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HOMOLOGY COBORDISM AND SEIFERT FIBERED

3-MANIFOLDS
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(Communicated by Daniel Ruberman)

Abstract. It is known that every closed oriented 3-manifold is homology
cobordant to a hyperbolic 3-manifold. By contrast we show that many ho-
mology cobordism classes contain no Seifert fibered 3-manifold. This is ac-
complished by determining the isomorphism type of the rational cohomology
ring of all Seifert fibered 3-manifolds with no 2-torsion in their first homology.
Then we exhibit families of examples of 3-manifolds (obtained by surgery on

links), with fixed linking form and cohomology ring, that are not homology
cobordant to any Seifert fibered space (as shown by their rational cohomology
rings). These examples are shown to represent distinct homology cobordism
classes using higher Massey products and Milnor’s μ-invariants for links.

1. Introduction

Two closed oriented 3-manifolds M1 and M2 are said to be homology cobordant
if there exists a compact oriented 4-manifold W such that ∂W = M1 � −M2 and
the maps Hn(Mi;Z) → Hn(W ;Z), i = 1, 2, induced by inclusion are isomorphisms
for all n. It is easily seen that homology cobordism gives an equivalence relation on
3-manifolds. This can be considered in either the topological or smooth categories.
The set of homology cobordism classes of 3-manifolds forms a monoid with opera-
tion induced by connected sum and identity [S3]. When restricted only to classes
of homology 3-spheres, this set forms an abelian group θH3 . There are applications
of homology cobordism of 3-manifolds to the triangulation problem for topological
manifolds of high dimension and to classical knot concordance (see [15, Section 7.3]).

In [12] Livingston showed that every homology cobordism class contains an ir-
reducible 3-manifold; that is, every 3-manifold is homology cobordant to an irre-
ducible 3-manifold. In [14] Myers proved a stronger statement: Every 3-manifold
is homology cobordant to a hyperbolic 3-manifold. Thus every homology cobor-
dism class has a hyperbolic representative. This is consonant with our expectation
that hyperbolic 3-manifolds are in some sense generic. Recall that a Seifert fibered
3-manifold can be thought of as a circle bundle over a surface with some finite
number of exceptional fibers. Here we address the question of which homology
cobordism classes of 3-manifolds contain a Seifert fibered 3-manifold. We use el-
ementary arguments to show that the cohomology rings of Seifert fibered spaces
are quite special and greatly restrict which homology cobordism classes contain a
Seifert fibered space. Specifically, we show that:
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Theorem 1.1. Suppose that M is a closed, connected, oriented 3-manifold such
that H1(M) has no 2-torsion. If M is homology cobordant to a Seifert fibered
manifold, then

• if β1(M) is odd, the rational cohomology ring of M is isomorphic to that

of S1 ×Σ where Σ is the closed orientable surface of genus β1(M)−1
2 ; while

• if β1(M) is even, the rational cohomology ring of M is isomorphic to that
of #β1(M)(S

1 × S2).

Corollary 1.2. Under the hypotheses of Theorem 1.1, if β1(M) is odd and at
least 3, then for any non-zero α ∈ H1(M ;Q) there exists β ∈ H1(M ;Q) such that
α ∪ β �= 0. If β1(M) is even, then, for any α, β ∈ H1(M ;Q), α ∪ β = 0.

The above theorems do not tell us anything about homology cobordism classes
of rational homology spheres. In this case, we make the following observation as
a corollary to a previous calculation of the Zp cohomology rings of Seifert fibered
spaces [4].

Theorem 1.3. Suppose that M is a rational homology 3-sphere that is homology
cobordant to a Seifert fibered space. Then, for each odd prime p, the cup product
map H1(M ;Zp)×H1(M ;Zp) → H2(M ;Zp) is trivial.

In Section 4 we use these results, and related notions of Milnor’s μ invariants
for links and higher order Massey products, to exhibit infinite families of distinct
homology cobordism classes, with fixed linking form and cohomology ring, that
contain no Seifert fibered 3-manifold. Here are some sample results:

Proposition 4.1. Suppose m is a positive integer, T is an abelian group of odd
order and L is a non-singular linking form on T . Then there exists an infinite
number of homology cobordism classes of oriented 3-manifolds, each with first ho-
mology H ∼= Z2m+1 ⊕ T , with linking form L and having the cohomology ring of
#2m+1S

1 × S2, none of which contains a Seifert fibered manifold.

Proposition 4.3. Suppose M is the 3-manifold obtained by zero framed surgery on
a 2r-component link L in S3 (with pairwise linking numbers zero) for which some
Milnor’s invariant μ(ijk) is non-zero. Then the homology cobordism class of M
contains no Seifert fibered manifold.

Proposition 4.4. Suppose M is the rational homology 3-sphere obtained as p-
surgery on each component of the Borromean rings where p is an odd integer. Then
the homology cobordism class of M contains no Seifert fibered manifold.

The much more difficult question of whether or not every integral homology
3-sphere is smoothly homology cobordant to a Seifert fibered homology 3-sphere
seems to be open.

2. Basic invariants of homology cobordism

We review some classical invariants of oriented homology cobordism, namely
the isomorphism types of the homology itself, the cohomology ring, the triple cup
product form (all with arbitrary abelian coefficients), and the Q/Z-linking form on
the torsion subgroup of H1. Other classical invariants of homology cobordism are
afforded by Massey products and the Lie algebra associated to the lower central se-
ries of the fundamental group. Since these invariants obstruct both topological and
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smooth homology cobordism, henceforth we will not mention a specific category.
Our results are the same in either category.

If M0 and M1 are closed oriented connected 3-manifolds that are (oriented)
homology cobordant via the 4-manifold W , then there is an isomorphism between
their cohomology rings for any coefficient ring A. Specifically if j0 and j1 are the

inclusion maps, Mi → W , then the maps j∗1 ◦ (j∗0 )
−1

give isomorphisms φi on
Hi(M0, A). Since the maps j∗i induce homomorphisms between cohomology rings,
the maps φi preserve cup-products in the sense that

φ1(x) ∪ φ1(y) = φ2(x ∪ y)

for all x, y ∈ H1(M0;A). Thus an isomorphism of the (oriented) cohomology rings
is equivalent to the existence of isomorphisms φ1 and φ2 that satisfy this property.
A similar result holds for the Q/Z-linking forms, λi, i = 0, 1 on the torsion subgroup
of H1(Mi;Z).

This information can be organized differently using the triple cup product form
and is sometimes revealing.

Proposition 2.1. If M0 is homology cobordant to M1, then there exists an iso-
morphism φ1 : H1(M1;Z) → H1(M0;Z) such that for all integers n ≥ 0 the induced
maps

φ1
n : H1(M0;Zn) → H1(M1;Zn)

satisfy:

a) 〈α∪β∪γ, [M0]〉 = 〈φ1
n(α)∪φ1

n(β)∪φ1
n(γ), [M1]〉 where α, β, γ ∈ H1(M0;Zn)

and [Mi] denotes the fundamental class (that is to say φ1 induces an iso-
morphism between the triple cup product forms); and

b) λ1(x, y) = λ0(φ1(x), φ1(y)) for all x, y ∈ TH1(M1;Z), that is to say φ1

induces an isomorphism between these forms.

It is interesting that in [7, Theorem 3.1] it was shown that the existence of an
isomorphism φ1 satisfying a) and b) above is equivalent to the condition that φ1

exists such that M0 and M1 are equal in the bordism group Ω3(K(H1(M0), 1)).
Another way of saying this is that M0 and M1 are oriented cobordant in such a
way that the inclusion-induced maps on first homology are isomorphisms if and
only if there exists a φ1 that satisfies a) and b).

To what extent can these classical invariants be used to show that there exist
homology cobordism classes that contain no Seifert fibered manifold? IfH1 contains
no 2-torsion, then Bryden-DeLoup have shown that any torsion linking pairing can
be realized by a Seifert fibered rational homology sphere [3]. Hillman extended
their work to the 2-torsion case and found that there do exist a few linking pairings
on 2-torsion groups that cannot be realized by any Seifert fibered space [9, p. 476].
It follows from Hillman’s result that indeed there do exist homology cobordism
classes that contain no Seifert fibered manifold. Hence the torsion linking form
gives obstructions in a very narrow range of cases. In the next section we will
show, by naive calculations, that the rational cohomology ring gives more severe
restrictions. The cohomology rings with Zpr coefficients of Seifert fibered spaces
have been calculated [1, 4]. The techniques used in these calculations are quite
intricate (involving a diagonal approximation of an equivariant chain complex of the
universal cover). Oddly the computations of the integral and rational cohomology
rings of Seifert fibered manifolds seem not to have appeared.
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More generally, Massey products of one dimensional cohomology classes provide
obstructions to homology cobordism that go beyond the cup product structure.
Specifically, if all the Massey products, 〈x1, . . . , xk−1〉, of classes in H1(M ;A) of
length less than k vanish, then all the Massey products of length k are uniquely
defined in H2(M ;A). If M0 is homology cobordant to M1, then, using naturality
properties of Massey products, there must exist isomorphisms φ1, φ2, just as above,
which induce a correspondence between these length k Massey products. In partic-
ular the minimal k ≤ ∞ such that there exists a non-vanishing product of length
k, called the Massey degree of M , is an invariant of homology cobordism. Closely
related is the graded Lie algebra associated to G = π1(M), obtained as the direct
sum of the successive quotients, Gk/Gk+1, of the terms of the lower central series
of G [13]. The isomorphism type of this graded algebra is an invariant of homology
cobordism [16, Lemma 3.1]. In particular if H1(M) is torsion-free of rank r and F
is a free group of rank r, then the maximal k ≤ ∞ such that F/Fk

∼= G/Gk, the
Milnor degree of M , is an invariant of homology cobordism. For such manifolds
the Massey degree is equal to the Milnor degree [7, Prop. 6.8], [5, Cor. 2.9]. In
this paper we do not characterize the Massey product structure nor the Lie algebra
associated to Seifert fibered spaces. This would be an excellent future project. In-
stead we use these to show that the number of distinct homology cobordism classes
that do not contain Seifert fibered manifolds is quite large, since, for example, even
among manifolds with trivial cup product structure, there are many distinct ho-
mology cobordism classes distinguished by their higher Massey product structure.
Examples are given in Section 4.

3. Proofs of the main theorems

Our preferred model for an orientable Seifert fibered space is as follows. Let B
be a (possibly non-orientable) surface and form B′ from B by removing k ≥ 1 open
disks. Label the boundary components b1, . . . , bk. Let M ′ → B′ be the unique
circle bundle over B′ whose total space is orientable. Note that if B is orientable,
then M ′ = B′×S1. A choice of section s : B′ → M ′ and orientation on M ′ allow us
to unambiguously define a meridian μi and a longitude λi for each torus boundary
component T1, . . . ,Tk, where μi corresponds to s(bi) and λi corresponds to a regular
fiber. Form M by doing αi/βi Dehn filling on each boundary component, where
the meridian of the attached torus is glued to a smoothly embedded loop belonging
to homotopy class αi[μi] + βi[λi] in π1(Ti). We may assume that both αi and βi

are non-zero. We encode M with notation M ∼= (±g | α1/β1, . . . , αk/βk) where
+g means B is homeomorphic to a connected sum of g tori and −g means B is
homeomorphic to a connected sum of g projective planes. Any closed orientable
manifold that is a Seifert fibered space can be described in this way.

Note that the above construction allows us to easily write down a presentation
for the fundamental group of M ; if M ∼= (+g | α1/β1, · · · , αk/βk), then

π1(M) = 〈xi, yi, μj , t | [xi, t], [yi, t], [μj , t], μ
αj

j tβj , [x1, y1] · · · [xg, yg]μ1 · · ·μk〉

and if M ∼= (−g | α1/β1, · · · , αk/βk), g ≥ 1, then

π1(M) = 〈xi, μj , t | xitx
−1
i t, [μj , t], μ

αj

j tβj , x2
1 · · ·x2

gμ1 · · ·μk〉

where in both cases i ranges over {1, . . . , g} and j ranges over {1, . . . , k}. In both
presentations, the generator t is carried by a regular fiber.
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Lemma 3.1. Let M ∼= (−g | α1/β1, . . . , αk/βk), g ≥ 1. Then H1(M) has an
element of order 2.

Proof. H1(M) has Z-module presentation

〈x1, . . . , xg, μ1, . . . , μk, t | 0 = αjμj+βjt = 2t = 2Σxi+Σμj〉 for 1 ≤ j ≤ k, 1 ≤ i ≤ g.

Suppose, for the purpose of contradiction, that H1(M) has no 2-torsion. Then
t = 0 and so αjμj = 0. Since H1(M) has no 2-torsion, we may also assume
2 � αj . Let mj = order(μj) and m = lcm(mj). Then m must be odd and 0 =
m(2Σxi+Σμj) = 2mΣxi. Since H1(M) has no 2-torsion, mΣxi = 0. This must be
a Z linear combination of our other relations {2Σxi +Σμj , αjμj}, which it cannot
be, since m is odd. �

Lemma 3.2. Let M ∼= (+g | α1/β1, . . . , αk/βk). Let γ be a regular fiber of M ′ →
B′. If [γ] is of finite order in H1(M), then β1(M) = 2g. If [γ] is of infinite order
in H1(M), then β1(M) = 2g + 1.

Proof. Abelianizing π1(M) and tensoring with Q gives Q-module presentation

H1(M ;Q) = 〈xi, yi, μj , t | μi =
−βi

αi
t,

k∑
j=1

μj = 0〉

where i ranges over {1, . . . , g} and j ranges over {1, . . . , k}. Thus over Q the
generators μi are redundant and the assertion follows immediately. �

Proof of Theorem 1.1. By Section 2 it suffices to assume that M is itself Seifert
fibered. By Lemma 3.1, since H1(M) has no 2-torsion, M has an orientable base
B, so M ∼= (+g | α1/β1, . . . , αk/βk).

First we treat the case that β1(M) is odd. Then Lemma 3.2 implies that β1(M) =
2g+1, B has genus g and t = [γ] is of infinite order for any regular fiber γ. Choose
a symplectic basis [ai], [bi] for H1(B); that is, ai and bi are embedded curves in
B such that ai and bi intersect in a single point and ai and bj do not intersect if
i �= j. Furthermore, this basis can be chosen such that the curves lie in B′. Again
by Lemma 3.2, {[ai], [bi], [γ]} = {xi, yi, t} is a basis for H1(M ;Q).

We will describe a collection of embedded closed oriented surfaces {Ai, Bi, T}
that is a basis for H2(M ;Q). Recall that M ′ is just a product bundle over B′,
so there exist embedded tori Ai = ai × S1 and Bi = bi × S1 in M ′ ⊆ M that
intersect either trivially if i �= j or in a regular fiber γi if i = j. Note that Ai is
intersection-dual to bi and Bi is intersection-dual to ai. We only briefly describe
the final surface T . For more details, we refer the reader to [8, Section 2.1], where
the existence (which is well known) of this so-called horizontal surface is detailed.
First take α1 . . . αk parallel copies of the 2-sided surface B′ and note that

∂((α1 . . . αk)B
′) =

k∐
j=1

(α1 . . . αk)μj .

There is a 2-disk Dj associated to the jth Dehn filing whose boundary has the
homology type of αjμj − βjγj . Hence by adjoining numerous copies of these disks
to (α1 . . . αj)B

′ we can effectively eliminate copies of μj in favor of copies of γj .
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We arrive at a new surface, T o, whose boundary is

∂T o =

k∐
j=1

(α1 . . . α̂j . . . αk)βjγj = t[

k∐
j=1

(α1 . . . α̂j . . . αk)βj ],

where we have replaced each γj by t. Since t has infinite order in H1(M ;Z), the
coefficient of t in this expression must be equal to zero (this coefficient is m times
the generalized Euler number of the Seifert fibration). Hence T o represents a 2-
cycle of M . With more care (primarily because the γj , for varying j, are pairwise
isotopic but not identical) one may get a closed oriented embedded surface T as
above. A key feature of T is that it has non-zero homological intersection number
m = α1 . . . αk with a generic regular fiber t and it has zero homological intersection
with [ai] and [bi]. Thus {[Bi], [Ai],

1
m [T ]} is a basis of H2(M ;Q) that is intersection-

dual (up to signs) to the basis {xi, yi, t} for H1(M ;Q).
We will use the fact that “cup product is dual to intersection”. To be specific,

in order to show that the cohomology rings are isomorphic it suffices to exhibit
isomorphisms φi : Hi(M ;Q) → Hi(S

1 × Σ;Q) for i = 1, 2 which preserve the
homological intersection pairings

(3.1) H2(M ;Q)×H2(M ;Q)
•−→ H1(M ;Q)

and

(3.2) H1(M ;Q)×H2(M ;Q)
•−→ H0(M ;Q),

defined by x̂ • y ≡ x̂ ∪ ŷ where [̂
] denotes the Poincaré dual of [
]. Moreover we
can compute homological intersection pairings by actual intersection by appealing
to a fact about intersections of smoothly embedded submanifolds (see [2] or [10]):
If A and B are smoothly embedded submanifolds of M with A and B intersecting
transversely, then cup products can be computed by

[̂A] ∪ [̂B] = ̂[A ∩B],

which translates to simply

(3.3) [A] • [B] = [A ∩B].

If τ represents a circle in S1 × Σ and {αi, βi} represents a symplectic basis of
H1(Σ), then let φ1 be the obvious map sending [ai] to αi, [bi] to βi and t to τ .
If Ai,Bi are represented by the tori S1 × αi and S1 × βi, then let φ2 be the map
sending [Ai] to Ai, [Bi] to Bi and

1
m [T ] to [Σ]. Clearly these induce isomorphisms

on rational cohomology. Since we have chosen φ2 to send the intersection dual of
[ai] to the intersection dual of φ1([ai]), et cetera, the pairing (3.2) is automatically
preserved. We need only check that the pairing (3.1) is preserved, that is, that

(3.4) φ2(a) • φ2(b) = φ1(a • b)
for all a, b in our basis of H2(M ;Q). Using equation (3.3) we can now compute the
pairing (3.1) for M and S1 × Σ:

[Ai]•[Bj ] = [Ai∩Bj ] = δij [t] and [Ai]•[Aj ] = [Ai∩Aj ] = 0 = [Bi]•[Bj ] = [Bi∩Bj ],

where the latter hold since the tori Ai and Bi have product neighborhoods. Simi-
larly since T is embedded and oriented it also has a product neighborhood so

[T ] • [T ] = 0.
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Finally, since T ∩Ai = mB′ ∩ Ai is m copies of ai and T ∩Bi is m copies of bi,

1

m
[T ] • [Ai] =

1

m
[T ∩ ai] =

1

m
[mai] = [ai] and

1

m
[T ] • [Bi] = [bi].

But clearly the same results hold for our bases for H∗(S
1 × Σ;Q). For example,

φ2

(
1

m
[T ]

)
• φ2([Ai]) = [Σ] • [Ai] = [αi] = φ1([ai]) = φ1

(
1

m
[T ] • [Ai]

)
.

Now we treat the case that β1(M) is even. Then Lemma 3.2 implies that
β1(M) = 2g, B has genus g and t = [γ] = 0 in H1(M ;Q). Choose a symplec-
tic basis [ai], [bi] for H1(B) as before. By Lemma 3.2, {[ai], [bi], [γ]} = {xi, yi} is a
basis for H1(M ;Q). As above we have a collection of embedded closed oriented tori,
{Ai, Bi}, that is a basis for H2(M ;Q). Our calculation now yields (since [t] = 0)

[Ai] • [Bj ] = [Ai ∩Bj ] = [Ai] • [Aj ] = [Ai ∩ Aj ] = 0 = [Bi] • [Bj ] = [Bi ∩Bj ] = 0.

Suppose {xi} and {Si}, 1 ≤ i ≤ 2g, are the obvious bases of the rational first and
second homology of #2g(S

1×S2) where xi is represented by the ith circle and Si is
represented by the ith 2-sphere. Let φ1 take ai to x2i−1 and [bi] to x2i for 1 ≤ i ≤ g,
and let φ2 take the [Ai] and [Bi] to the Si in a similar fashion. Just as above, these
are isomorphisms that preserve the pairings (3.2) and (3.1).

This completes the proof of Theorem 1.1. �

The referee points out that Corollary 1.2 and the case β1(M) even of Theorem 1.1
could also be proved by calling upon the fact that a Seifert fibered 3-manifold is
finitely covered by an S1 bundle over a surface, M̃ , whose triviality is related to
the Euler class of M ; and then by studying the relationship between the rational
cohomology of M and M̃ . This argument would likely avoid the extra hypothesis
on 2-torsion, which was used to simplify our proof.

Proof of Theorem 1.3. By Section 2 and Proposition 2.1 the vanishing of all one-
dimensional cup products is an invariant of homology cobordism. Thus we need
only show that all cup products of elements ofH1(M ;Zp) vanish whenM is a Seifert
fibered space with β1(M) = 0 and p �= 2. A calculation of the mod p cohomology
rings of orientable Seifert fibered manifolds was completed in [4, Theorems 1.1–
1.6]. Suppose β1(M) = 0. If the base space of M is orientable, then g = 0 by our
Lemma 3.2. In this case the result now follows from Theorems 1.1 and 1.3 of [4].
If the base space is non-orientable, the result follows from Theorems 1.4 and 1.6
of [4]. �

4. Examples

In this section we exhibit many homology cobordism classes that contain no
Seifert fibered 3-manifold.

Proposition 4.1. Suppose m is a positive integer, T is an abelian group of odd
order and L is a non-singular linking form on T . Then there exists an infinite
number of homology cobordism classes of oriented 3-manifolds, each with first ho-
mology H ∼= Z2m+1 ⊕ T , with linking form L and having the cohomology ring of
#2m+1S

1 × S2, none of which contains a Seifert fibered manifold.
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Proof. Since T contains no 2-torsion, L can be realized by a Seifert fibered rational
homology sphere Q [3]. Thus H1(Q) ∼= T . For d ≥ 3 let Nd be the 3-manifold
obtained by zero framed surgery on the 3-component link Ld in Figure 4.1. Then
H1(Nd) ∼= Z3 and Nd has its first nonzero Massey product occurring at length d
(with Z or Q coefficients) [5, p. 414][6, Sections 6, 7.4]. In particular it has vanishing
cup products (of one-dimensional classes). Now let Md = Q#Nd#(2m−1)(S

1×S2).

d− 1 loops

Figure 4.1. Ld

Then H1(Md) ∼= H and Md has linking form L. Since each Md has vanishing cup
products with rational coefficients, by Corollary 1.2, the homology cobordism class
of Md contains no Seifert fibered manifold. But the homology cobordism classes
represented by Md are distinct for varying d since Md has rational Massey degree
d (see Section 2). �

Proposition 4.2. Suppose m ≥ 2 and T is an abelian group of odd order. Then,
for any non-singular linking form L on T there exist an infinite number of homology
cobordism classes of oriented 3-manifolds, each with first homology H ∼= Z2m ⊕ T
and linking form L, none of which contains a Seifert fibered manifold.

Proof. Since T contains no 2-torsion, L can be realized by a Seifert fibered rational
homology sphere Q as above. Let Lk be the 3-component link obtained by taking
a (k, 1) cable, k ≥ 1, of one of the components of the Borromean rings. Let Nk

be the 3-manifold obtained by zero framed surgery on Lk. Then H1(Nk) ∼= Z3

and the triple cup product of the obvious basis elements is k[Nk]. Now let Mk =
Q#Nk#(2m−3)(S

1 × S2). Then Mk has first homology H and linking form L.
Moreover Nk has non-zero cup products so by Corollary 1.2, no Mk is homology
cobordant to a Seifert fibered manifold. These homology cobordism classes are
distinct because their triple cup product forms are not isomorphic [7, Example 3.3].

�

Examples with fixed cohomology ring (fixed k) can be created by replacing
#(2m−3)(S

1 × S2) by a manifold non-trivial higher-order Massey product as in
Proposition 4.1.

Any 3-manifold M with β1 = r may be obtained as zero framed surgery on
an r-component link L (with null-homologous components and pairwise linking
numbers zero) in a rational homology sphere Σ. There are explicit relationships
between the Massey products of M and the Massey products of Σ−L and Milnor’s
μ-invariants of L ↪→ Σ (see for example [5, Section 2]). In particular the existence
of cup-products is related to Milnor’s μ(ijk) of the 3-component sublinks of L. For
example if L′ is a 3-component link (with linking numbers zero) in a homology
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sphere Σ, then the invariant μ(123) is the algebraic number of triple points that
occur when intersecting orientable bounding surfaces for the components. This is
also equal to the degree of the map from ML′ to the 3-torus that is induced by the
Hurewicz map π1(ML′) → H1(ML′) ∼= Z3. These arise from so-called “Borromean
rings-type interactions” among the link components. In this language we have:

Proposition 4.3. Suppose M is the 3-manifold obtained by zero framed surgery on
a 2r-component link L in S3 (with pairwise linking numbers zero) for which some
Milnor’s invariant μ(ijk) is non-zero. Then the homology cobordism class of M
contains no Seifert fibered manifold.

Proof. Note H1(M ;Z) ∼= Z2r. If M were homology cobordant to a Seifert fibered
space, then, by Corollary 1.2, for any α, β ∈ H1(M ;Z), α ∪ β is a torsion class in
H2(M ;Z) and hence is zero. Thus the integral cohomology ring of M is the same
as that of a connected sum of 2r copies of S1 × S2. Then by [7, Theorem 6.10,
k = 2] the Milnor’s invariants of length 3 vanish, contradicting our assumption. �

Proposition 4.4. Suppose M is the rational homology 3-sphere obtained as p-
surgery on each component of the Borromean rings where p is an odd integer. Then
the homology cobordism class of M contains no Seifert fibered manifold.

Proof. By Theorem 1.3 it suffices to show that there is a non-trivial cup product of
one-dimensional classes with Zp-coefficients. This is true for M because μ(123) =
±1 for the Borromean rings. A bounding surface for each component is a mod p
cycle, and the fact that there is algebraically non-zero triple intersection between
the three bounding surfaces means that the triple cup product of their duals is
non-trivial. �

Example 4.5. Suppose that M is zero framed surgery on each component of the
2-component Whitehead link. Then M is a Heisenberg manifold, the circle bundle
over the torus with Euler class ±1. Hence M admits a Seifert fibering. Yet M has
non-vanishing Massey products of length 3 since μ(1122) = ±1 for the Whitehead
link [11, Theorem 3]. Thus a Seifert fibered manifold with even β1 may fail to have
the same rational Massey products as a connected sum of copies of S1 × S2. Thus
the second part of Theorem 1.1 cannot be naively extended.
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