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GLOBAL WEIGHTED ESTIMATES FOR NONLINEAR ELLIPTIC

OBSTACLE PROBLEMS OVER REIFENBERG DOMAINS

SUN-SIG BYUN, YUMI CHO, AND DIAN K. PALAGACHEV

(Communicated by Tatiana Toro)

Abstract. We study the obstacle problem for an elliptic equation with dis-
continuous nonlinearity over a nonsmooth domain, assuming that the irregular
obstacle and the nonhomogeneous term belong to suitable weighted Sobolev
and Lebesgue spaces, respectively, with weights taken in the Muckenhoupt
classes. We establish a Calderón–Zygmund type result by proving that the
gradient of the weak solution to the nonlinear obstacle problem has the same
weighted integrability as both the gradient of the obstacle and the nonhomoge-
neous term, provided that the nonlinearity has a small BMO-semi norm with
respect to the gradient, and the boundary of the domain is δ-Reifenberg flat.
We also get global regularity in the settings of the Morrey and Hölder spaces
for the weak solutions to the problem considered.

1. Introduction

The general theory of the variational inequalities and free boundary problems is
strictly linked to obstacle problems for partial differential equations. These arise
naturally in the classical elasticity theory as the simplest unilateral problems in the
study of mechanics of elastic membranes and plates when the equilibrium position is
sought for an elastic membrane, the boundary of which is keeping fixed and which is
constrained to stay above a given obstacle. More generally, the obstacle problems
provide a basic tool for the study of variational inequalities and free boundary
problems for PDEs and are involved in numerous geometric and potential theory
problems such as capacities of sets or minimal surfaces. Their applications have
a broad spectrum of problems of modern technology, among them the study of
fluid filtration in porous media, melting and crystallization, constrained heating,
elasto-plasticity, optimal control problems in the theory of Brownian motion, phase
transitions, groundwater hydrology, tumor growth, American type contracts, etc.
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We refer the reader to the classical texts by Kinderlehrer and Stampacchia [17],
Friedman [15], Rodrigues [26] and Caffarelli [9] for further discussions and more
details.

The main goal of the present article is to establish an optimal estimate of
Calderón–Zygmund type for the solutions of nonlinear elliptic variational inequal-
ities with obstacle constraints in the settings of weighted Sobolev and Lebesgue
spaces.

Throughout the paper we let p ∈ (1,∞) to be a fixed real number and Ω ⊂ R
n

a bounded domain with n ≥ 2. Given a vector field a(ξ, x) : Rn×R
n → R

n, we will
suppose it defines a C1-Carathéodory map, that is, a(ξ, x) is differentiable with
respect to ξ for almost all (a.a.) x ∈ R

n and is measurable in x for all ξ ∈ R
n.

Moreover, we will assume that there exist constants 0 < μ ≤ 1 ≤ Λ such that
a(ξ, x) satisfies the following growth and ellipticity conditions

(1.1) |a(ξ, x)|+ |ξ||Dξa(ξ, x)| ≤ Λ|ξ|p−1

and

(1.2) Dξa(ξ, x)η · η ≥ μ|ξ|p−2|η|2

for a.a. x ∈ R
n and for all ξ, η ∈ R

n.
Given an obstacle ψ ∈ W 1,p(Ω) such that ψ ≤ 0 a.e. on ∂Ω, we define the convex

admissible set

(1.3) A =
{
v ∈ W 1,p

0 (Ω): v ≥ ψ a.e. in Ω
}
.

We will deal with a function u : Ω → R, belonging to A, and such that

(1.4)

∫
Ω

a(Du, x) ·D(v − u) dx ≥
∫
Ω

|F|p−2F ·D(v − u) dx for all v ∈ A,

where the nonhomogeneous term F is a vector valued function in Lp(Ω;Rn). Ac-
cording to the common terminology, the function u will be called a solution of the
variational inequality (1.4).

It is well known (see [1,6] for instance) that, under the structure conditions (1.1)
and (1.2), there exists a unique solution u ∈ A of (1.4). Moreover,

(1.5) ‖Du‖Lp(Ω;Rn) ≤ c
(
‖F‖Lp(Ω;Rn) + ‖Dψ‖Lp(Ω;Rn)

)
with constant c depending only on n, p, Λ and μ.

The main result we are going to derive here is a weighted version of the Calderón–
Zygmund regularity estimate. Precisely, assuming F ∈ Lpq

w (Ω;Rn) and Dψ ∈
Lpq
w (Ω;Rn), we are interested in a bound of the type

(1.6) ‖Du‖Lpq
w (Ω;Rn) ≤ c

(
‖F‖Lpq

w (Ω;Rn) + ‖Dψ‖Lpq
w (Ω;Rn)

)
holding for each q ∈ (1,∞), which in turn implies Du ∈ Lpq

w (Ω;Rn). Here w = w(x)
is a weight function belonging to the Muckenhoupt class Aq (see the discussions in
the next section) and c is a constant depending on n, p, Λ and μ as before, and on
Ω, q and w as well.

Needless to say, the basic assumptions (1.1) and (1.2) are not sufficient to ensure
the validity of (1.6). One needs to require suitable smoothness of a(ξ, x) with
respect to x, and to impose appropriate geometric requirements on the boundary
∂Ω even in the absence of obstacles (see [8]) or in the absence of weights (see [6]).
Motivated by the recent results obtained in [6,8], we will assume a sort of x-integral
continuity of a(ξ, x) measured in terms of small bounded mean oscillation (BMO),
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and a δ-Reifenberg flatness of ∂Ω (we refer the reader to Section 2 for the precise
definitions). These additional hypotheses have proven to be minimal to impose on
the data of (1.4) for the validity of the regularity results here obtained. In that
sense, the main goal of this paper is to derive the global weighted Lpq-estimate (1.6)
for the gradient of the weak solution to the variational inequality (1.4) under such
small-BMO condition and δ-Reifenberg flatness, when the associated weight lies in
a suitable Muckenhoupt class. This way, we generalize the recent results from [8]
and [6] to elliptic obstacle problems studied in the settings of the weighted Lebesgue
spaces.

Various interesting results appeared in the last years which regard nonlinear el-
liptic problems with irregular obstacles. In [2], Bögelein and Scheven established
the property of higher integrability in parabolic variational inequalities with an ob-
stacle constraint. In [1], Bögelein, Duzaar and Mingione derived a local Calderón–
Zygmund estimate for the solution of the variational inequality (1.4) in the case of
a = a(ξ). Their results were extended in [6] where a global estimate has been proved
for nonlinearities a = a(ξ, x) under the small-BMO assumption with respect to the
x-variables and Reifenberg flatness of ∂Ω. We should mention also the paper [13]
by Eleuteri and Habermann who considered a quasi-convex functional for a class
of obstacle problems with nonstandard growths and established local Calderón–
Zygmund type estimate when the associated integrand is continuous with respect
to the x-variables. In [27], Scheven showed the existence of localizable solutions
and Calderón–Zygmund estimates to parabolic obstacle problems. In [28], Scheven
obtained gradient pointwise estimates for a nonlinear elliptic obstacle problem with
nonhomogeneous measure data.

Being in the more general framework of the weighted Lebesgue spaces, our results
not only complement the works cited above and provide contributions to the general
theory of the variational inequalities, but ensure also the possibility to earn finer
regularity of solution through special choice of the weight function. In particular,
we derive global regularity of the weak solution to (1.4) in the settings of the
Morrey spaces which leads to a Hölder continuity result for suitable values of the
integrability exponents.

2. Hypotheses, Preliminaries and Main Results

In what follows, given a point y ∈ R
n and a number ρ > 0, we set Bρ(y) = {x ∈

R
n : |x− y| < ρ} for the open ball centered at y and of radius ρ.
The main geometric assumption on the boundary of the underlying domain Ω is

its δ-Reifenberg flatness.

Definition 2.1. We say that Ω is (δ, R)-Reifenberg flat if there exist positive
constants δ and R such that for each x ∈ ∂Ω and each ρ ∈ (0, R] there is a
coordinate system {y1, · · · , yn}, which may depend on x and ρ, with origin at x
and such that

Bρ(x) ∩ {y : yn > δρ} ⊂ Bρ(x) ∩ Ω ⊂ Bρ(x) ∩ {y : yn > −δρ}.

Indeed, the definition is significant for small values of δ, and R could be any
constant greater than 1 as it follows by the scaling invariance property. The flat-
ness of the boundary in Reifenberg sense means that it is well approximated by
hyperplanes at every point and at each scale. It was Reifenberg who first defined
that concept in his studies [25] on Plateau problems, proving that such a domain
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is locally a topological disc for small enough δ. The δ-Reifenberg flatness exhibits
a sort of a minimal geometric condition on the boundary ensuring validity of some
natural properties of geometric analysis and partial differential equations such as
W 1,p-extension, nontangential accessibility property, measure density condition,
the Poincaré inequality and so on. We refer the reader to [12, 19, 20, 31] and the
references therein for further details.

It is worth noting that the C1-smooth domains are Reifenberg flat with vanishing
δ when R ↘ 0+. More generally, Reifenberg flat is any domain with boundary
which is locally a graph of Lipschitz continuous function with a small Lipschitz
constant. Actually, the class of Reifenberg flat domains goes beyond these common
examples and contains domains with rough fractal boundaries. For instance, the
von Koch snowflake is a Reifenberg flat when the angle of the spike with respect to
the horizontal is small enough.

A remarkable feature of the Reifenberg flat domains, which is an immediate
consequence of the definition, is a two-sided variant of the so-called (A)-condition
of Ladyzhenskaya and Ural’tseva (cf. [18]). Namely, the Lebesgue measure of
Bρ(x) ∩ Ω is comparable to the measure of the ball Bρ(x) itself for any x ∈ Ω and
any ρ ∈ (0, diamΩ). In other words, for each δ there exists a constant AΩ(δ) ∈ (0, 1)
such that

(2.1) AΩ(δ)ρ
n ≤ |Bρ(x) ∩ Ω| ≤

(
1−AΩ(δ)

)
ρn ∀x ∈ Ω, ∀ρ ∈ (0, diamΩ).

The lower bound here excludes interior cusps at each point of ∂Ω and this guar-
antees the validity of the Sobolev embedding theorem in the spaces W 1,p(Ω). The
upper bound in (2.1) instead ensures that no exterior cusps exist on ∂Ω and this
serves to get fine regularity properties of solutions to nonlinear PDEs such as better
integrability of the gradient based on reverse Hölder inequalities ([23,24]), regularity
in Morrey and Hölder spaces of solutions to semilinear problems ([3]) and essen-
tial boundedness of the weak solutions to a very general class of quasilinear elliptic
equations ([4]). We refer to [12,16,31] for an exhaustive discussion on the properties
and regularity of the Reifenberg domains.

To introduce the main assumption regarding the principal part a(ξ, x) of the
nonlinear differential operator considered, we define

(2.2) Θ(a, Bρ(y))(x) = sup
ξ∈Rn\{0}

|a(ξ, x)− aBρ(y)(ξ)|
|ξ|p−1

,

where aBρ(y)(ξ) stands for the integral average

−
∫
Bρ(y)

a(ξ, z) dz =
1

|Bρ(y)|

∫
Bρ(y)

a(ξ, z) dz

of a(ξ, ·) over Bρ(y).

Definition 2.2. We say that a(ξ, x) is (δ, R)-vanishing if

sup
0<ρ≤R

sup
y∈Rn

−
∫
Bρ(y)

∣∣Θ(a, Bρ(y))(x)
∣∣ dx ≤ δ.

It is worth noting that the (δ, R)-vanishing of a(ξ, x) means that the function

x �→ a(ξ,x)
|ξ|p−1 has a small mean oscillation around its integral average, uniformly in

ξ. This allows, of course, discontinuities of a(ξ, x) with respect to x, measured in
terms of smallness of the BMO-seminorm. That is a quite general condition to
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impose on the behaviour of a(ξ, x) in x which is minimal in some sense, and which

is surely satisfied if x �→ a(ξ,x)
|ξ|p−1 is VMO or continuous with respect to x, uniformly

in ξ (see [6, 8, 21] and the references therein).
For what concerns the constant R in Definitions 2.1 and 2.2, it could be any

positive number due to the scaling invariance property of the problem (1.4), while
δ remains the same under such a scaling. Further on, the constant δ will be suffi-
ciently small to be selected in a universal way so that it will be independent of the
nonhomogeneous term F and the obstacle ψ.

For the purposes of this paper, F and Dψ will be taken to lie in an appropriate
weighted Lebesgue space. For the sake of completeness, let us recall the definition
of the Muckenhoupt classes Aq of weights with 1 < q < ∞. A weight w is a positive,
locally integrable function on R

n. Given q ∈ (1,∞), the class Aq is defined as the
collection of all weights w for which

(2.3) [w]q = sup
y∈Rn

sup
r>0

(
−
∫
Br(y)

w(x) dx

)(
−
∫
Br(y)

w(x)
−1
q−1 dx

)q−1

< ∞.

A typical example of a weight in Aq is given by the function wσ(x) = |x|σ when
−n < σ < n(q − 1).

Now, the weighted Lebesgue space Lq
w(Ω) related to Aq consists of all measurable

functions f : Ω → R
n such that

‖f‖Lq
w(Ω) =

(∫
Ω

|f(x)|qw(x) dx
) 1

q

< ∞.

We set further w(E) for the weighted Lebesgue measure of a measurable set
E ⊂ R

n, given by

(2.4) w(E) =

∫
E

w(x) dx.

In the sequel, we will use the following relationship between the Lebesgue and
the weighted measures.

Lemma 2.3 (see [21]). Let E a measurable subset of Ω and w ∈ Aq for some
1 < q < ∞.

Then there exist positive constants ν and α, depending only on [w]q and n, such
that

1

α

(
|E ∩Br(y)|
|Br(y)|

)q

≤ w(E ∩Br(y))

w(Br(y))
≤ α

(
|E ∩Br(y)|
|Br(y)|

)ν

.

The main result of the paper is the next theorem.

Theorem 2.4. Let 1 < p < ∞ and w be a weight in Aq for some q ∈ (1,∞).
Suppose that |F|p ∈ Lq

w(Ω) and |Dψ|p ∈ Lq
w(Ω).

There exists a positive constant δ = δ(n, p, q,Λ, μ, [w]q) such that if a(ξ, x) is
(δ, R)-vanishing and Ω is (δ, R)-Reifenberg flat, then the gradient Du of the weak
solution to the variational inequality (1.4) satisfies |Du|p ∈ Lq

w(Ω) and we have the
estimate

(2.5)

∫
Ω

|Du|pqw(x) dx ≤ c

(∫
Ω

|F|pqw(x) dx+

∫
Ω

|Dψ|pqw(x) dx
)

with a constant c depending only on n, p, q,Λ, μ, [w]q and Ω.
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Let us point out to the reader’s attention the fact that in the special, unweighted
case (w = 1) Theorem 2.4 gives rise to a regularity result already proved in the
earlier paper [6]. The technique employed in proving (2.5) is based on local com-
parison estimates, maximal function and Vitali covering lemma, and is more or less
analogous to that in [6], adapted to the settings of the weighted spaces here con-
sidered. Indeed, that is possible thanks to Lemma 2.3 which implies the associated
weight measure is comparable to the Lebesgue one. In that sense, Theorem 2.4 is a
natural extension of the work in [6] to the framework of weighted Lebesgue spaces.

To proceed further with our second result, which is a particular outgrowth of
Theorem 2.4, we need to recall the definition of the Morrey classes. Namely, given
p ∈ (1,∞) and γ ∈ (0, n), the Morrey space Lp,γ(Ω) is the collection of all functions
f ∈ Lp(Ω) for which

‖f‖Lp,γ(Ω) = sup
x0∈Ω

r∈(0,diamΩ)

(
1

rγ

∫
Br(x0)∩Ω

|f(x)|p dx

)1/p

< ∞.

That quantity defines a norm which makes Lp,γ(Ω) a Banach space. The limit cases
γ = 0 and γ = n give rise to Lp(Ω) and L∞(Ω), respectively.

Our second result yields Sobolev–Morrey regularity of the weak solution to the
variational inequality (1.4) and follows from Theorem 2.4 with a particular choice
of the weight.

Theorem 2.5. Given p, q ∈ (1,∞) and γ ∈ (0, n), assume that |F|p ∈ Lq,γ(Ω) and
|Dψ|p ∈ Lq,γ(Ω).

There exists a positive constant δ = δ(n, p, q, γ,Λ, μ) such that if a(ξ, x) is (δ, R)-
vanishing and Ω is (δ, R)-Reifenberg flat, then the gradient Du of the weak solution
to the variational inequality (1.4) belongs to the Morrey space Lpq,γ(Ω;Rn) and
satisfies the estimate

‖Du‖Lpq,γ(Ω;Rn) ≤ c
(
‖F‖Lpq,γ(Ω;Rn) + ‖Dψ‖Lpq,γ(Ω;Rn)

)
with a constant c depending only on n, p, q, γ,Λ, μ and Ω.

An important consequence of Theorem 2.5, based on the known properties of
functions having gradients in Morrey spaces (cf. [10]) and the (A)-condition (2.1)
of ∂Ω, is the next Corollary which asserts better integrability and even Hölder
continuity of the weak solution to the variational inequality (1.4) for appropriate
values of p, q and γ.

Corollary 2.6. Under the hypotheses of Theorem 2.5, let u ∈ W 1,p
0 (Ω) be a weak

solution to the variational inequality (1.4).
Then

(1) u ∈ L
npq

n−pq ,
nγ

n−pq (Ω) ⊂ Lpq,γ+pq(Ω) if pq + γ < n;
(2) u ∈ Lp̃,γ̃(Ω) for any p̃ < ∞ and any γ̃ < n, if pq + γ = n;

(3) u ∈ C0,1−n−γ
pq (Ω) if pq + γ > n.

Let us point out that, without essential difficulties, the result of Theorem 2.5
could be extended to the case of variational inequalities in the settings of the gen-
eralized Morrey spaces (cf. [29]).
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3. Proofs of the Main Results

We start this section with reviewing some standard properties of the maximal
function, and basic facts from the measure theory with respect to the Muckenhoupt
weights.

Our approach in proving Theorem 2.4 is based on the Hardy–Littlewood maximal
function operator. Recall that the maximal function Mh of a locally integrable
function h is given by

(Mh)(x) = sup
ρ>0

−
∫
Bρ(x)

|h(y)| dy.

Indeed, if h is defined only on a bounded domain U , then we assume tacitly that
it is extended as zero outside U and then apply the maximal operator.

It follows from [21, 22, 30] that if a weight w belongs to the Muckenhoupt class
Aq for some q ∈ (1,∞), then there exists a constant c = c(n, q, [w]q) > 0 such that

(3.1)
1

c
‖h‖Lq

w(Rn) ≤ ‖Mh‖Lq
w(Rn) ≤ c‖h‖Lq

w(Rn) for each h ∈ Lq
w(R

n).

In the particular case when w(x) ≡ 1, we have

(3.2)
∣∣{x ∈ R

n : (Mh)(x) > λ}
∣∣ ≤ c

λ

∫
|h(x)| dx for every λ > 0

with a constant c = c(n).
We will use the following technical lemma, the proof of which can be found in

[21, 30].

Lemma 3.1. Assume that h is a nonnegative measurable function on a bounded
subset U of Rn. Let θ > 0 and m > 1 be constants and w ∈ Aq with 0 < q < ∞.

Then

h ∈ Lq
w(U) ⇐⇒ S =

∑
k≥1

mkqw
(
{x ∈ U : h(x) > θmk}

)
< ∞

and
1

c
S ≤ ‖h‖q

Lq
w(U)

≤ c(w(U) + S),

where c > 0 is a constant depending only on θ, m and q.

The following Vitali-type covering lemma will be useful in the sequel. We refer
the reader to [5, Lemma 3.3] or [21, Lemma 3.8] for the corresponding proof.

Lemma 3.2. Assume that Ω is a bounded domain satisfying the (δ, R)-Reifenberg
flatness condition with 0 < δ < 1

8 , and w ∈ Aq for some q ∈ (1,∞). Let C and
D be measurable sets with C ⊂ D ⊂ Ω. Assume further that there exists a small
constant ε > 0 such that

(3.3) w(C ∩B1(y)) < εw(B1(y)) ∀y ∈ Ω

and, for every y ∈ Ω and for every r ∈ (0, 1) one has

(3.4) Br(y) ∩ Ω ⊂ D whenever w(C ∩Br(y)) ≥ εw(Br(y)).

Then

w(C) ≤ c∗εw(D)

with a positive constant c∗ depending only on n, q and [w]q.
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The next lemma is the main ingredient of the principal result in [6] which treats
unweighted variational inequalities.

Lemma 3.3 (see [6, Lemma 4.8]). Assume that |F| ∈ Lp(Ω) and |Dψ| ∈ Lp(Ω)

with ψ ≤ 0 a.e. on ∂Ω. Suppose that u ∈ W 1,p
0 (Ω) is a weak solution of the

variational inequality (1.4).
Then there exists a universal constant N = N(μ,Λ, n, p) > 1 so that for every

fixed 0 < ε < 1 one can find a small enough δ = δ(ε, μ,Λ, n, p) > 0 with the property
that if a(ξ, x) is (δ, 42)-vanishing, Ω is (δ, 42)-Reifenberg flat, and Br(y), with y ∈ Ω
and r ∈ (0, 1), satisfies

(3.5)
∣∣{x ∈ Ω ∩Br(y) : M(|Du|p) > Np

}∣∣ ≥ ε |Br(y)| ,

then we have

Br(y) ∩ Ω ⊂
{
x ∈ Ω: M(|Du|p) > 1

}
(3.6)

∪
{
x ∈ Ω: M(|F|p) > δp

}
∪
{
x ∈ Ω: M(|Dψ|p) > δp

}
.

The weighted counterpart of Lemma 3.3 follows, which relies on Lemma 2.3.

Lemma 3.4. Assume that w ∈ Aq for some q ∈ (1,∞), |F| ∈ Lp
w(Ω) and |Dψ| ∈

Lp
w(Ω) with ψ ≤ 0 a.e. on ∂Ω. Suppose that u ∈ W 1,p

0 (Ω) is the weak solution of
the variational inequality (1.4).

Then there exists a universal constant N = N(μ,Λ, n, p) > 1 such that for every
fixed 0 < ε < 1 one can find small δ = δ(ε, μ,Λ, n, p, [w]q) > 0 such that if a(ξ, x) is
(δ, 42)-vanishing, Ω is (δ, 42)-Reifenberg flat, and Br(y) with y ∈ Ω and r ∈ (0, 1)
satisfies

(3.7) w
({

x ∈ Ω ∩Br(y) : M(|Du|p) > Np
})

≥ εw
(
Br(y)

)
,

then we have

Br(y) ∩ Ω ⊂
{
x ∈ Ω: M(|Du|p) > 1

}
(3.8)

∪
{
x ∈ Ω: M(|F|p) > δp

}
∪
{
x ∈ Ω: M(|Dψ|p) > δp

}
.

Proof. By Lemmas 2.3 and 3.4 we have∣∣{x ∈ Ω: M(|Du|p) > Np
}
∩Br(y)

∣∣
≥

(
1

α

w ({x ∈ Ω: M(|Du|p) > Np} ∩Br(y))

w(Br(y))

) 1
ν

|Br(y)|

≥
( ε

α

)1/ν

|Br(y)|

according to (3.7). We apply now Lemma 3.4 with ε replaced by
(
ε
α

) 1
ν and select

δ = δ(ε, μ,Λ, n, p, [w]q) in order to get (3.8). �

Proof of Theorem 2.4. We assert first of all that there exists a universal constant
c depending on n, p, q, μ,Λ,Ω and [w]q such that

(3.9) ‖Du‖Lpq
w (Ω) ≤ c

if the nonhomogeneous term F and the obstacle ψ satisfy

(3.10) ‖F‖Lpq
w (Ω;Rn) + ‖Dψ‖Lpq

w (Ω) ≤ δ.
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In fact, the Hölder inequality implies

(3.11) ‖F‖pLp(Ω;Rn) ≤
∫
Ω

|F|pw 1
q w− 1

q dx ≤
(∫

Ω

|F|pqw dx

) 1
q
(∫

Ω

w
−1
q−1 dx

) q−1
q

︸ ︷︷ ︸
I

.

Since Ω is bounded, we have Ω ⊂ B d
2
(x0) for some x0 ∈ Ω where d stands for the

diameter of Ω. Then, employing (2.3) and (2.4), we estimate I as follows

(∫
Ω

w
−1
q−1 dx

)q−1

≤

⎛
⎝∫

B d
2
(x0)

w
−1
q−1 dx

⎞
⎠q−1

≤

⎛
⎝−
∫
B d

2
(x0)

w dx

⎞
⎠

⎛
⎝−
∫
B d

2
(x0)

w
−1
q−1 dx

⎞
⎠q−1

|B d
2
(x0)|q−1

−
∫
B d

2
(x0)

w dx

≤

∣∣∣B d
2
(x0)

∣∣∣q
w
(
B d

2
(x0)

) [w]q
≤ dnq|B1|q

w(Ω)
[w]q.

This estimate, combined with (3.10) and (3.11), gives

‖F‖pLp(Ω;Rn) ≤
dn|B1|
w(Ω)

1
q

[w]
1
q
q δ

p.

In the same manner we get

‖Dψ‖pLp(Ω) ≤
dn|B1|
w(Ω)

1
q

[w]
1
q
q δ

p,

whence

(3.12) ‖F‖pLp(Ω;Rn) + ‖Dψ‖pLp(Ω) ≤ cδp.

with a suitable constant c = c(n, q, [w]q,Ω).
Now take N and ε and select the corresponding δ > 0 as given by Lemma 3.4.

Set further

C = {x ∈ Ω: M(|Du|p) > Np}

and

D = {x : M(|Du|p) > 1} ∪ {x : M(|F|p) > δp} ∪ {x : M(|Dψ|p) > δp} .
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The estimates (3.2) and (1.5) yield that for any y ∈ Ω and for some constant
c = c(μ,Λ, n, p, q,Ω, [w]q) one has

|C ∩B1(y)| ≤ c

∫
Ω∩B1(y)

|Du|p dx

≤ c
(
‖F‖pLp(Ω;Rn) + ‖Dψ‖pLp(Ω)

)
≤ cδp

≤
( ε

α

) 1
ν |B1(y)|,

where δ is additionally taken small enough, if necessary, in order to ensure the last
inequality. We then apply Lemma 2.3 in order to get

(3.13) w (C ∩B1(y)) ≤ α

(
|C ∩B1(y)|
|B1(y)|

)ν

w(B1(y)) ≤ εw (B1(y)) .

At this point the hypotheses of Lemma 3.2 hold because of (3.13) and Lemma 3.4,
and as consequence we have

w({x ∈ Ω: M(|Du|p) > Np}) ≤ ε1w({x ∈ Ω : M(|Du|p) > 1})
+ ε1

[
w({x ∈ Ω: M(|F|p) > δp})
+ w({x ∈ Ω: M(|Dψ|p) > δp})

]
with ε1 = c∗ε and c∗ depending only on n, q and [w]q.

Running induction in k, yields the following power decay estimate:

w({x ∈ Ω: M(|Du|p) > Npk}) ≤ εk1w({x ∈ Ω: M(|Du|p) > 1})

+
k∑

i=1

εi1w({x ∈ Ω: M(|F|p) > δpNp(k−i)})

+
k∑

i=1

εi1w({x ∈ Ω: M(|Dψ|p) > δpNp(k−i)}).

Then, using that estimate, we compute as follows
∞∑
k=1

Npqkw({x ∈ Ω: M(|Du|p) > Npk})

≤
∞∑
k=1

(Npqε1)
kw({x ∈ Ω: M(|Du|p) > 1})

+
∞∑
i=1

(Npqε1)
i

∞∑
k=i

Npq(k−i)w({x ∈ Ω: M(|F|p) > δpNp(k−i)})
︸ ︷︷ ︸

S1

+

∞∑
i=1

(Npqε1)
i

∞∑
k=i

Npq(k−i)w({x ∈ Ω: M(|Dψ|p) > δpNp(k−i)})
︸ ︷︷ ︸

S2

≤
∞∑
k=1

(Npqε1)
kw(Ω) +

∞∑
i=1

(Npqε1)
i [S1 + S2] .
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In view of Lemma 3.1, (3.1) and (3.10), we have

S1 ≤ c
1

δ
‖F‖Lpq

w (Ω;Rn) ≤ c

and

S2 ≤ c
1

δ
‖Dψ‖Lpq

w (Ω) ≤ c,

for some constant c = c(n, p, q, μ,Λ, [w]q).
This way, we conclude that there exists a constant c = c(n, p, q, μ,Λ,Ω, [w]q)

such that
∞∑
k=1

Npqkw({x ∈ Ω: M(|Du|p) > Npk}) ≤ c
∞∑
k=1

(Npqε1)
k ≤ c,

after choosing ε so small that Npqε1 < 1.
According to Lemma 3.4 we find a corresponding δ > 0 which depends on

n, p, q, μ,Λ, [w]q and Ω, and the claim (3.9) follows from (3.1).
To proceed further, we consider the normalized functions

uλ =
u

λ
, Fλ =

F

λ
, ψλ =

ψ

λ
,

where λ = 1
δ

(
‖F‖Lpq

w (Ω;Rn) + ‖Dψ‖Lpq
w (Ω)

)
. It follows that

‖Fλ‖Lpq
w (Ω;Rn) + ‖Dψλ‖Lpq

w (Ω) ≤ δ,

which implies that for some constant c = c(n, p, q, μ,Λ,Ω, [w]q), one has

‖Duλ‖Lpq
w (Ω) ≤ c.

Indeed, the last bound leads to the desired estimate

‖Du‖Lpq
w (Ω) ≤ c

(
‖F‖Lpq

w (Ω;Rn) + ‖Dψ‖Lpq
w (Ω)

)
and this completes the proof of Theorem 2.4. �

Proof of Theorem 2.5. Without loss of generality we may assume that the nonho-
mogeneous term F and the gradient of the obstacle Dψ are taken to be zero outside
Ω, so that

‖F‖Lpq,γ(Rn;Rn) = ‖F‖Lpq,γ(Ω;Rn) and ‖Dψ‖Lpq,γ(Rn;Rn) ≤ c‖Dψ‖Lpq,γ(Ω;Rn).

Let x0 ∈ Ω and r > 0 be arbitrary. We set χBr(x0) for the characteristic function
of the ball Br(x0) and MχBr(x0)(x) for its Hardy–Littlewood maximal function.

For an arbitrary exponent σ ∈ (0, 1), it is a classical fact (see e.g. Proposition 2
in [11]) that

M
( (

MχBr(x0)(x)
)σ ) ≤ c

(
MχBr(x0)(x)

)σ
for a.a. x ∈ R

n.

In other words,
(
MχBr(x0)(x)

)σ
belongs to the Muckenhoupt class A1 and therefore(

MχBr(x0)(x)
)σ ∈ Aq for each q ∈ (1,∞) with[(

MχBr(x0)(x)
)σ]

q
= c(n, q, σ).

Fix now an arbitrary σ ∈
(
γ/n, 1

)
and apply Theorem 2.4. It follows that there

exist constants δ > 0 and c, depending on n, p, q,Λ, μ, σ and Ω, such that if a(ξ, x)
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is (δ, R)-vanishing and Ω is (δ, R)-Reifenberg flat, the estimate (2.5) yields∫
Br(x0)∩Ω

|Du(x)|pq dx =

∫
Ω

|Du(x)|pq
(
χBr(x0)(x)

)σ
dx(3.14)

≤
∫
Ω

|Du(x)|pq
(
MχBr(x0)(x)

)σ
dx

≤ c

∫
Ω

|K(x)|pq
(
MχBr(x0)(x)

)σ
dx

= c

∫
Rn

|K(x)|pq
(
MχBr(x0)(x)

)σ
dx

where we have set

K(x) = |F(x)|+ |Dψ(x)|
for the sake of simplicity.

With the aid of the dyadic decomposition

R
n = B2r(x0)

⋃( ∞⋃
k=1

B2k+1r(x0) \B2kr(x0)
)

the last integral above decomposes into

(3.15)

∫
Rn

|K(x)|pq
(
MχBr(x0)(x)

)σ
dx = I0(r, x0) +

∞∑
k=1

Ik(r, x0),

with

I0(r, x0) =

∫
B2r(x0)

|K(x)|pq
(
MχBr(x0)(x)

)σ
dx,

Ik(r, x0) =

∫
B

2k+1r
(x0)\B2kr

(x0)

|K(x)|pq
(
MχBr(x0)(x)

)σ
dx.

We use the inequality MχBr(x0)(x) ≤ 1 a.e. R
n in order to estimate I0(r, x0).

Namely,

I0(r, x0) ≤
∫
B2r(x0)

|K(x)|pq dx ≤ c(n)rγ ‖K‖pqLpq,γ(Ω)(3.16)

≤ c(n)rγ
(
‖F‖pqLpq,γ(Ω;Rn) + ‖Dψ‖pqLpq,γ(Ω;Rn)

)
.

Later on, it is clear that

(3.17)
1

|Bρ(x)|

∫
Bρ(x)

∣∣χBr(x0)(y)
∣∣ dy ≤ |Br(x0)|

|Bρ(x)|
=

rn

ρn

for each x ∈ B2k+1r(x0) \B2kr(x0) and each ρ > 0. This way, the term on the left-
hand side above is positive only for values ρ > 2kr − r, and the simple inequality
2k − 1 ≥ 2k−1 which holds for all k ≥ 1, reduces (3.17) to

1

|Bρ(x)|

∫
Bρ(x)

∣∣χBr(x0)(y)
∣∣ dy ≤ rn

2n(k−1)rn
=

1

2n(k−1)
.

Take now the supremum in ρ > 0 in order to get(
MχBr(x0)(x)

)σ ≤ 1

2σn(k−1)
.
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With this bound at hand, we estimate Ik(r, x0) from (3.15) as follows

Ik(r, x0) ≤
1

2σn(k−1)

∫
B

2k+1r
(x0)\B2kr

(x0)

|K(x)|pq dx(3.18)

≤ 1

2σn(k−1)

∫
B

2k+1r
(x0)

|K(x)|pq dx

≤ (2k+1r)γ

2σn(k−1)

1

(2k+1r)γ

∫
B

2k+1r
(x0)

|K(x)|pq dx

≤ 2γ+σn(2γ−σn)krγ ‖K‖pqLpq,γ(Ω)

≤ 2γ+σn(2γ−σn)krγ
(
‖F‖pqLpq,γ(Ω;Rn) + ‖Dψ‖pqLpq,γ(Ω;Rn)

)
.

A substitution of (3.16) and (3.18) into (3.14) yields∫
Br(x0)∩Ω

|Du(x)|pq dx ≤ crγ

( ∞∑
k=0

(2γ−σn)k

)(
‖F‖pqLpq,γ(Ω;Rn) + ‖Dψ‖pqLpq,γ(Ω;Rn)

)
= crγ

(
‖F‖pqLpq,γ(Ω;Rn) + ‖Dψ‖pqLpq,γ(Ω;Rn)

)
thanks to our choice σ ∈

(
γ/n, 1

)
which ensures the convergence of the series above.

To complete the proof of Theorem 2.5, it remains to divide both sides above by
rγ and to take the supremum with respect to x0 ∈ Ω and r > 0 in order to get
|Du| ∈ Lpq,γ(Ω) with the desired estimate

‖Du‖Lpq,γ(Ω;Rn) ≤ c
(
‖F‖Lpq,γ(Ω;Rn) + ‖Dψ‖Lpq,γ(Ω;Rn)

)
.

�

The Proof of Corollary 2.6 is an immediate of the known pointwise properties
of functions with gradients in Morrey spaces (cf. [10]) and the (A)-condition (2.1).
We left the details to the reader. �
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