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NORM CLOSED IDEALS IN THE ALGEBRA OF BOUNDED

LINEAR OPERATORS ON ORLICZ SEQUENCE SPACES

PEIKEE LIN, BÜNYAMIN SARI, AND BENTUO ZHENG

(Communicated by Thomas Schlumprecht)

Abstract. For each 1 < p < ∞, we consider a class of p-regular Orlicz se-
quence spaces �M that are “close” to �p and study the structure of the norm
closed ideals in the algebra of bounded linear operators on such spaces. We
show that the unique maximal ideal in L(�M ) is the set of all �M strictly sin-
gular operators and the immediate successor of the ideal of compact operators
in L(�M ) is the closed ideal generated by the formal identity from �M into �p.

1. Introduction

A classical result of [C] says that the only non-trivial proper closed ideal in
the algebra L(�2) of bounded linear operators on a separable Hilbert space is the
ideal of compact operators. The same was shown to be true for �p (1 ≤ p < ∞)
and c0 in [GMF]. Gramsch [G] and Luft [L] have classified the closed ideals of
L(H) for Hilbert spaces of arbitrary dimension. Daws [D] has generalized their
results to �p(I) and c0(I) for an arbitrary index set I. A recent result of Tarbard
[T] extending Argyros-Haydon’s work [AH] shows that for each natural number
n, there is a Banach space with exactly n non-trivial closed ideals generated by
the powers of a single nilpotent, strictly singular, non-compact operator. Apart
from these, there are only a few Banach spaces for which the closed ideals in the
algebra of bounded linear operators are completely determined (see [LLR], [LSZ],
and [AH]). The structure of closed operator ideals has been studied extensively by
several authors. See, for instance, [SSTT], [KPSTT], [DJS], and [KL] for recent
advances and further discussion of the problem on various classes of Banach spaces.

If we assume that the ideal of compact operators is the only non-trivial closed
ideal in the algebra of bounded linear operators on an Orlicz sequence space �M ,
this forces �M to be isomorphic to �p for some 1 ≤ p < ∞. This unpublished
observation is due to the authors of [SSTT]. Therefore, a natural question arises
whether one can determine all the closed ideals on Orlicz sequence spaces which
are ‘close’ to but not isomorphic to some �p. There are various ways one can define
the notion of being close to �p. However, since every Orlicz sequence space �M
contains a copy of some �p, if we assume that �M is separable and not isomorphic
to �p, then it must contain at least two non-equivalent symmetric basic sequences,
namely, the unit vector basis of �M and a sequence equivalent to the �p basis. Thus,
we say that an Orlicz sequence space �M is close to �p if it contains exactly two
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non-equivalent symmetric basic sequences. The precise definition which imposes
some further regularity conditions on the Orlicz function M is given in Section 2.

We show that if �M is an Orlicz sequence space close to �p and M satisfies some
regularity conditions, then every subspace of �M that contains a copy of �M must
contain a complemented copy of �M . It thus follows that the set of all �M -strictly
singular operators, as an ideal in L(�M ), is maximal. Recall that a bounded linear
operator T is said to be �M strictly singular if the restriction of T on any subspace
isomorphic to �M is not an isomorphism onto its image. Moreover, we show that
every subspace of such �M contains a complemented copy of �p. This yields that
the closed ideal generated by the formal identity I�M→�p from �M into �p is the
immediate successor of the ideal of compact operators in L(�M ). That is, every
closed ideal generated by a non-compact operator must contain the closed ideal
generated by I�M→�p . We also prove further structural results in Section 3.

2. Orlicz spaces close to �p (1 < p < ∞)

Recall that an Orlicz function [LT, Chapter 4] M : R+ → R
+ is a continuous,

non-decreasing, convex function such that M(0) = 0 and limt→∞ M(t) = ∞. To
any Orlicz function M we associate a sequence space �M of all sequences of scalars
(a1, a2, . . .) such that

∑∞
i=1 M(|ai|/ρ) < ∞ for some ρ > 0. The space �M equipped

with the norm

‖x‖ = inf

{
ρ > 0 :

∞∑
i=1

M(|ai|/ρ) ≤ 1

}

is a Banach space usually called an Orlicz sequence space. An Orlicz function M is
said to satisfy the Δ2-condition at zero if lim supt→0 M(2t)/M(t) < ∞. We recall
some fundamental facts that will be used in the sequel repeatedly.

(1) An Orlicz function M does not satisfy the Δ2-condition at zero if and only
if the space �M contains a subspace that is isomorphic to �∞ if and only if
�M is not separable [LT, Proposition 4.a.4].

(2) If an Orlicz function M satisfies the Δ2-condition at zero, then the standard
unit vectors form a symmetric basis for �M [LT, Proposition 4.a.4].

(3) Every Orlicz sequence space contains a subspace that is isomorphic to c0
or �p for some 1 ≤ p < ∞ [LT, Theorem 4.a.9].

(4) Suppose that an Orlicz function M satisfies the Δ2-condition at zero. Let
x =

∑
i aiei ∈ �M (as usual (ei) denotes the standard unit vector basis).

Assume that
D−1 ≤

∑
i

M(|ai|) ≤ D,

for some constant D. Then there exists a constant C which depends only
on D and the Δ2-condition constant such that C−1 ≤ ‖x‖�M ≤ C.

(5) Let M,N be two Orlicz functions that satisfy the Δ2-condition at zero. If
there is a constant C > 0 such that CM(st) ≥ M(s)N(t) for all s, t ∈ R

+,
then any normalized block basis of �M uniformly dominates the unit vector
basis of �N . That is, there is a constant C ′ > 0 (which depends on C and
the Δ2-constant only) such that for any normalized block basis (ui) in �M
and any finite sequence (ai) of scalars, we have

C ′
∥∥∥ k∑
i=1

aiui

∥∥∥
�M

≥
∥∥∥ k∑
i=1

aifi

∥∥∥
�N

,
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where (fi) is the unit vector basis of �N . In particular, if CM(st) ≥ tpM(s)
for some C and for all s, t ∈ R

+, then every normalized block basis in �M
uniformly dominates the unit vector basis of �p.

(6) Let M,N be two Orlicz functions that satisfy the Δ2-condition at zero. If
there is a constant C > 0 such that M(st) ≤ CM(s)N(t) for all s, t ∈ R

+,
then the unit vector basis of �N uniformly dominates any normalized block
basis of �M . In particular, if M(st) ≤ CtpM(s) for all s, t ∈ R

+, then the
unit vector basis of �p uniformly dominates any normalized block basis of
�M .

Proof. (4) is an easy consequence of the definition of the norm. We only prove (5).
(6) can be proved similarly and is left to the reader. Let A and B be two finite
subsets of the natural numbers. We write A < B if the maximal element of A is
less than the minimal element of B. Let (uj) be a normalized block sequence in �M ;
i.e., there exists a sequence of finite subsets σ1 < σ2 < . . . of the natural numbers
so that for any j ∈ N, uj =

∑
i∈σj

biei and
∑

i∈σj
M(|bi|) = 1.

Suppose that for any s, t ∈ R
+, CM(st) ≥ M(s)N(t), for some constant C. Let

(aj) be any unit vector in �N , i.e.,
∑∞

j=1 N(|aj |) = 1. Then

∞∑
j=1

∑
i∈σj

M(|ajbi|) ≥
∞∑
j=1

∑
i∈σj

C−1M(|bi|)N(|aj |)

= C−1
∞∑
j=1

N(|aj |) = C−1.

Since M satisfies the Δ2-condition at zero, by (4) there is a constant C ′ > 0 (which
depends only on C and the Δ2-condition constant) such that∥∥∥ ∞∑

j=1

ajuj

∥∥∥
�M

≥ C ′.

We have proved (5). �

Let 1 < p < ∞. We say that an Orlicz sequence space �M is close to �p if the
following two conditions hold:

(1) The space �M has exactly two non-equivalent symmetric basic sequences,
namely, the unit vector bases of �p and of �M .

(2) Normalized block bases of �M uniformly dominate the unit vector basis of
�p.

We say that an Orlicz function M is p-regular if limλ↓0
M(λt)
M(λ) = tp, 0 < t ≤ 1.

There are plenty of Orlicz sequence spaces �M close to �p so that M is p-regular.
Let 0 < t0 < 1, α > 0 and M(t) = tp| log t|α on [0, t0]. It is known that �M has
exactly two, up to equivalence, symmetric basic sequences [LT, p. 157]. Since
M(st) ≥ tpM(s) for any s, t ∈ [0, t0], �M is close to �p. Moreover it is easy to verify
that M(t) is p-regular.

Remark 2.1. It is clear from the definition that if an Orlicz sequence space �M
is close to �p, then �M does not contain a copy of c0 or a copy of �1. Then by
property (1) and property (2), �M has a symmetric basis and hence is reflexive by
Theorem 1.c.13 (c) in [LT].
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Since Orlicz spaces close to �p automatically satisfy the Δ2-condition, we only
consider spaces with the Δ2-condition. We recall the following subsets of C[0, 1]
consisting of Orlicz functions associated to a given Orlicz function M which are
crucial in characterizing Orlicz subspaces of �M . For 0 < λ < ∞, let M(λt)/M(λ)

denote the map t �→ M(λt)
M(λ) and let

EM,Λ ={M(λt)/M(λ) : 0 < λ < Λ},
CM,Λ =convEM,Λ,

EM =
⋂
Λ>0

EM,Λ,

CM =
⋂
Λ>0

CM,Λ.

Then, we have the following [LT, Proposition 4.a.7 and Theorem 4.a.8]:

(1) If (xn) is a symmetric basic sequence in �M , then (xn) is equivalent to the
unit vector basis of �N for some N ∈ CM,1.

(2) For any N ∈ CM,1, there is a subspace Y of �M that is isomorphic to �N .
(3) If N ∈ EM,1 and M satisfies the Δ2-condition, then there is a symmetric

block basis with constant coefficients in �M that is equivalent to the unit
vector basis of �N . In particular, �M contains a complemented copy of �N .

Let M be an Orlicz function such that �M is close to �p and M is p-regular. Let
N be any element in EM . Then there is a positive, null sequence (λn) such that
(M(λnt)/M(λn)) converges uniformly to N(t). Since

lim
λ↓0

M(λt)

M(λ)
= tp for any t > 0,

N(t) = tp. This implies that for any null sequence (λn), M(λnt)/M(λn) converges
to N(t) = tp uniformly. That is, EM = {tp}. Hence for any positive, null sequence
(λn) and any Mn ∈ CM,λn

, (Mn) converges to N(t) = tp uniformly, i.e., CM = {tp}.
By Lemma 4.a.6, Proposition 4.a.7, Theorem 4.a.8 and the two paragraphs right
before Proposition 4.a.7 in [LT], every normalized block basis (ui) of the unit vector
basis of �M admits a subsequence which is equivalent to �N for some N ∈ CM,1. If
limn→∞ ‖un‖∞ = 0, then the function N must be in the intersection of all CM,Λ

with 0 < Λ ≤ 1. So we have proved the following lemma.

Lemma 2.2. Let M be a p-regular Orlicz function such that �M is close to �p. Let
(un) be a normalized block basis in �M . Then there is a subsequence (unk

) of (un)
that is equivalent to the unit vector basis of �p or �M . If limn→∞ ‖un‖∞ = 0, then
the symmetric block basic sequence (unk

) must be equivalent to the unit vector basis
of �p.

Remark 2.3. Actually the discussion right above Lemma 2.2 shows that under the
assumptions of Lemma 2.2 there is a sequence of positive reals δn which converges
to 0 so that if (ui) is a normalized block basis of the unit vector basis of �M with
‖ui‖∞ < δi, then (ui) is equivalent to the unit vector basis of �p with equivalence
constant uniformly bounded.
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Lemma 2.4. Suppose �M is close to �p. Then

(1) There exists C such that for all λ > 0,

M(λt)

M(λ)
≤ CM(t), 0 < t < 1.

Therefore, the unit vector basis of �M uniformly dominates normalized block
bases of �M .

(2) There exists C such that

tp ≤ C
M(λt)

M(λ)
, for all 0 < t, λ < 1.

Proof. (1) Suppose not. Then there exists 0 < tn, λn < 1 such that for each n,

M(λntn)

M(λn)
> n2nM(tn).

Put

N(t) =

∞∑
n=1

2−nM(λnt)

M(λn)
.

Then N ∈ CM,1 and N(tn) > nM(tn). Thus, N is not equivalent to M (and
not equivalent to tp either). We have shown that �M contains at least three non-
equivalent symmetric basic sequences (i.e., the bases of �M , �N , and �p), a contra-
diction.

(2) Fix a 0 < λ < 1. Let us first assume that 1/M(λ) is a positive integer n. Let
(σi) be any successive sequence of n-element subsets of the natural numbers. For
each i ∈ N, we define ui =

∑
j∈σi

λej , where (ej) is the unit vector basis of �M . It

follows again from the discussion right before Proposition 4.a.7 in [LT] that (ui) is
equivalent to �M(λt)/M(λ). In the case when 1/M(λ) is not an integer, we simply
take n to be the integer part of 1/M(λ). Using the Δ2-condition, we still get the
uniform equivalence of (ui) to �M(λt)/M(λ). Since the blocks uniformly dominate
the unit vector basis of �p, the result is immediate. �

A Banach space X is said to be complementably homogeneous [CJZh] if every
subspace of X which contains a copy of X also contains a subspace Y so that
Y is isomorphic to X and complemented in X. Our next lemma shows that for
any p-regular Orlicz function M , if �M is close to �p, then �M is complementably
homogeneous.

Lemma 2.5. Let 1 < p < ∞ and �M be an Orlicz sequence space close to �p. Let
(uj) be a normalized block basis in �M .

(1) If there is ε > 0 such that ‖uj‖∞ > ε for all j ∈ N, then (uj) is equivalent
to the unit vector basis of �M and the closed linear span of {uj : j ∈ N} is
complemented in �M .

(2) Let (uj) be equivalent to the unit vector basis of �p. Then the closed linear
span of (uj) is complemented in �M .

Proof. (1) Let ε > 0. Suppose that uj =
∑

i∈σj
aiei and nj ∈ σj such that |anj

| ≥ ε.

Then (uj) is a normalized block basis that dominates the unit vector basis of �M .
By Lemma 2.4 (1), the unit vector basis of �M dominates (uj). So (uj) is equivalent
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to the unit vector basis of �M . Let Y be the subspace spanned by {uj : j ∈ N}. It
is easy to see that the map P : �M → �M defined by

P ((bi)) =
∞∑
j=1

bnj

anj

uj

is a bounded projection from �M onto Y .
(2) Let (uj) be a normalized block basis of �M that is C1-equivalent to the unit

vector basis of �p. Suppose that uj =
∑

i∈σj
aiei. By the 1-unconditionality of the

unit vector basis of �M , there is a sequence (u∗
j ) in �∗M so that ‖u∗

j‖ ≤ 2, u∗
j has

support σj and u∗
j (ui) = δi,j for all i, j ∈ N. We shall show that

P (x) =
∞∑
j=1

u∗
j (x)uj

is a well-defined bounded projection from �M onto the the closed linear span of
(uj). Let x =

∑
i aiei ∈ �M be a finitely supported vector. Then

‖P (x)‖p =
∥∥∥ ∞∑
j=1

u∗
j (x)uj

∥∥∥p ≤ Cp
1

∞∑
j=1

|u∗
j (x)|p ≤ Cp

1

∞∑
j=1

∣∣∣u∗
j

(∑
i∈σj

aiei

)∣∣∣p

≤Cp
1

∞∑
j=1

‖u∗
j‖p

∥∥∥∑
i∈σj

aiei

∥∥∥p ≤ 2pCp
1

∞∑
j=1

∥∥∥∑
i∈σj

aiei

∥∥∥p
≤(2CC1)

p‖x‖p.

The last inequality uses the fact that every normalized block basis of �M C-
dominates the unit vector basis of �p (condition (2) in the definition of �M being
close to �p). By density, P extends to a bounded projection on �M . �

Remark 2.6. Let �M be an Orlicz space close to �p and let M be p-regular. Let
(vj) be a normalized sequence in �M so that limj→∞ ‖vj‖∞ = 0. By the standard
gliding-hump argument, there is a subsequence (wj) of (vj) which is a small per-
turbation of a block basis of �M . Using Lemma 2.2 and passing to a subsequence
of (wj), without loss of generality we assume that (wj) is equivalent to the unit
vector basis of �p. By Lemma 2.5 (2), we conclude that the closed linear span of
(wj) is complemented in �M .

3. Closed ideals in L(�M )

Let �M be a separable Orlicz sequence space. Then the minimal non-trivial
closed ideal in L(�M ) is the space of compact operators. If �M is close to �p,
then the formal identity I�M→�p plays an essential role when we try to classify
the closed ideals in L(�M ). By composing with an embedding J : �p → �M , we
regard I�M→�p as an operator on �M naturally. When working on ideals generated
by an operator, it does not matter what embedding J we choose. Let T be a
bounded linear operator on �M . We use ΓT to denote the closed ideal generated
by T . In [KPSTT, Theorem 4.7] it is shown that if the Lorentz sequence space
dw,p has exactly two non-equivalent symmetric basic sequences, then ΓI�p→dw,p is
the only immediate successor of the ideal of compact operators. We show that a
similar result holds for a p-regular Orlicz sequence space that is close to �p. We say
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that T factors through S if there exist bounded linear operators A : X → W and
B : Z → Y so that T = BSA.

Theorem 3.1. Let 1 < p < ∞. Let �M be an Orlicz sequence space close to �p and
M be p-regular. Let T be a bounded linear operator on �M which is not compact.
Then I�M→�p factors through T . Hence ΓI�M→�p ⊂ ΓT .

Proof. First, we note that M satisfies the Δ2-condition at zero. Suppose that
T : �M → �M is not compact. Then there is a semi-normalized block basis (xi)
such that T (xi) is equivalent to a semi-normalized block basis. By Lemma 2.2 and
passing to a subsequence of (xi), we may assume that both (xi) and (T (xi)) are
either equivalent to the unit vector basis of �M or equivalent to the unit vector basis
of �p. By Lemma 2.5 the closed linear span of (T (xi)) is complemented in �M . It is
clear that I�p→�M is not bounded. We ask the reader to verify the easy statements
that in each of the three remaining cases I�M→�p factors through T . �

Let T be a bounded linear operator from X into Y and let S be a bounded linear
operator from W into Z. T is said to be strictly singular if the restriction of T to
any infinite-dimensional subspace of X is not an isomorphism onto its image. T is
said to be finitely strictly singular if for every ε > 0 there is an N ∈ N so that for
all n ≥ N and all n-dimensional subspaces E of X,

inf{‖Tx‖ : ‖x‖ = 1 and x ∈ E} < ε.

Let Z be a subspace of X. T is said to be Z-strictly singular if for any subspace W
of X isomorphic to Z, the restriction of T to W is not an isomorphism onto T (W ).
It is clear that finitely strictly singular operators are strictly singular and strictly
singular operators are Z-strictly singular for any infinite-dimensional subspace Z
of X. In [KPSTT, Theorem 3.5] it is shown that for two subspaces X and Y of
a Lorentz sequence space dw,p, every strictly singular map from X to Y is finitely
strictly singular. Here we prove a similar result for Orlicz sequence spaces �M such
that �M is close to �p and M is p-regular. First, we need the following lemma from
[SSTT].

Lemma 3.2. Let E be an n-dimensional subspace of c0. Then there exists an
x ∈ E such that x attains its sup-norm in at least n-coordinates.

Theorem 3.3. Let 1 < p < ∞. Let �M be an Orlicz sequence space close to �p
and M be p-regular. Let T be an operator from �M to �M . Then the following are
equivalent:

(1) T is finitely strictly singular.
(2) T is strictly singular.
(3) T is �p-strictly singular.
(4) The identity operator on �p does not factor through T .

Proof. (1) implies (2) and (2) implies (3) are trivial. If the identity operator on �p
factors through T , then there is a subspace X of �M such that X is isomorphic to
�p and the restriction of T to X is an isomorphism onto T (X). So we have that (3)
implies (4). Therefore we need only to prove that (4) ⇒ (1).

First, we note that M satisfies the Δ2-condition at zero. For any ε > 0, there
is N ∈ N such that if x is a unit vector in �M and x attains its sup-norm in at
least N coordinates, then ‖x‖∞ < ε. Suppose that T : �M → �M is not finitely
strictly singular. Then there exist α > 0 and a sequence of subspaces Fn of �M
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with dim(Fn) ≥ n such that for all n and for all x ∈ Fn we have ‖T (x)‖ ≥ α‖x‖.
We shall inductively construct a normalized sequence (xk) which is equivalent to a
block basis of �M such that

• For any k, xk attains its sup-norm in at least k-coordinates.
• For any k, ‖T

(
xk

)
‖ ≥ α.

Let (ei) be the unit vector basis of �M and let σ be a subset of the natural numbers.
For any x =

∑
aiei ∈ �M , we use x|σ to denote the element

∑
i∈σ aiei. Fix a

sequence (εn) in R
+ such that

∑
εn ≤ α

2 . Let x1 be any unit vector in F1 and
select n1 and m1 such that ‖x1|[n1,∞)‖ < ε1 and ‖T (x1)|[m1,∞)‖ ≤ ε1. Suppose
that x1, x2, . . . , xk, n1, n2, . . . , nk, and m1,m2, . . . ,mk are selected such that

(1) ‖xj‖ = 1 and ‖T (xj)‖ ≥ α for all j ≤ k;
(2) for each j ≤ k, ‖xj |[nj ,∞)‖ < εj and ‖T (xj)|[mj ,∞)‖ < εj ;
(3) for all 1 < j ≤ k, suppxj ⊂ [nj−1,∞) and suppT (xj) ⊆ [mj−1,∞);
(4) xj attains its sup-norm in at least j coordinates.

Let N = nk +mk + k + 1 and let

Gk+1 = {x ∈ FN : supp x ⊆ [nk,∞) and suppT (x) ⊆ [mk,∞)}.
Since the restriction of T to FN is an isomorphism onto T (FN ), the dimension of
Gk+1 is at least k + 1. By Lemma 3.2, there is a unit vector xk+1 in Gk+1 that
attains its sup-norm in at least k+1-coordinates. Then select nk+1 and mk+1 such
that ‖xk+1|[nk+1,∞)‖ < εk+1 and ‖T (xk+1)|[mk+1,∞)‖ < εk+1. By induction, we
have constructed a normalized sequence (xk) which is equivalent to a block basis
such that limk ‖xk‖∞ = 0 and (T (xk)) is equivalent to a semi-normalized block
basis. By Lemma 2.2 and passing to a subsequence of (xk), we may assume that
both (xk) and (T (xk)) are symmetric basic sequences. But since limk ‖xk‖∞ = 0,
(xk) must be equivalent to the unit vector basis of �p. Hence every semi-normalized
block basis dominates (xk) by (2) of Lemma 2.4 and property (5). Therefore the
restriction of T to the span of {xk : k ∈ N} is an isomorphism onto its image. By
passing to a further subsequence of (xk) and Remark 2.6, we may also assume that
the closed linear span of {Txk} is complemented in �M . So the identity operator on
�p factors through T . Therefore the required result follows by contraposition. �

Remark 3.4. Let M be a p-regular Orlicz function such that �M is close to �p. By
using Theorem 4.a.10 of [LT], one can show that I�M→�p is strictly singular. The
above theorem shows that the formal identity I�M→�p is actually finitely strictly
singular.

Let X be a Banach space and let

MX = {T ∈ L(X) : the identity operator on X does not factor through T}.
It is known that

• If X is complementably homogeneous, then every element in MX is X-
strictly singular.

• If MX is closed under addition, then MX is the unique maximal ideal of
L(X) (see the discussion before Proposition 5.1 in [DJ]).

Theorem 3.5. Let 1 < p < ∞. Let �M be an Orlicz sequence space close to �p and
M be p-regular. Then the set of all �M -strictly singular operators forms the unique
maximal ideal in L(�M ).
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Proof. By Lemma 2.5, �M is complementably homogeneous and henceM�M is equal
to the set of all �M -strictly singular operators. By the discussion that follows the
definition of M�M , it is enough to show that M�M is closed under addition. By
Remark 2.1, �M is reflexive. Let S and T be �M -strictly singular operators on �M .
Suppose that S + T is not �M -strictly singular. Then we can find a normalized
sequence (xi) in �M so that both (xi) and (Sxi + Txi) are equivalent to the unit
vector basis of �M . By passing to a subsequence of (xi) and perturbing, without
loss of generality we assume that both (xi) and (Sxi + Txi) are block bases in �M .

By Lemma 2.2, there exists a δ > 0 so that ‖Sxi + Txi‖∞ > δ. By passing
to a further subsequence (yi) of (xi), we get either ‖Syi‖∞ > δ/2 for all i ∈ N

or ‖Tyi‖∞ > δ/2 for all i ∈ N, say ‖Syi‖∞ > δ/2 for all i ∈ N. By passing to a
subsequence of (yi), we may assume that (S(yi)) is a small perturbation of a block
basis of �M . By Lemma 2.5 (1) and by passing to further subsequences of (yi)
we may also assume that both (yi) and (S(yi)) are equivalent to the unit vector
basis of �M . This implies that S is not �M -strictly singular, which contradicts our
hypothesis. �

Let �M be an Orlicz sequence space. We use Γ̄�p to denote the closure of the set
of all operators in L(�M ) which factor through �p.

Lemma 3.6. Let 1 ≤ p < ∞ and let X be an infinite-dimensional complemented
subspace of an Orlicz sequence space �M and let P be a projection from �M onto
X. If P is in Γ̄�p , then X is isomorphic to �p.

Proof. We claim that P ∈ Γ�p . Let T ∈ Γ�p satisfy ‖T − P‖ < ‖P‖−2. Then
‖P −PTP‖ < 1, so the series P +

∑∞
n=1(P −PTP )n converges absolutely. We also

have

(P +
∞∑

n=1

(P − PTP )n)PTP = (P +
∞∑

n=1

(P − PTP )n)(P − (P − PTP ))

= (P +

∞∑
n=1

(P − PTP )n)− (

∞∑
n=1

(P − PTP )n) = P.

We have proved that P ∈ Γ�p . Therefore X is isomorphic to a complemented
subspace of �p and hence is isomorphic to �p. �

Lemma 3.7. Let 1 < p ≤ 2 and let M be a p-regular Orlicz function. Suppose that
�M is close to �p. Then there exists an infinite-dimensional complemented subspace
X of �M so that �M does not embed into X and X does not embed into �p.

Proof. By Remark 2.3, there exists δn ↘ 0 so that whenever (xn) is a normalized
block basis with ‖xn‖∞ < δn, (xn) is K-equivalent to the unit vector basis of �p for
some K ≥ 1. (In fact, K can be chosen to be 1+ ε, but we don’t need it here.) Let
(un) be a normalized block basis with constant coefficients with ‖un‖∞ < δn. Let
σn be the support of un. For a fixed n, if we form a constant coefficient normalized
block basis vn1 < vn2 < . . . with the size of the support of each vni equal to |σn|,
then clearly (vni )i is equivalent to the unit vector basis (ei) of �M . (Of course,
the equivalence constant gets worse as n → ∞.) Since each block basis uniformly
dominates the �p basis and �M is not isomorphic to �p, for all n we can choose mn
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big enough so that

‖
mn∑
i=1

vni ‖ ≥ nm1/p
n .

By shifting the sequences (vni ) to the right appropriately, without loss of gen-

erality, we may assume that vimi
< vi+1

1 for all i ∈ N. Now consider the subspace
X defined to be the closure of the linear span of the block basis with constant
coefficients

v11 < . . . < v1m1
< v21 < . . . < v2m2

< . . . < vn−1
mn−1

< vn1 < . . . < vnmn
< . . . .

Put Xn = [(vni )
mn
i=1]. Then it is easy to see that X is isomorphic to (

∑
n Xn)�p .

Indeed, if x =
∑

n anxn ∈ X, xn ∈ Xn with ‖xn‖ = 1, then we clearly have

‖xn‖∞ < δn; thus ‖x‖ K∼ (
∑

n |an|p)1/p.
Moreover, since X is spanned by a block basis with constant coefficients, it is

complemented in �M (see [LT, 3.a.4]).
SinceX is isomorphic to an �p-sum of finite-dimensional spaces, every normalized

weakly null sequence in X admits a subsequence equivalent to the unit vector basis
of �p. But the natural basis of �M fails this property. Therefore �M does not
embed into X. Moreover, X is not isomorphic to a subspace of �p. Indeed, since
1 < p ≤ 2, every normalized 1-unconditional basic sequence in �p has an upper
p-estimate with a constant depending only on p [AO]. However, the natural basis
of X fails the upper p-estimate by our construction. �

Theorem 3.8. Let 1 < p ≤ 2 and let M be a p-regular Orlicz function. Suppose
that �M is close to �p. Then Γ̄�p is a proper subset of the �M -strictly singular
operators.

Proof. Let X be the complemented subspace of �M as in Lemma 3.7. Let P be a
projection from �M onto X. Since X is not isomorphic to �p, by Lemma 3.6, P is
not in Γ̄�p . Since �M does not embed into X, P is �M -strictly singular. �

Remark 3.9. We do not know whether Theorem 3.8 holds for p > 2. Our proof
breaks down because we do not know how to prove that X does not embed into �p
in this case. However the key point of the proof of Theorem 3.8 is that X is not
isomorphic to �p. There may exist a different proof.

As discussed in Remark 3.4, the formal identity from �M to �p is strictly singular
when �M is close to �p and M is p-regular. So it is natural to look at a more general
problem. Let (ei) be the unit vector basis of �M and let (ui) be a normalized block
basis of �M so that limi→∞ ‖ui‖∞ = 0. Let T be the bounded linear operator which
maps ei to ui for all i ∈ N. Is T strictly singular? The last result gives a partial
answer to this question.

Let M be an Orlicz function. We say that M satisfies property (P) if there is a
C > 0 so that for all 0 < α < 1, there is a β > 0 such that for all 0 < ε, t < β,

M(εαt)

M(εα)
≤ C

M(αt)

M(α)
.

Proposition 3.10. Let 1 < p < ∞ and let M be an Orlicz function satisfying
property (P ). Let �M be an Orlicz sequence space that is close to �p and M be
p-regular. Let (en) be the unit vector basis of �M and let (un) be a normalized block
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basis of �M such that limn→∞ ‖un‖∞ = 0. Let T be an operator on �M such that
T (en) = un for all n. Then T is strictly singular.

Proof. By property (P ), there is a C > 0 so that for all 0 < α < 1, there is a β > 0
such that for all 0 < ε, t < β,

M(εαt)

M(εα)
≤ C

M(αt)

M(α)
.

Let un =
∑

i∈σn
biei be a normalized block basis of �M such that limn→∞ ‖un‖∞

= 0. It is sufficient to show that for any natural number N and any infinite-
dimensional subspace X of �M , there is a unit vector (aj) ∈ X such that∑

j

∑
i∈σj

M(|ajbi|) ≤
2C

N
.

Since �M is close to �p, there is 0 < α < 1 such that

M(α)

αp
≥ N.

Since M is p-regular, there is δ > 0 such that for any λ < δ, we have

M(λα)

M(α)
≤ 2αp.

Select L large enough so that ‖un‖∞ < δ for all n ≥ L. Let X be any infinite-
dimensional subspace of �M . By Lemma 3.2, there is a unit vector x =

∑∞
j=L ajej

in X such that |aj | < δ. Then

∞∑
j=L

∑
i∈σj

M(|ajbi|) =
∞∑

j=L

∑
i∈σj

M(|ajbi|)
M(|αbi|)

· M(|αbi|)
M(|bi|)

·M(|bi|)

≤ 2C
∞∑

j=L

∑
i∈σj

M(|aj |)
M(α)

· αp ·M(|bi|)

≤ 2C
∞∑

j=L

M(|aj |) ·
αp

M(α)

∑
i∈σj

M(|bi|)

= 2C

∞∑
j=L

M(|aj |) ·
αp

M(α)
≤ 2C

N
.

The proof is complete. �
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1680 PEIKEE LIN, BÜNYAMIN SARI, AND BENTUO ZHENG

[C] J. W. Calkin, Two-sided ideals and congruences in the ring of bounded operators in
Hilbert space, Ann. of Math. (2) 42 (1941), 839–873. MR0005790 (3,208c)

[CJZh] Dongyang Chen, William B. Johnson, and Bentuo Zheng, Commutators on (
∑

�q)p,
Studia Math. 206 (2011), no. 2, 175–190, DOI 10.4064/sm206-2-5. MR2860306
(2012j:47076)

[D] Matthew Daws, Closed ideals in the Banach algebra of operators on classical non-
separable spaces, Math. Proc. Cambridge Philos. Soc. 140 (2006), no. 2, 317–332, DOI

10.1017/S0305004105009102. MR2212284 (2007c:46049)
[DJ] D. Dosev and W. B. Johnson, Commutators on �∞, Bull. Lond. Math. Soc. 42 (2010),

no. 1, 155–169, DOI 10.1112/blms/bdp110. MR2586976 (2011d:47084)
[DJS] D. Dosev, W. B. Johnson, and G. Schechtman, Commutators on Lp, 1 ≤ p < ∞,

J. Amer. Math. Soc. 26 (2013), no. 1, 101–127. MR2983007
[GMF] I. C. Gohberg, A. S. Markus, and I. A. Fel′dman, Normally solvable operators and

ideals associated with them (Russian, with Moldavian summary), Bul. Akad. Štiince
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