (τ ) of τ is smooth and irreducible:
this follows from Bertini’s theorem and the smoothness of Σ. Such curves T have
genus 1, as can be checked by adjunction, recalling that V1 = |OΣ(1)| = | − KΣ|,
so that g(T ) = 1 + 1

2

(
(−KΣ)

2 + (−KΣ) ·KΣ

)
= 1. Moreover, by considering the

projection F → V1, we see that for a general (τ, p) ∈ F with T smooth, we have
OT (2) �∼= OT (10p), since for a fixed T there are only 100 points p on T for which
OT (2) ∼= OT (10p).

Now, let F ◦ be the subset of F consisting of those (τ, p) ∈ F for which the zero
locus T = (τ ) of τ is smooth and irreducible with OT (2) �∼= OT (10p). Then F ◦ is
open, since the loci we have excluded are pull-backs of closed subsets of P(V1) and
of the Picard scheme over M1,1, and F ◦ ⊆ F is dense, since F is irreducible and
we have shown F ◦ is non-empty. We set

En = {(σ, τ, p) ∈ V2 × F ◦ : σ vanishes to order at least n+ 5 at p along (τ )} ,
and we claim that En → F ◦ is a vector bundle of rank 16 − (n + 5) = 11 −
n. To show this, we note first that the map H0 (Σ,OΣ (2)) → H0 (T,OT (2))
is surjective (this follows from the long exact sequence in cohomology for 0 →
IT (2) → OΣ(2) → OT (2) → 0, since IT (2) ∼= OΣ(2− 1) ∼= −KΣ). Now, OT (2) is a
degree 10 line bundle on T , so by Riemann-Roch h0(T,OT (2)) = 10, and similarly
h0 (T,OT (2)(− (n+ 5) p)) = 10− n− 5, since n ≤ 4 and KT = 0. Thus vanishing
to order n+ 5 at p along T imposes exactly n+ 5 conditions.1

Thus, En is irreducible of dimension 18 − n. Moreover, by Bertini’s theorem,
the zero locus S = (σ) for a general (σ, τ, p) ∈ En over (τ, p) is smooth away

1It is here that the 1 ≤ n ≤ 4 case we have been considering differs from the n = 5 case: given a
smooth hyperplane section H of Σ through a point p ∈ Σ, the condition of vanishing along H with
multiplicity at least 10 no longer imposes exactly 10 independent conditions on H0(Σ,OΣ(2)).
If C is the zero-locus of a global section of OΣ(2) that does not contain H but meets H with
multiplicity at least 10, then p is the only point of intersection (with multiplicity exactly 10)
between H and C and we must have OH(2) ∼= OH(10p). Since H is a smooth curve of genus 1,
the divisor q − p is not effective for q �= p, so a global section of OH(10p) vanishing to order 9
at p must in fact vanish to order 10. Note that for general p ∈ H, we have OH(2) �∼= OH(10p),
so no smooth section of H0(Σ,OΣ(2)) meets H at p with multiplicity 10. For a more detailed
explanation in terms of the corresponding plane cubics and sextics, see Section 4.5 of [Bul13].
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from T , and by considering multiples of τ by another section of OΣ(1), we find
that a general such S is also smooth along T . By adjunction, such curves S have
g(S) = 1 + 1

2

(
(−2KΣ)

2 + (−2KΣ) ·KΣ

)
= 6 and are canonically embedded in P5.

Moreover, a general such smooth S meets T at p to order exactly n+ 5: for n < 4
this follows, since by the dimension count E1 � E2 � E3 � E4, and for n = 4 it
follows from the condition OT (2) �∼= OT (10p) on F ◦.

Let E◦
n be the dense open subset of En consisting of (σ, τ, p) where S is smooth

and irreducible and meets T at p with multiplicity exactly n + 5. Then for any
element of E◦

n, the vanishing sequence of KS at p is exactly 0, 1, 2, 3, 4, n + 5: we
know that τ vanishes to order exactly n−5, and any other section of OΣ(1) vanishes
on T at five points, counting multiplicities, but cannot vanish at p with multiplicity
5 because that would imply OT (1) ∼= OT (5p) and hence OT (2) ∼= OT (10p).

Now, we have a map E◦
n → MH

6,1, where H is the semigroup corresponding to
the vanishing sequence 0, 1, 2, 3, 4, n + 5, defined by mapping (σ, τ, p) to the class
of (S, p). Since an open subset of M6,1 can be realized by sections of OΣ(2) (and
since the condition that T be smooth is likewise open), we see that the irreducible
variety E◦

n of dimension 18−n must dominate a component of MH
6,1. The fibers of

this map are 2-dimensional, coming from the (C∗)2 action by scalar multiplication
on (σ, τ ), so we find that this component has dimension 16 − n = dimM6,1 − n,
and since n is the weight of these Weierstrass points, this component of MH

6,1 is
dimensionally proper.

We now show that this component is stably rational. Recall that the action of
S5 on Σ is almost free ([BCF09], Claim 1.2). As in the proof of the rationality of
M6,1 in [BCF09], our main tool in proving stable rationality will be the following
proposition.

Proposition 2.2 ([Dol87], Main Lemma of Section 4). Let G be a reductive alge-
braic group acting almost freely on an irreducible variety X and E be a G-linearized
vector bundle on X. Then E/G is birationally isomorphic to the total space of a
vector bundle on X/G.

The action of S5 on Σ induces a linearized action on F , which is also almost
free and preserves F ◦, and this in turn induces an S5-linearized action on En that
preserves E◦

n. It then follows from Proposition 2.2 that E◦
n/S5, which is birational

to En/S5, is birational to the total space of a vector bundle over F ◦/S5. Applying
Proposition 2.2 again, we see that F ◦/S5 is birational to the total space of a vector
bundle on Σ/S5, but a unirational surface is rational, so this implies that F ◦/S5,
and hence E◦

n/S5 is rational. On the other hand, if Xn is our component of MH
6,1,

then Xn × P2 is birational to E◦
n/S5. It follows that our component Xn is stably

rational.

Remark. Unfortunately, unlike the representation of S5 on H0 (Σ,OΣ(2)), the rep-
resentation on H0 (Σ,OΣ(1)) does not contain the trivial or sign representation:
indeed, it is the 6-dimensional irreducible representation of S5 ([SB89], Lemma 1).
We therefore are unable to use the same trick as in [BCF09] for obtaining rationality
of projective bundles from rationality of vector bundles.

2.2. Stable rationality in the case 0, 0, 0, 0, 1, n. We now consider the case
where H is the semigroup corresponding to the vanishing sequence 0, 1, 2, 3, 5, 5+n,
for n = 1, 2. If S is the smooth irreducible zero-locus of a section σ of OΣ(2), and
p is a Weierstrass point of S with semigroup H, then there will exist sections τ
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and υ of OΣ (1) vanishing to orders 5 + n and 5, respectively, along S at p. While
τ is uniquely determined up to scalars as in the previous case, υ is only uniquely
determined up to scalars modulo τ . We note, however, that as long as T = (τ )
is smooth, there is a unique (up to scalars) linear combination υ + cτ whose zero
locus U is singular at p; we will choose that as our υ.

The quintic del Pezzo surface Σ contains ten lines; if we regard Σ as the blowup
of P2 at four points, these are the proper transforms of the six lines passing through
pairs of these points, together with the four exceptional divisors. Let Σ◦ be the
complement of these ten lines in Σ.

Let A = {(w, p) : p ∈ Σ◦, w ∈ TpΣ
◦} → Σ◦ be the tangent bundle of Σ◦, and let

A◦ be the open subset where w �= 0. Then A◦ is irreducible of dimension 4. Now,
set

B = {(υ, w, p) ∈ V1 ×A◦ : multp(υ) ≥ 2

and υ vanishes to order at least 3 in the direction w} ,
where the condition of vanishing to order at least 3 in the direction given by a
vector is well-defined because we are assuming that υ vanishes to order at least 2 in
all directions; in the case where the zero locus U = (υ) of υ has a double point at p,
we are simply requiring that some branch have tangent direction w. Then B → A◦

is a rank 6− 4 = 2 vector bundle,2 and hence B is irreducible of dimension 6.
Let B◦ be the dense open subset of B where U = (υ) is irreducible with a node

or cusp at p. Set

C = {(τ, υ, w, p) ∈ V1 ×B◦ : (T.U)p ≥ 5

and τ vanishes to order at least 2 at p along w} ,
where T = (τ ) is the zero-locus of τ , and (T.U)p is the intersection multiplicity at
p, but considered to be +∞ if τ is identically zero on U . Then C → B◦ is a vector
bundle of rank 2.3 Therefore C is irreducible of dimension 8. Let C◦ be the dense
open subset where T is smooth, and set

Dn = {(σ, τ, υ, w, p) ∈ V2 × C◦ : σ vanishes to order 5 + n along T at p}
for n = 1, 2, 3. As in the case of En → F ◦ above, we find that Dn → C◦ is a rank
11− n vector bundle, and for a general (σ, τ, υ, w, p) ∈ Dn, the curve S = (σ) is a
smooth canonically embedded curve of genus 6. We then have thatDn is irreducible
of dimension 19−n, and since this implies D1 � D2 � D3, we find that at a general
point of Dn for n = 1, 2, the intersection multiplicity of S and T at p is exactly
5 + n.

2One can check directly that given five distinct points in P2 and a tangent vector at the fifth
point, the 4 + 3 + 1 conditions on the space of plane cubics of vanishing at the first four points
and vanishing with multiplicity at least 2 in all directions and at least 3 in the specified direction
at the fifth point are independent as long as the five points are in linear general position.

3Let π : P1 → U be the normalization of the nodal or cuspidal rational curve U . Then
π∗OU (1) ∼= OP1 (5), and π∗ induces a linear map V1 → H0

(
P1,OP1 (5)

)
between 6-dimensional

vector spaces whose kernel is the 1-dimensional subspace spanned by υ. Thus the image is precisely
the 5-dimensional subspace defined by the δ = 1 adjoint condition (see [ACGH85], I.A.2), and in
both the node case and the cusp case we find that we are imposing exactly 4 linear conditions
on the 6-dimensional vector space V1. (In the node case, vanishing to order 4 along the specified
branch guarantees an intersection multiplicity of at least 5, and in the cusp case, the possible
vanishing orders at the point on P1 corresponding to p are 0, 2, 3, 4, 5.)
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Let D◦
n be the dense open subset where S is a smooth irreducible curve and S

and T meet with multiplicity exactly 5 + n at p. Then since T and U meet at p
with multiplicity exactly 5, we must have that S and U meet at p with multiplicity
exactly 5. Moreover, since C → B◦ has rank 2, the sections σ and υ are a basis
for the subspace of V1 vanishing to order at least 5 along S. On the other hand,
no section of OΣ(1) can vanish to order exactly 4 along S at p, since then on the
smooth curve T of genus 1 we would have OT (4p+ q) ∼= OT (1) ∼= OT (5p) for some
point q �= p of T . It follows that for every (σ, τ, υ, w, p) ∈ D◦

n, with n = 1, 2, the
point p is a Weierstrass point of S = (σ) with vanishing sequence 0, 1, 2, 3, 5, 5+ n.

We thus have, for n = 1, 2, a map D◦
n → MH

6,1, where H is the semigroup cor-
responding to the vanishing sequence 0, 1, 2, 3, 5, 5+ n. As in the previous case, we
find that this map dominates some component of MH

6,1. The fibers of this map are

4-dimensional, coming from the (C∗)4 action by scalar multiplication on (σ, τ, υ, w),
so this component has dimension 15− n = 16− (n+ 1), and the component is di-
mensionally proper. The proof of the stable rationality of this component Yn then
proceeds exactly as in the previous case. We apply Proposition 2.2 four times to
conclude that D◦

n/S5 is rational, and it follows that Yn ×P4 is rational.

Remark. This entire argument also goes through verbatim when n = 3 for the
vanishing sequence 0, 1, 2, 3, 5, 8, but in this case the corresponding semigroup is

N(6)13 = 〈5, 7, 8, 11〉, and the irreducibility and rationality of MN(6)13
6,1 was proved

in [Nak08].

2.3. Irreducibility. At this point, we have shown only the existence of an irre-
ducible component of the expected dimension for each semigroup. It’s conceivable
there could be another component that simply fails to meet the open subset that
we’ve been considering, e.g. because it consists only of trigonal curves, bielliptic
curves, or the other excluded cases in Proposition 2.1, or because for a general
(C, p) in the component, the zero locus T = (τ ) of the section of OΣ(1) meeting C
with multiplicity 5 + n is singular rather than smooth. However, since every com-
ponent must have codimension at most the weight of the semigroup, to show that
we haven’t missed a component we need only repeat the same sort of dimension
count (but without worrying about rationality) in each special case and show that
we get a dimension smaller than 16 − n in the first case and 16 − (n + 1) in the
second.

The Weierstrass points in the hyperelliptic case have vanishing sequence 0, 2, 4,
6, 8, 10, which is not one of the sequences we are considering. The trigonal case has
also been worked out completely (in arbitrary genus) in [BS98], Theorem 4.6.4 The
entire locus Mbe

6 of bielliptic curves of genus 6 has dimension only 2 · 6− 2 = 10, so
it is certainly too small to contain a component for any of the semigroups we are
considering.

The locus of smooth plane quintics (up to projective equivalence) has dimension
only

(
5+2
2

)
− 1 − dimPGL3 = 12, so we need only check that it is not the case

4The semigroups we are concerned with can all occur in the trigonal case. In the notation of
[BS98], the vanishing sequence 0, 1, 2, 3, 5, 7 corresponds to ρ = sE = m = 1, tE = t = ε = 0,
yielding a dimension of 11 < 13. The vanishing sequence 0, 1, 2, 3, 5, 6 corresponds to ρ = ε = α =
1, t = tE = sE = 0, m = 2, r = 4, yielding a dimension of 12 < 14. For n = 2, 3, 4, the vanishing
sequence 0, 1, 2, 3, 4, 5 + n corresponds to ρ = ε = 1, t = tE = sE = 0, m = 2, r = 5, α = n,
yielding a dimension of 14− n < 16− n.
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Figure 1. The case where the plane sextic curve S̃ has an A3 and
an A4 singularity.

that a general smooth plane quintic has a Weierstrass point of vanishing sequence
0, 1, 2, 3, 4, 9. But let C ⊂ P2 be a smooth quintic and p ∈ C be a Weierstrass
point with vanishing sequence 0, 1, 2, 3, 4, 9. Then (by adjunction) the canonical
series |KC | is cut out on C by the plane conics. If Z is the conic meeting C with
multiplicity 9 at p, then Z can’t be reducible, since then the double tangent line
would meet C with a greater multiplicity, and Z can’t be a double line since 9 is
odd. Thus Z is smooth, and we can easily count the dimension of the image in
M6,1 of the locus of pointed curves (C, p) of this form:

point p︷︸︸︷
2 +

smooth conic Z,︷ ︸︸ ︷(
2 + 2

2

)
− 1 −

through p︷︸︸︷
1 +

smooth quintic C,︷ ︸︸ ︷(
5 + 2

2

)
− 1 −

with (C.Z)p = 9︷︸︸︷
9 −

PGL3︷︸︸︷
8 −

dimG2
5(C)︷︸︸︷
0 = 9,

which is less than 16 − 4 = 12, the smallest possible dimension of a component in
this case.

The remaining special cases in Proposition 2.1 are those where a general curve S

in a possible component is birational to a singular sextic curve S̃ ⊆ P2 with double
point singularities, at least one of which is of analytic type Am : y2 = xm+1 for

3 ≤ m ≤ 8 (cf. [ACGH85], V.A). Since the arithmetic genus of S̃ is
(
6−1
2

)
= 10,

the δ-invariants of these singularities must add up to 10− 6 = 4, so we must have
either a single singularity with δ =

⌊
m
2

⌋
= 2, 3, 4 and 4 − δ other nodes or cusps

or two singularities with δ = 2 (i.e. tacnodes or rhamphoid cusps). We can handle
these cases in the same way we handled the general case: we could have expressed
our dimension count in terms of sextic plane curves with four nodes or cusps in
linear general position, but it was more convenient to instead consider their proper
transform in the blowup of P2 at those points. Likewise, in these cases we instead

consider the rational surface Σ obtained in resolving the singularities of S̃.
In each case, the points that we blow up at each stage in resolving the singularities

of S̃ do not lie on any irreducible (−2)-curves,5 so the resulting surface Σ that we
obtain is a generalized (or “weak”) Del Pezzo surface of degree 5 in the sense of
[Dem80] or [CT88]. Likewise, one can check in each case that the proper transform

S of S̃ is the zero locus of a section of −2KΣ, with KS cut out by −KΣ.

5If the tangent line to a tacnode were also tangent to a branch of another node (or tacnode),
this condition would fail: the proper transform of the tangent line in Σ would have self-intersection
−3. This case, however, never occurs for a plane sextic by Bézout’s theorem.
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For example, in the case of two tacnodes, each singularity is resolved by blowing
up at the singular point and then blowing up at the infinitely near point corre-
sponding to the shared tangent line of the branches. In this case, Z5 ∼= Pic(Σ) =
〈H,E1, E2, F1, F2〉, where H is the pull-back of the class of a line in P2, E1 and
E2 are the proper transforms of the original exceptional divisors, and F1 and F2

are the exceptional divisors from blowing up the infinitely near points. The Ei are
(−2)-curves, the Fi are (−1)-curves and Ei · Fj = δij . The canonical class on Σ is

KΣ = OΣ(−3H + E1 + 2F1 + E2 + 2F2),

and the tacnodal plane sextic S̃ pulls back to a section of OΣ(6H) vanishing on
2E1 + 4F1 + 2E2 + 4F2, so its proper transform S has class 6H − 2E1 − 4F1 −
2E2 − 4F2 = −2KΣ. Note that S̃ meets Fi in −2Ei · Fi − 4Fi · Fi = −2 + 4 = 2
distinct points. In the case that one or both of the singularities were A4 instead
of A3, the surface Σ and the class of S would be the same, but S would meet the
corresponding Fi in one point with multiplicity two rather than two distinct points.

Thus we can repeat the same dimension count as in the case of an ordinary
Del Pezzo surface above, replacing OΣ(1) and OΣ(2) with −KΣ and −2KΣ. The
line bundle −KΣ is no longer ample, but it is big and nef, so we may use the
Kawamat-Viehweg vanishing theorem ([Kaw82], [Vie82]) where we used Kodaira
vanishing above. The only difference comes at the end when we consider the fibers
of the map from our parameter space to M6,1: while the automorphism group of
an ordinary Del Pezzo surface of degree 5 is finite, the automorphism groups of
these generalized Del Pezzo surfaces of degree 5 are all positive-dimensional,6 so
the dimension of the fibers of the map to M6,1 is larger and the image in M6,1 has
smaller dimension.

We must now deal with the cases where the auxiliary curve T is singular. We
can analyze these cases in, for the most part, the same way we analyzed the general
case (but without having to show that the general vanishing sequence isn’t larger
than we expect or even that the general curves in our families are actually smooth).
We discuss briefly here the modifications required. First of all, if T is irreducible
and singular but not singular at p, then the analysis goes through unchanged (but
the proof that vanishing to order 5 + n at p imposes 5 + n independent conditions
involves a smooth point of a nodal or cuspidal rational curve of arithmetic genus 1
rather than a smooth curve of geometric genus 1), producing a locus of one lower
dimension. We can handle the cases where T is reducible but not singular at p in
the same way.

We now consider the cases where T is singular at p. When T has a node or
cusp at p, the requirement that (S.T )p ≥ 5+n imposes only 4+n conditions,7 but
requiring a singularity at p reduces the dimension of the possible choices of (T, p) by
two.8 When T has a tacnode (this requires that T be reducible), the requirement
that (S.T )p ≥ 5 + n imposes only 3 + n conditions, but the dimension of the space

6This is because demanding that an element of PGL3 that is known to fix a given point also
fix an infinitely near point only imposes at most one additional condition rather than the two
conditions imposed by fixing another general point in P2. If it imposes zero conditions instead of
one, then the (coarse) moduli space of such surfaces has larger dimension, but the fact that the
automorphism group is even bigger in this case makes up for this in the dimension count.

7In the node case, the fibers of this map are no longer irreducible, but we can fix this by
choosing a tangent direction for one of the branches of the node first.

8For ramification sequences 0, 0, 0, 0, 1, n, a further slight modification is required: rather than
picking U first and then T , we pick T first and then U ; it’s no longer the case that U is uniquely
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of tacnodal (T, p) is smaller by four.9 When T has an ordinary triple point (this
requires that T be reducible and that p lie on a line of Σ), the requirement that
(S.T )p ≥ 5 + n imposes only 3 + n conditions, but the dimension of the space of
such (T, p) is smaller by 5. In the case where T is non-reduced at p but Tred is
smooth at p, the requirement that (S.T )p ≥ 5 + n imposes only

⌈
5+n
2

⌉
conditions,

but the dimension of the space of such (T, p) is smaller by 5 (and n ≤ 4). Finally,
in the case where T is non-reduced at p and Tred is nodal at p, the requirement that
(S.T )p ≥ 5 + n imposes only

⌈
4+n
2

⌉
conditions, but the dimension of the space of

such (T, p) is lower by 6 (indeed, there are only finitely many such (T, p)).10 This
completes the proof of the theorem.

Remark. There is no real reason to believe that the two remaining cases are not
stably rational (or, indeed, that any of these varieties fail to be rational). Indeed,
one might expect the behavior in the case of the semigroup 〈6, 7, 8, 9, 10〉 of a
general odd subcanonical point ([Bul13]) in genus 6 to closely resemble the case of
the semigroup 〈5, 7, 8, 9〉 of a general even subcanonical point, for which rationality
is proved in [Nak08].
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