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CONFORMAL AND CP TYPES OF SURFACES OF CLASS S

BYUNG-GEUN OH

(Communicated by Jeremy T. Tyson)

Abstract. In this paper we describe how to define the circle packing (cp)
type (either cp parabolic or cp hyperbolic) of a Riemann surface of class S,
and study the relation between this type and the conformal type of the surface.

1. Introduction and the definition of cp type

Let X be a simply-connected Riemann surface, and suppose h : X → C is a
meromorphic function. The pair (X,h) is called a Riemann surface of class S if
there exist q points a1, a2, . . . , aq ∈ C such that the restriction map

(1.1) h : X\{h−1(aj) : j = 1, 2, . . . , q} → C\{a1, . . . , aq}
is a topological covering map. In this case (X,h) ∈ Fq(a1, . . . , aq) is a common
notation, but the simplified notation X ∈ Fq is preferred when there is no confusion

about the meromorphic function h and the base points a1, . . . , aq ∈ C. Function
theoretically X ∈ Fq means that all the critical and asymptotic points of h lie over
only the finitely many points, say a1, . . . , aq.

Consider a closed Jordan curve Γ′
0 ⊂ C, called the base curve, passing through

a1, a2, . . . , aq in this order. Then we can think of Γ′
0 as a finite connected planar

graph with vertices a1, . . . , aq and edges [ai, ai+1], i = 1, . . . , q in mod q. Therefore
the dual graph of Γ′

0 is well-defined. Now we denote the dual graph by Γ0, and
observe that the pull-back of Γ0 via h, Γ := h−1(Γ0), is a connected planar graph
that is bipartite and homogeneous of degree q. This graph Γ is called the Speiser
graph or the line complex of X ∈ Fq. Conversely, for a given connected planar
graph Γ that is bipartite and homogeneous of degree q, it is possible to define a
Riemann surface of class S whose Speiser graph is Γ. Furthermore, it is known
that for fixed base points a1, . . . , aq and the base curve Γ′

0, there is a one-to-one
correspondence between (labeled) Speiser graphs and Riemann surfaces of class S.
For more details, see for example [8, Chap. XI] or [3].

By the famous uniformization theorem [1, Chap. X], every simply-connected
Riemann surface X is conformally equivalent to one, and only one, of the following:
the unit disk D, or the whole complex plane C, or the Riemann sphere C. Ac-
cordingly we say that the conformal type of X is hyperbolic, parabolic, or elliptic,
respectively. Thus when we study a Riemann surface of class S, (X,h) ∈ Fq, the
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conformal type of X should have been already determined even before the mero-
morphic function h was considered. However, this does not mean that h has nothing
to do with the type of X. In many cases it is even possible to determine the type of
X from the information about h. For example, we know from the Picard’s theorem
that X must be hyperbolic if h omits three points in C. This kind of process, or
problem, that is, determining the conformal type of X using the information about
h : X → C, is called the type problem.

The purpose of this paper is to study the type problem for Riemann surfaces of
class S, and compare the conformal type of X ∈ Fq with its circle packing type (cp
type) which we will define later.

In the type problem, the elliptic case is often excluded from the beginning and
X is assumed to be open. This is because when the Riemann surface is conformally
equivalent to C, then it is compact and consequently distinguished from the other
two cases very easily. Thus we always assume that X is conformally equivalent to
either the whole plane C or the unit disk D. Moreover, to define the cp type ap-
propriately, we assume that the meromorphic function h has no asymptotic values.
Then one can show that the restriction map in (1.1) is a covering map of infinite
order, the corresponding Speiser graph Γ is an infinite graph, and Γ′, the dual of
Γ, is nothing but the pull-back graph of Γ′

0; i.e., Γ
′ = h−1(Γ′

0). (When h has an
asymptotic value, then the pull-back h−1(Γ′

0) is not even a graph. Note that a
vertex in Γ′

0 can be lifted to a point at infinity.)
Let V be an index set, and recall that an indexed circle packing P = (Pv : v ∈ V )

in the plane C is a collection of closed geometric disks with disjoint interiors. The
contacts graph, or nerve, of a circle packing P is a graph whose vertex set is V and
such that an edge [v, w] appears in the graph if and only if Pv and Pw intersects.
An interstice of P is a connected component of the complement of ∪v∈V Pv, and
the carrier is the union of the packed disks and the finite interstices.

Now we are ready to describe our problem. For a given Riemann surface (X,h) ∈
Fq of class S, let T0 be a triangulation of the Riemann sphere C such that all the
base points a1, . . . , aq are contained in the vertex set of T0. We further assume
that the pull-back graph T := h−1(T0) is a disk triangulation. Then there exists a
circle packing P in C whose nerve is combinatorially equivalent to (the 1-skeleton
of) T and whose carrier is either the whole complex plane C or the unit disk D
[5, Corollary 0.5]. The graph T is called circle packing parabolic type (cp parabolic)
if the carrier of P is C, and otherwise it is called cp hyperbolic. Our question is,
does this cp type depend on the triangulation T0 of C?

Proposition 1. Suppose (X,h) is a Riemann surface of class S, and T0 and T0
are triangulations of C whose vertex sets contain all the base points such that their
pull-back graphs T := h−1(T0) and T := h−1(T0) are disk triangulations. Then the
cp types of T and T coincide.

The condition that T (or T ) is a disk triangulation is a minor one which can be
easily satisfied. In fact, if T0 has no edge of the form [ai, aj ] for i, j ∈ {1, . . . , q}, then
T must be a disk triangulation. A bad case happens only when we have multiple
edges in T between two vertices lying over some base points aj ’s (Figure 1).

Proposition 1, which will be proved in Section 4, basically deals with the case
when Γ′ is not of bounded valence because it can be easily verified when the local
degree of h is uniformly bounded; i.e., when the dual Speiser graph Γ′ is of bounded
valence. In fact, the pull-back triangulation T is roughly isometric (see [11], p. 160,
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ai
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Figure 1. Two vertices with a multiple edge

for the definition of rough isometries, which are also called quasi-isometries depend-
ing on the literature) to the dual Speiser graph Γ′, hence T is recurrent if and only
if Γ′ is recurrent [11, Theorem 7.18] (we say that a graph is recurrent or transient
if the simple random walk on the graph is recurrent or transient, respectively).
Note that in this case T is also of bounded valence. Now from [6, Theorem 1.1],
where He and Schramm showed that a bounded valence disk triangulation graph T
is recurrent if and only if it is cp parabolic, we conclude that T is cp parabolic if
and only if Γ′ is recurrent. Similarly T is cp parabolic if and only if Γ′ is recurrent,
hence the cp types of T and T must coincide in this case.

In the course of a proof for Proposition 1 we encountered the following statement,
which might be interesting by itself.

Proposition 2. Suppose G is a disk triangulation graph and G′ is a semi-bounded
refinement graph of G. Then G is VEL-parabolic if and only if G′ is VEL-parabolic.

The definitions for VEL-parabolicity and refinement graphs are given in Sections
2 and 3, respectively. After completion of this work we learned that the same result
as Proposition 2 was obtained independently by Wood [13] using a different method.

Proposition 1 allows us to define:

Definition 3. A Riemann surface (X,h) of class S is called cp parabolic if T =
h−1(T0) is cp parabolic, where T0 is as in Proposition 1. Otherwise it is called cp
hyperbolic.

Remark 4. We excluded the elliptic case from our consideration, since in this case
everything becomes very trivial. Note that if X is the Riemann sphere, then h must
be a rational map, hence the graph T = h−1(T0) is a finite graph. Definitely this
case is distinguished from the other two cases. If needed, however, one can define
that (X,h) is cp elliptic if T is a finite graph.

As mentioned earlier, the conformal type of X is uniquely determined by the
uniformization theorem. Then a natural question is, does the conformal type of
X and cp type of (X,h) agree? The answer for this question should be positive
under some “nice” conditions, since certain finite circle packings approximate the
Riemann map as conjectured by Thurston [12] and proved by Rodin and Sullivan
[9]. For example, we have the affirmative answer if the local degree of h is uniformly
bounded. In this case one can show that T is roughly isometric to the Speiser graph
Γ as well as the dual Speiser graph Γ′, hence T must be cp parabolic if and only if
Γ is recurrent as discussed preceding Definition 3. (Note that every Speiser graph
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is of bounded valence, since it is a homogeneous graph.) Thus by applying Doyle’s
criterion ([2] and [7]; see Section 5) to this case, we see that the Speiser graph Γ is
recurrent if and only if X is conformally equivalent to C. In general, however, the
conformal type of X and cp type of (X,h) do not have to match.

Theorem 5. There exists a parabolic Riemann surface of class S that is cp hyper-
bolic.

If we extend the definition of cp-type to the surfaces with asymptotic values
(Remark 14, p. 2944), then the surface in [4] serves as a counterexample to the
other part of the implication; that is, the surface constructed in Section 2 of [4],
although it has some asymptotic values, is the example of X ∈ Fq such that X is
of cp parabolic but conformally equivalent to the disk.

2. Vertex extremal length and circle packings

Let G = (V,E) be a graph, where V is the vertex set and E is the edge set of G.
Every edge e ∈ E is associated with two vertices v, w ∈ V , saying that e is incident
to v and w, or e connects v and w. In this case we write e = [v, w], and v and
w are called the endpoints of e. This notation might be confusing, however, since
we allow multiple edges between two vertices. (Most Speiser graphs have multiple
edges; for example see Figure 5.) On the other hand, we always assume that there
is no self-loop.

A closed subset of the plane is called a face of G if it is the closure of a component
of C \G. Two vertices v and w are neighbors if [v, w] ∈ E, and we denote by N(v)
the set of neighbors of v ∈ V . The degree or valence of v ∈ V is defined by the
number of edges from v to its neighbors, and denoted by deg(v). We say that the
graph G is of bounded valence if sup{deg(v) : v ∈ V } < ∞. A path γ in G is a
finite or infinite sequence [v0, v1, . . .] of vertices such that [vi, vi+1] ∈ E for every
i = 0, 1, . . .. We denote by V (γ) the set of vertices which the path γ visits, and an
infinite path is called transient if it visits infinitely many distinct vertices. A graph
is called connected if every two vertices in the graph can be connected by a finite
path, and infinite if it contains infinitely many vertices. Throughout this paper, we
always assume that every graph is connected and infinite, unless otherwise stated.
(For given (X,h) ∈ Fq, the base curve Γ′

0 and its dual Γ0 are finite, though.)
A graph G is called planar if there is an embedding ι from (the 1-complex of) G

into C, and its image ι(G) is called the embedded graph. In general there are some
differences between a planar graph and its embedded graphs, since there could be
two or more topologically different embeddings of the same planar graph, but we do
not distinguish a planar graph from its embedded graph. A planar graph is called
locally finite if the cardinality of V ∩K = ι(V ) ∩K is finite for every compact set
K ⊂ C.

Definition 6. A graph G = (V,E) is called Vertex Extremal Length parabolic, or
VEL-parabolic, if there exists a function m : V → R+ ∪ {0} such that

(a)
∑
v∈V

m(v)2 < ∞,

(b)
∑

v∈V (γ)

m(v) = ∞ for every transient path γ.
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A function m satisfying these properties will be called parabolic v-metric. If there
is no such v-metric, G is called VEL-hyperbolic.

He and Schramm showed in [6] that a disk triangulation graph G is VEL-
parabolic if and only if G is cp parabolic. If G is of bounded valence, the VEL-
parabolicity and recurrence of G are equivalent ([6], Theorem 8.1 and Theorem 2.6).

The following definition is due to Schramm [10].

Definition 7. Let τ > 0. A Lebesgue measurable set A ⊂ C is called τ -fat if for
every x ∈ A and r > 0 such that D(x, r) := {z : |z − x| < r} does not contain A,
the following inequality holds:

area(A ∩D(x, r)) ≥ τ · area(D(x, r)).

Here area(·) denotes the 2-dimensional Lebesgue measure. A typical example
of a fat set is an Euclidean disk. For instance, if D = D(0, 1), 0 ≤ x < 1, and
0 < r < 1 + x, then D(x− r/2, r/2) ⊂ D ∩D(x, r). Therefore,

area(D ∩D(x, r)) ≥ area(D(x− r/2, r/2)) = (1/4) · area(D(x, r)),

showing that D is 1/4-fat.

Lemma 8. Suppose A and B are τ -fat sets for some τ > 0 and A ∩B 
= ∅. Then
A ∪B is τ/4-fat.

Proof. Suppose x ∈ A ∪ B. Without loss of generality, we assume that x ∈ A. If
D(x, r/2) does not contain A, then

area((A ∪B)∩D(x, r)) ≥ area(A ∩D(x, r)) ≥ area(A ∩D(x, r/2))

≥ τ · area(D(x, r/2)) = (τ/4) · area(D(x, r))

as desired.
If D(x, r/2) contains A but D(x, r) does not contain A ∪ B, there exists y ∈

A∩B ⊂ B such that |x− y| < r/2. Since D(y, r/2) ⊂ D(x, r), A ⊂ D(x, r/2), and
A ∪B � D(x, r), one can easily see that D(y, r/2) does not contain B. Therefore,

area((A ∪B)∩D(x, r)) ≥ area(B ∩D(x, r)) ≥ area(B ∩D(y, r/2))

≥ τ · area(D(y, r/2)) = (τ/4) · area(D(x, r)),

which completes the proof. �

We conclude this section with the following lemma.

Lemma 9 (Lemma 3.4 of [6]). Suppose G = (V,E) is a locally finite planar graph
with infinitely many vertices, and P = (Pv : v ∈ V ) is a collection of τ -fat sets
satisfying the following properties:

(1) for every v ∈ V , Pv is a compact connected set in C;
(2) P is locally finite in C; that is, for every compact set K ⊂ C, there are only

finitely many v ∈ V such that Pv ∩K 
= ∅;
(3) every x ∈ C is contained in Pv for at most M < ∞ vertices v ∈ V , where M

does not depend on x;
(4) if [v, w] ∈ E, then Pv ∩ Pw 
= ∅.
Then G is a VEL-parabolic graph.

In fact, He and Schramm showed the above lemma when P is a τ -fat packing,
but one can easily check that their proof also works in this case.
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3. Refinement graphs and VEL-parabolicity

Let G and G′ be two locally finite planar graphs. We say that G′ is a refinement
graph of G if every face and edge of G are unions of a finite number of faces and
edges, respectively, of G′. A refinement graph G′ of G is called bounded (or semi-
bounded) if there exists an absolute constant M > 0 such that every face (or every
edge, respectively) of G contains at most M vertices of G′.

Lemma 10. Suppose G′ = (V ′, E′) is a semi-bounded refinement graph of G =
(V,E). If G′ is VEL-parabolic, so is G. (Equivalently, if G is VEL-hyperbolic, so
is G′.)

Proof. For every given v ∈ V , we define the starlike set centered at v by

Ev :=

⎛
⎝ ⋃

w∈N(v)

[v, w]

⎞
⎠ \N(v).

Here N(v) is the set of neighbors in G, not in G′, and note that Ev is a subset
contained in (the 1-skeleton of) G. For future reference, we also let Ev = Ev∪N(v).

Suppose that m′ is a parabolic v-metric that is obtained from the VEL-parabo-
licity of G′. Since G′ is a semi-bounded refinement graph of G, there are at most
M > 0 vertices of G′ that are contained in one edge of G. Let

m(v) := 2M ·max{m′(w) : w ∈ Ev ∩ V ′} for all v ∈ V,

and we claim that m is a parabolic v-metric of G.
First we show that m is square-summable. But this is easy because every vertex

w ∈ V ′ is contained in Ev for at most two v ∈ V , thus we have∑
v∈V

m(v)2 =
∑
v∈V

4M2 ·max{m′(w)2 : w ∈ Ev ∩ V ′}

≤ 4M2
∑
v∈V

( ∑
w∈Ev∩V ′

m′(w)2

)
≤ 8M2

∑
w∈V ′

m′(w)2 < ∞,

as desired.
Now suppose e = [u, v] is an edge of G. Then because e ⊂ Eu ∪ Ev,∑

w∈(e∩V ′)

m′(w) ≤ M ·max{m′(w) : w ∈ (Eu ∪Ev) ∩ V ′}

≤ M ·max{m′(w) : w ∈ Eu ∩ V ′}+M ·max{m′(w) : w ∈ Ev ∩ V ′}

=
1

2
{m(u) +m(v)}.

Therefore, because any transient path γ = [v0, v1, v2, . . .] in G also can be realized

as a transient path γ′ = [v0, v
1
0 , . . . v

k0
0 , v1, . . . , v2, . . .] in G′, we have

∞ =
∑

w∈V (γ′)

m′(w) ≤
∞∑
i=0

⎛
⎝ ∑

w∈[vi,vi+1]∩V ′

m′(w)

⎞
⎠

≤
∞∑
i=0

1

2
{m(vi) +m(vi+1)} ≤

∑
v∈V (γ)

m(v),

which completes the proof. �
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Suppose G = (V,E) is a planar graph and let K be a positive integer. We say
that G satisfies the property p(K) if min{deg(v), deg(w)} ≤ K for all [v, w] ∈ E.

Lemma 11. Suppose G = (V,E) is a disk triangulation graph satisfying the prop-
erty p(K) for some K > 0 and let G′ = (V ′, E′) be a semi-bounded refinement
graph of G. If G is VEL-parabolic, then G′ is also VEL-parabolic. (Equivalently,
VEL-hyperbolicity of G′ implies VEL-hyperbolicity of G.)

Proof. For x ∈ C contained in the 1-skeleton of G, we will use the expression
x ∈ G. Also for w ∈ (G ∩ V ′), we define Vw = {v ∈ V : w ∈ Ev}. Note that if
w ∈ (G ∩ V ′) \ V , then Vw consists of two vertices of V , the endpoints of the edge
containing w, while Vw = N(w)∪{w} if w ∈ V . Also let Z := {v ∈ V : deg(v) > K}.
Here deg(v) is the number of edges incident to v in the graph G, not in G′, but we
will consider Z a subset of V ′ as well as V , since V ⊂ V ′.

Let m be the v-metric defined on V , which is assumed to exist by the VEL-
parabolicity of G, and we define for all w ∈ V ′

m′(w) :=

⎧⎪⎨
⎪⎩
m(w), if w ∈ Z;

3 ·max{m(v) : v ∈ Vw \ Z}, if w ∈ G \ Z;

0, otherwise.

Note that Vw \ Z is always nonempty since G satisfies the property p(K). Conse-
quently, m′ is well-defined.

There are at most M > 0 vertices of G′ contained in one edge of G, since G′ is
a semi-bounded refinement graph of G. Thus if v ∈ (V \Z), Ev contains at most
KM vertices of G′. In other words, every v ∈ (V \Z) is contained in Vw for at most
KM different vertices w ∈ G ∩ V ′. Therefore,∑

w∈V ′

m′(w)2 =
∑
w∈Z

m′(w)2 +
∑

w∈(G∩V ′)\Z
m′(w)2 +

∑
w∈V ′\G

m′(w)2

≤
∑
v∈Z

m(v)2 + 9
∑

w∈(G∩V ′)\Z

⎛
⎝ ∑

v∈(Vw\Z)

m(v)2

⎞
⎠+ 0

≤
∑
v∈Z

m(v)2 + 9KM
∑

v∈(V \Z)

m(v)2

≤ 9KM
∑
v∈V

m(v)2 < ∞,

which shows that m′ is square summable.
Let F be the face set of G, and for each v ∈ Z let Fv be the union of the faces

of G containing v on their boundaries. We define

FZ := {Fv : v ∈ Z} ∪ {f : f ∈ F and f � Fv for any v ∈ Z}.
In other words, an element of FZ is a face of G if none of the vertices on its boundary
belongs to Z, and other elements of FZ are Fv’s for v ∈ Z. Definitely the interiors of
the elements in FZ are mutually disjoint and we have

⋃
f∈FZ

f = C. Now suppose

γ′ = [w0, w1, . . .] is a transient path in G′. Let {w0 = wi0 , wi1 , wi2 , . . .} be a subset
of G ∩ V (γ′) ⊂ G ∩ V ′ whose elements are indexed so that the finite sub-path
γ′
k = [wik , wik+1, wik+2, . . . , wik+1−1, wik+1

] is contained in fk for some fk ∈ FZ .
Also note that wik , wik+1

∈ ∂fk, where ∂fk denotes the boundary of fk.
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wik+1

wik
wik+1

wik

Figure 2. The cases when γ′
k passes through v ∈ Z (left) and

passes near but not through v ∈ Z (right)

For each k, we will find a compact set Λk which is contained in the 1-skeleton
of G and whose m-length is comparable to the m′-length of γ′

k. Let Λk = ∂fk if
fk is a triangle; i.e., if ∂fk ∩ Z = ∅. If fk = Fv for some v ∈ Z, we first consider
the case that the subarc γ′

k passes through the vertex v. In this case, we define
Λk as the union of all edges of G with one end at v and the other end at a vertex
in ∂Fv ∩ (Vwik

∪ Vwik+1
) (Figure 2). Note that there are at most six such edges,

and Λk is a union of exactly six edges only when both wik and wik+1
are in V .

Finally if fk = Fv for some v ∈ Z but the subarc γ′
k does not pass through v,

there exist f1, f2, . . . f l ∈ F which are contained in Fv = fk such that f j ∩ γ′
k 
= ∅,

j = 1, 2, . . . , l. In this case we define Λk = ∂Fv ∩ (∂f1 ∪ ∂f2 ∪ · · · ∪ ∂f l).
From the definition of m′ and Λk, it is easy to see that

(3.1)
∑

v∈(Λk∩V )

m(v) ≤
∑

w∈(γ′
k∩V ′)

m′(w) ≤
ik+1∑
j=ik

m′(wj)

for all k = 0, 1, 2, . . .. Furthermore, Λ :=
⋃∞

k=1 Λk is a connected unbounded set,
hence there exists a transient path γ ⊂ Λ ∩G. Therefore by (3.1),

∞ =
∑

v∈V (γ)

m(v) ≤
∞∑
k=0

⎛
⎝ ∑

v∈(Λk∩V )

m(v)

⎞
⎠

≤
∞∑
k=0

⎛
⎝ ∑

w∈(γ′
k∩V ′)

m′(w)

⎞
⎠ ≤ 2

∑
w∈V (γ′)

m′(w),

which completes the proof. �

4. Proof of Propositions 1 and 2

Suppose G = (V,E) is a disk triangulation graph. We divide each face of G
into four triangles by connecting the midpoints of the edges, and get a new disk
triangulation graph Gf . Formally, the vertex set of Gf is V �E, the disjoint union
of V and E, and an edge [v, w] appears in Gf if and only if (i) v, w are two different
edges of G belonging to the boundary of the same face of G; or (ii) v ∈ V , w ∈ E,
and v is an end point of w; or (iii) v ∈ E, w ∈ V , and w is an end point of v.
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Trivially Gf is a disk triangulation and refinement graph of G. Also note that Gf

satisfies the property p(K) with K = 6.

Lemma 12. Suppose G = (V,E) is a disk triangulation graph and Gf = (V f , Ef )
is as above. Then G is VEL-parabolic if and only if Gf is VEL-parabolic.

Proof. Because Gf is a (semi-)bounded refinement graph of G, VEL-parabolicity
of Gf implies VEL-parabolicity of G by Lemma 10.

Conversely, suppose G is VEL-parabolic. Then by Corollary 0.5 of [5] and The-
orem 1.2 of [6], there exists a circle packing P = (Pv : v ∈ V ) whose nerve is
combinatorially equivalent to G and whose carrier is C. Therefore G can be em-
bedded in C so that each v ∈ V is the center of Pv and each edge [v, w] ∈ E is a
straight line segment connecting the centers of Pv and Pw.

In this embedding, each face of G is a Euclidean triangle, and if f is a face of
G with vertices u, v, w, then the inscribed circle of f passes through the points
Pu ∩ Pv, Pv ∩ Pw, and Pw ∩ Pu (Figure 3). Therefore, if e = [v, w] is an edge of G
and f1 and f2 are the faces of G sharing e, the union of closed inscribed disks of f1
and f2 is a connected compact set in C, because these two disks meet at Pv ∩ Pw.
We denote by Pe the union of these two disks.

Pw

w

v

u

Pu

Pv

Pu ∩ Pv

Pe = P[v,w]

Figure 3. Inscribed circles and packed disks

Now let P ′ = (Pw : w ∈ V f = V � E); i.e., for w ∈ V we assign the disk Pw of
the circle packing P, and for w ∈ V f \ V = E we assign the union of the inscribed
disks tangent to w. Then because each disk is (1/4)-fat, every Pw is (1/16)-fat by
Lemma 8. Moreover, for every x ∈ C one can easily check that there are at most
seven vertices w ∈ V f such that x ∈ Pw. (Seven overlapping can actually occur
when {x} = Pu ∩ Pv for some [u, v] ∈ E.) It is also trivial that P ′ is locally finite
and that if [w,w′] ∈ Ef then Pw ∩ Pw′ 
= ∅. Thus by Lemma 9, we conclude that
Gf is VEL-parabolic. �
Proof of Propositions 1 and 2. We first prove Proposition 2. Suppose G is a disk
triangulation graph and G′ is a semi-bounded refinement graph of G. If G′ is VEL-
parabolic, so is G by Lemma 10. Conversely, suppose G is VEL-parabolic. Let Gf

be the graph as in Lemma 12, and G′′ a common semi-bounded refinement graph
of both Gf and G′. Then Lemma 12 implies that Gf is VEL-parabolic, hence we
know from Lemma 11 that G′′ is also VEL-parabolic, since Gf satisfies the property
p(6). Now the VEL-parabolicity of G′ follows from the VEL-parabolicity of G′′ and
Lemma 10. This completes the proof of Proposition 2.
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Proposition 1 is actually an easy corollary of Proposition 2. Suppose T0 and
T0 are finite triangulations of C containing all the base points of (X,h) in their
vertex sets and such that their pull-back graphs T = h−1(T0) and T = h−1(T0)
are disk triangulation graphs. Let Λ0 be a finite common refinement graph of T0

and T0, and note that Λ0 must be a (semi-)bounded refinement graph of both T0

and T0 since it is finite. Then the pull-back graph Λ = h−1(Λ0) is a semi-bounded
refinement graph of T and T . Then T is VEL-parabolic if and only if Λ is VEL-
parabolic by Proposition 2, and similarly T is VEL-parabolic if and only if Λ is
VEL-parabolic. Since VEL-parabolicity is equivalent to cp parabolicity for disk
triangulation graphs, this proves Proposition 1. �

Observing the above proof, we can get the following additional result. For given
(X,h) ∈ Fq, let Γ

′
0 be the base curve as defined in the introduction, and Γ0 its dual.

Then the graph Γ0 has exactly two vertices, say ◦ and ×, and the vertices of Γ′
0 is

nothing but the base points a1, . . . , aq of (X,h). For each j = 1, . . . , q, we draw a
Jordan arc �j from ◦ to × so that it intersects Γ0 ∪Γ′

0 only at aj and the endpoints
◦,×. Now we define Λ0 by

Λ0 := Γ0 ∪ Γ′
0 ∪ �1 · · · ∪ �q.

Then Λ0 is a triangulation of C which contains all the base points in its vertex set,
and the pull-back graph Λ := h−1(Λ0) is a disk triangulation graph.

Note that the graph Λ can be obtained from the Speiser graph Γ = h−1(Γ0) or its
dual graph Γ′ = h−1(Γ′

0) by dividing each face with k edges into 2k triangles; i.e., if
f is a face of Γ or Γ′, then we pick a point in the interior of f , and connect it to the
vertices on ∂f and the midpoints of the edges surrounding f , so that f is divided
into 2k triangles. Therefore one can see that Λ is a semi-bounded refinement graph
of Γ and Γ′. (In fact, Λ is a bounded refinement graph of Γ′ since every face of Γ′ is
a q-gon. Also note that Λ satisfies the property p(K) with K = max{4, 2q} = 2q.)
Now by Lemma 10, VEL-hyperbolicity of Γ or Γ′ implies that of Λ, and we have:

Corollary 13. Suppose (X,h) is a Riemann surface of class S. If either the
Speiser graph corresponding to (X,h) or its dual is VEL-hyperbolic, (X,h) is of cp
hyperbolic type.

Remark 14. It would be more natural to define cp type for every surfaces of class S,
even in the presence of asymptotic values. Thus suppose (X,h) ∈ Fq and let Γ be
its corresponding Speiser graph. The graph Γ would have some infinite faces when
h has asymptotic values, but we can still divide each finite face of Γ into triangles,
and obtain a graph similar to Λ described before Corollary 13. That is, we pick a
point in the interior of each finite face f of Γ, and triangulate f by connecting the
picked point to the vertices on ∂f and the midpoints of the edges surrounding f .

The obtained graph, which we still denote by Λ, is no longer a disk triangulation
graph, but it is possible to check if Λ is VEL-parabolic or hyperbolic. Moreover,
if Λ′ is a semi-bounded refinement graph of Λ such that its infinite faces are the
same as those of Λ, then the VEL type of Λ′ must be the same as that of Λ. In
fact, one can check that Proposition 2, if stated appropriately, is valid in this case
with some modifications about Fv in Lemma 11; i.e., if we define Fv as the union
of finite faces containing v on their boundaries, then the proof works for this case.
Note that Λ satisfies the property p (2q). Consequently, we can naturally extend
the definition of cp types, even in the presence of asymptotic values, according to
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the VEL type of Λ; i.e., we can define that (X,h) ∈ Fq is cp parabolic if and only
if Λ is VEL-parabolic.

5. Proof of Theorem 5

Suppose a Speiser graph Γ is given. If Γ is VEL-hyperbolic, then Corollary 13
implies that the corresponding surface X ∈ Fq is cp hyperbolic. On the other
hand, since every Speiser graph is of bounded valence, VEL-hyperbolicity of Γ is
equivalent to its transiency, which then implies hyperbolicity of X ([2] and [7]; see
Doyle’s criterion below). Therefore the conformal and cp types agree in this case.

If Γ is VEL-parabolic (hence recurrent), however, the cp type of X could be
either one. Note that the disk triangulation graph Λ described before Corollary 13
is a semi-bounded refinement graph of Γ, but the proof for Lemma 11 does not
work in this case since Γ is not a triangulation. Definitely neither does the VEL-
parabolicity of Γ guarantee the parabolicity of X in the conformal type, for example
by [2], thus in order to prove Theorem 5 one has to investigate recurrent Speiser
graphs for a Riemann surface of class S with different cp and conformal types.
Our strategy is to construct a Speiser graph whose growth rate is very slow so
that the corresponding surface is conformally parabolic, while its dual graph is
VEL-hyperbolic. Then the surface will be cp hyperbolic by Corollary 13.

First, we start with a Speiser graph Ψ = (VΨ, EΨ) such that both the graph Ψ
and its dual graph Ψ′ are VEL-hyperbolic. More specifically, for Ψ we pick the
regular graph of degree 3 such that every face of it is an octagon, so that the dual
graph Ψ′ is a regular graph of degree 8 which is a disk triangulation. Note that
VEL-hyperbolicity of Ψ′ can be checked, for example, by Theorem 10.2 of [6]. Fix a
vertex v0 of Ψ, and let SΨ(n) be the combinatorial sphere of radius n and centered
at v0; that is, SΨ(n) is the set of vertices in VΨ whose combinatorial distance from
v0 is equal to n. Let BΨ(n) =

⋃n
k=0 SΨ(k) be the combinatorial ball of radius n

and centered at v0, and let EΨ(n) be the set of edges in EΨ with one end on SΨ(n)
and the other end on SΨ(n+ 1).

We next choose a sequence of natural numbers (odd numbers) {ln}∞0 which will
be determined later. Then for each edge in EΨ(0), we replace it by an unbranched
tree of length l0 so that the graph remains to be a Speiser graph. Note that every
Speiser graph is bipartite, so the vertex set VΨ is divided into two classes, say
vertices tagged with ◦ and those with ×, and every edge must connect two vertices
with different tags. Moreover, Ψ is the regular graph of degree 3 with octagonal
faces, thus in order to make the modified graph remain to be a Speiser graph, the
number l0 must be odd and every second edge in this unbranched tree of length l0
must be a double edge (Figure 4). Similarly we replace every edge in EΨ(1) by an
unbranched tree of length l1 so that the graph remains to be a Speiser graph, and
repeat this process for all edges in EΨ(n), n = 2, 3, . . ..

The resulting graph Γ = (VΓ, EΓ) we have just obtained from this process is a
Speiser graph whose dual graph Γ′ is VEL-hyperbolic. This is because Γ′ contains

Figure 4. Replacing an edge with an unbranched tree of length 5
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Ψ′ as a subgraph, and we chose Ψ′ to be VEL-hyperbolic. We conclude that the
surface X ∈ Fq associated with Γ is cp hyperbolic by Corollary 13.

It remains to show that the surface X ∈ Fq associated with Γ is conformally par-
abolic, for which we use the following criterion of Doyle ([2] and [7]): the Riemann
surface of class S associated with a given Speiser graph is parabolic if and only
if the corresponding extended Speiser graph is recurrent. Note that the extended
Speiser graph of a given Speiser graph is a planar graph with infinitely many ends,
obtained by adding infinitely many square grids to all the faces of the Speiser graph
(Figure 5).

Figure 5. A Speiser graph of degree 4 and its extended graph,
where the extended part in each bigons(2-gons) are omitted

Let Υ = (VΥ, EΥ) be the extended Speiser graph obtained from Γ, and note that
the vertex v0 of Ψ, the center of the spheres and balls in the construction of Γ, may
be regarded as a vertex in Γ, or even as a vertex in Υ. Now we let SΓ(n), SΥ(n),
BΓ(n), BΥ(n) be combinatorial spheres and balls in Γ and Υ, respectively, with
centered at v0 and radius n.

Depending on the growth rate of |BΨ(n)|, the number of vertices in BΨ(n), we
can choose the sequence ln increasing so fast that |BΓ(k)| ≤ k log k for sufficiently
large k. More specifically, we have |SΨ(n)| ≤ 3n since Ψ is a regular graph of degree
3. This means that |SΓ(k)| ≤ 3n for k ≤

∑n
j=0 lj . Thus if we define ln := exp(3n+1),

then for 1 +
∑n−1

j=0 lj ≤ k ≤
∑n

j=0 lj we have

|BΓ(k)| ≤ k3n = k log ln−1 ≤ k log k.

On the other hand, Υ is a graph whose vertices have degree at most 6 such that
for each m ∈ N and w ∈ VΓ there are exactly 3 vertices in VΥ \VΓ which are directly
m steps above w. In other words, if w has distance m − k from v0, then only 3
vertices in VΥ \VΓ are directly above w and have distance m from w. Therefore we
must have

|SΥ(k)| ≤ |BΓ(k)|+ |SΥ(k) \BΓ(k)| ≤ k log k + 3k log k = 4k log k

for sufficiently large k. Therefore there exists a constant C such that |BΥ(k)| ≤
Ck2 log k for sufficiently large k. Since Υ is of bounded valence, the Nash-Williams
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criterion (cf. [11, p. 56]) shows that Υ is recurrent. We conclude that the surface
X ∈ Fq associated with Γ is parabolic by Doyle’s criterion mentioned above, and
this completes the proof of Theorem 5.

Acknowledgement

The author thanks Sergiy Merenkov for helpful discussions about this material,
and KIAS (Korea Institute for Advanced Study) for its support through the As-
sociate Member Program. He also thanks the referee for helpful comments which
improved the presentation of this paper.

References

[1] Lars V. Ahlfors, Conformal invariants: topics in geometric function theory, McGraw-Hill

Book Co., New York, 1973. McGraw-Hill Series in Higher Mathematics. MR0357743
(50 #10211)

[2] Peter G. Doyle, Random walk on the Speiser graph of a Riemann surface, Bull. Amer. Math.
Soc. (N.S.) 11 (1984), no. 2, 371–377, DOI 10.1090/S0273-0979-1984-15315-1. MR752802
(86b:58129)

[3] D. Drasin, A. A. Gol′dberg, and P. Poggi-Corradini, Quasiconformal mappings in value-
distribution theory, Handbook of complex analysis: geometric function theory. Vol. 2, Elsevier
Sci. B. V., Amsterdam, 2005, pp. 755–808, DOI 10.1016/S1874-5709(05)80022-8. MR2121873
(2007m:30041)

[4] Lukas Geyer and Sergei Merenkov, A hyperbolic surface with a square grid net, J. Anal. Math.
96 (2005), 357–367, DOI 10.1007/BF02787835. MR2177192 (2006m:30072)

[5] Zheng-Xu He and Oded Schramm, Fixed points, Koebe uniformization and circle packings,
Ann. of Math. (2) 137 (1993), no. 2, 369–406, DOI 10.2307/2946541. MR1207210 (96b:30015)

[6] Zheng-Xu He and O. Schramm, Hyperbolic and parabolic packings, Discrete Comput. Geom.
14 (1995), no. 2, 123–149, DOI 10.1007/BF02570699. MR1331923 (96h:52017)

[7] Sergiy A. Merenkov, Determining biholomorphic type of a manifold using combinatorial and
algebraic structures, ProQuest LLC, Ann Arbor, MI, 2003. Thesis (Ph.D.)–Purdue University.
MR2705430

[8] Rolf Nevanlinna, Analytic functions, Translated from the second German edition by Phillip
Emig. Die Grundlehren der mathematischen Wissenschaften, Band 162, Springer-Verlag, New
York, 1970. MR0279280 (43 #5003)

[9] Burt Rodin and Dennis Sullivan, The convergence of circle packings to the Riemann mapping,

J. Differential Geom. 26 (1987), no. 2, 349–360. MR906396 (90c:30007)
[10] Oded Schramm, Transboundary extremal length, J. Anal. Math. 66 (1995), 307–329, DOI

10.1007/BF02788827. MR1370355 (96k:30009)
[11] Paolo M. Soardi, Potential theory on infinite networks, Lecture Notes in Mathematics,

vol. 1590, Springer-Verlag, Berlin, 1994. MR1324344 (96i:31005)
[12] W. P. Thurston, The finite Riemann mapping theorem, Unpublished talk given at the In-

ternational Symposium in Celebration of the Proof of the Bieberbach Conjecture (Purdue
University, 1985).

[13] William E. Wood, Combinatorial modulus and type of graphs, Topology Appl. 156 (2009),
no. 17, 2747–2761, DOI 10.1016/j.topol.2009.02.013. MR2556033 (2010m:52044)

Department of Mathematics Education, Hanyang University, 17 Haengdang-dong,

Seongdong-gu, Seoul 133-791, Korea

E-mail address: bgoh@hanyang.ac.kr

http://www.ams.org/mathscinet-getitem?mr=0357743
http://www.ams.org/mathscinet-getitem?mr=0357743
http://www.ams.org/mathscinet-getitem?mr=752802
http://www.ams.org/mathscinet-getitem?mr=752802
http://www.ams.org/mathscinet-getitem?mr=2121873
http://www.ams.org/mathscinet-getitem?mr=2121873
http://www.ams.org/mathscinet-getitem?mr=2177192
http://www.ams.org/mathscinet-getitem?mr=2177192
http://www.ams.org/mathscinet-getitem?mr=1207210
http://www.ams.org/mathscinet-getitem?mr=1207210
http://www.ams.org/mathscinet-getitem?mr=1331923
http://www.ams.org/mathscinet-getitem?mr=1331923
http://www.ams.org/mathscinet-getitem?mr=2705430
http://www.ams.org/mathscinet-getitem?mr=0279280
http://www.ams.org/mathscinet-getitem?mr=0279280
http://www.ams.org/mathscinet-getitem?mr=906396
http://www.ams.org/mathscinet-getitem?mr=906396
http://www.ams.org/mathscinet-getitem?mr=1370355
http://www.ams.org/mathscinet-getitem?mr=1370355
http://www.ams.org/mathscinet-getitem?mr=1324344
http://www.ams.org/mathscinet-getitem?mr=1324344
http://www.ams.org/mathscinet-getitem?mr=2556033
http://www.ams.org/mathscinet-getitem?mr=2556033

	1. Introduction and the definition of cp type
	2. Vertex extremal length and circle packings
	3. Refinement graphs and VEL-parabolicity
	4. Proof of Propositions 1 and 2
	5. Proof of Theorem 5
	Acknowledgement
	References

