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STRONG CYLINDRICALITY

AND THE MONODROMY OF BUNDLES

KAZUHIRO ICHIHARA, TSUYOSHI KOBAYASHI, AND YO’AV RIECK

(Communicated by Daniel Ruberman)

Abstract. A surface F in a 3-manifold M is called cylindrical if M cut open
along F admits an essential annulus A. If, in addition, (A, ∂A) is embedded
in (M,F ), then we say that F is strongly cylindrical. Let M be a connected
3-manifold that admits a triangulation using t tetrahedra and F a two-sided
connected essential closed surface of genus g(F ). We show that if g(F ) is at
least 38t, then F is strongly cylindrical. As a corollary, we give an alternative
proof of the assertion that every closed hyperbolic 3-manifold admits only
finitely many fibrations over the circle with connected fiber whose translation
distance is not one, which was originally proved by Saul Schleimer.

By manifold we mean connected 3-dimensional manifold; any manifold consid-
ered is assumed to be tame, that is, obtained from a compact manifold by removing
finitely many compact connected subsurfaces from its boundary. All surfaces con-
sidered are assumed to be closed and connected; every embedded surface is assumed
to be two sided. We assume familiarity with the basic notions of 3-manifold topology
and in particular the basic notions of normal surface theory and fibered manifolds,
where by fibered manifold we mean a manifold that fibers over S1. A connected
surface properly embedded in a manifold is called essential if it is incompressible,
boundary incompressible, not boundary parallel, and not a ball-bounding sphere.
A surface F in a manifold M is called cylindrical if M cut open along F admits
an essential annulus A. If, in addition, (A, ∂A) is embedded in (M,F ), then F is
called strongly cylindrical (thus F is strongly cylindrical if, after gluing M cut open
along F to obtain M , the components of ∂A are disjoint). Note that if M fibers
with fiber F �∼= S2, then F is cylindrical but not necessarily strongly cylindrical.
We use g(F ) to denote the genus of a surface F and t(M) to denote the minimal
number of tetrahedra required to triangulate a 3-manifold M ; we allow ideal and
truncated vertices as described in [7]. It is well known that every tame manifold
admits such a triangulation.
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Our goal is to provide a simple, self-contained proof of the following:

Theorem 1. Let M be a connected tame 3-manifold that admits a triangulation
using t(M) tetrahedra and F ⊂ M a two-sided connected essential closed surface.
If g(F ) ≥ 38t(M), then F is strongly cylindrical.

For the next two corollaries suppose that M fibers over S1 with fiber F . Suppose
in addition that F is strongly cylindrical, and let (A, ∂A) be an annulus embedded
in (M,F ) as in the definition of strong cylindricality. We may identify M cut open
along F with F × I, where I = [0, 1]. It is easy to see A ⊂ F × I is isotopic to
α× I, where α is an essential curve of F . Thus we see that α×{0} is disjoint from
α× {1} in M (perhaps after isotopy). Since α× {1} is the image of α× {0} under
the monodromy Theorem 1 implies:

Corollary 2. Let M be a closed connected 3-manifold that fibers over S1 with fiber
F . If g(F ) ≥ 38t(M), then there is an essential simple closed curve on F that is
disjoint from its image under the monodromy (perhaps after isotopy).

For the next corollary we assume that the reader is familiar with the curve com-
plex of F , denoted by C(F ), where here F is the fiber of M as above (for definitions,
see, for example, [2]). The monodromy induces an isometry on C(F ), and the con-
clusion of Corollary 2 is equivalent to saying that the translation distance of this
isometry is at most one. If we assume that M is hyperbolic, then by [5] M admits
only finitely many isotopy classes of essential surfaces (and in particular fibers) of
genus less than 38t(M). This together with Corollary 2 gives the following corollary,
also proved by Schleimer [8]:

Corollary 3. A closed hyperbolic manifold admits only finitely many fibrations
over S1 with connected fiber whose translation distance is not one.

Every complete finite volume hyperbolic 3-manifold is finitely covered by a man-
ifold that fibers over S1 and has first Betti number at least 2 (see Agol [1] for the
closed case and Wise [10] for the non-compact case; this uses the work of many
people, see [11] and references therein). Any such cover admits infinitely many
fibrations with connected fiber; thus Corollary 3 is far from vacuous.

Remark 4. A few results from the literature should be mentioned:

(1) Hass [4] shows that for an essential surface F in a closed hyperbolic manifold
M , if the genus of F is large and the volume of M is small, then F is
cylindrical. This is closely related to Theorem 1, as it is known that there
exists a constant k so that M is obtained by filling a manifold X for which
t(X) ≤ kvol(M) holds (see, for example, [6]).

(2) In [9] Sela generalizes [4] and obtains a group theoretic result. This impres-
sive and far reaching work is beyond the scope of our discussion.

(3) Schleimer [8] obtains a result similar to Theorem 1; the contributions of the
current paper are the explicit linear bound and the simple proof (Schleimer’s
proof relies on deep results about normal surfaces).

(4) Eudave–Muñoz and Neumann–Coto [3] have a simple and elementary ar-
gument showing that if F ⊂ M is essential and g(F ) ≥ t(M)+ 1, then F is
cylindrical. However it does not appear that their techniques can be used
to prove strong cylindricality, necessary for Corollaries 2 and 3.
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(5) Bachman and Schleimer [2] studied the translation distance of the isometry
induced by the monodromy on C(F ) showing, among other things, that
for any manifold M there is d > 0 so that for any fibration of M the
translation distance is at most d. For hyperbolic manifolds, this follows
from Corollary 3.

1. Setting up the proof of Theorem 1

Let F ⊂ M be a two sided connected essential closed surface. Let T be a
triangulation of M using t = t(M) tetrahedra. The set up is based on [7] and we
refer the reader to that paper for more details.

By isotopy, we may suppose that F is in a normal position with respect to T .
Let N be a closed regular neighborhood of the 1-skeleton T (1). Then F ∩N consists
of disks that we call vertex disks. Given a normal disk D in a tetrahedron T , we
call cl(D \N) a truncated normal disk; when D is a normal triangle (respectively
quadrilateral), we call cl(D\N) a truncated normal triangle (respectively quadrilat-
eral). Note that a truncated normal triangle is a hexagon and a truncated normal
quadrilateral is an octagon. We refer to truncated normal disks and vertex disks as
faces. The union of the faces forms a cell decomposition of F , and the 1-skeleton
of this decomposition is a trivalent graph, say G.

We decompose the faces into parallel families as follows (in [7], parallel families
are called I-equivalent families). The intersection of F with each tetrahedron of T
consists of five families of parallel normal disks: four families of normal triangles
and one family of normal quadrilaterals (each family may be empty). The truncated
normal disks that correspond to each parallel family form a parallel family of faces.
The vertex disks along each edge form a parallel family of faces.

We color faces in each parallel family as follows (this is a simplified version of
the coloring used in [7]). The outermost faces are colored red. The remaining faces
are colored alternately yellow and blue (this coloring is not unique).

Since every red vertex disk is outermost along an edge of T (1), all the faces
around it are red truncated normal disks. We record this:

Lemma 5. All the faces around a red vertex disk are red truncated normal disks.

Let R, B and Y denote the union of the red, blue and yellow faces, respectively.
Since G is trivalent, R, B and Y are subsurfaces of F . We use | | to denote the
number of components.

Lemma 6. χ(R) ≥ −(22t− 1) and |∂R| ≤ 22t− 1.

Proof. Let F1,, . . . , Fk, Fk+1, . . . , Fn be the faces of R (for some k, n) ordered so
that the red vertex disks are Fk+1, . . . Fn. Since the decomposition of R is along
a trivalent graph (namely G ∩ R), for each i (1 ≤ i ≤ n), Fi ∩ (

⋃
j<i Fj) is either

empty, or consists of intervals, or is all of ∂Fi. The number of intervals is at most
3 when Fi is a truncated normal triangle and at most 4 when Fi is a truncated
normal quadrilateral. It follows easily that when Fi is a truncated normal triangle
we have:

χ(
⋃

j≤i
Fj) ≥ χ(

⋃
j<i

Fj)− 2 and |∂(
⋃

j≤i
Fj)| ≤ |∂(

⋃
j<i

Fj)|+ 2.

When Fi is a truncated normal quadrilateral we have:

χ(
⋃

j≤i
Fj) ≥ χ(

⋃
j<i

Fj)− 3 and |∂(
⋃

j≤i
Fj)| ≤ |∂(

⋃
j<i

Fj)|+ 3.



3172 KAZUHIRO ICHIHARA, TSUYOSHI KOBAYASHI, AND YO’AV RIECK

By Lemma 5, for i ≥ k + 1, Fi caps off a boundary component of
⋃

j<i Fj . Thus:

χ(
⋃

j≤i
Fj) = χ(

⋃
j<i

Fj) + 1 and |∂(
⋃

j≤i
Fj)| = |∂(

⋃
j<i

Fj)| − 1.

Since every tetrahedron contains at most four families of truncated triangles and
at most one family of truncated quadrilaterals and each family has at most two
red faces, there are at most 8t red truncated normal triangles and at most 2t red
truncated quadrilaterals. Combining these facts we see that:

χ(R) = χ(
⋃

j≤n
Fj) > χ(

⋃
j≤k

Fj) ≥ (−2)8t+ (−3)2t = −22t,

and

|∂R| = |∂(
⋃

j≤n
Fj)| < |∂(

⋃
j≤k

Fj)| ≤ (2)8t+ (3)2t = 22t.

In both cases the second inequality is strict since there is at least one red vertex
disk. The lemma follows. �

Below we construct F0, . . . , F4. The reader can easily verify that all are subsur-
faces of F . We start with F0 which is defined to be Y ∪B. Since G is trivalent F0

is a subsurface of F .

Lemma 7. χ(F0) ≤ −(54t− 1) and |∂F0| ≤ 22t− 1.

Proof. Note that F = R ∪ F0 and F0 ∩ R = ∂F0 = ∂R consists of simple closed
curves. Hence χ(F ) = χ(F0)+χ(R). By assumption, g(F ) ≥ 38t(M); equivalently,
χ(F ) ≤ −76t+ 2. By Lemma 6, we have that χ(F0) ≤ −(54t− 1).

Since ∂F0 = ∂R, by Lemma 6 we have that |∂F0| ≤ 22t− 1. �

Let Γ1 ⊂ F0 denote the arc components of B ∩ Y (that is, the components that
are not simple closed curves). The endpoints of Γ1 are exactly the vertices of G
where faces of three distinct colors meet. Let V denote the vertices of the red
truncated normal disks. By Lemma 5 the endpoints of Γ1 are contained in V . We
denote V+ ⊂ V the vertices where three colors meet, and V− ⊂ V the vertices where
one face is red and the other two are both blue or both yellow. Then the endpoints
of Γ1 are exactly V+. By exchanging the yellow and blue coloring along the vertex
disks we obtain a new coloring where the roles of V+ and V− are exchanged (note
that at every vertex of G exactly one face is a vertex disk); hence we may assume
that |V+| ≤ |V−|; this implies that |V+| ≤ 1

2 |V|. Since every arc of Γ1 has two
endpoints we get:

|Γ1| =
1

2
|V+| ≤

1

4
|V| ≤ 1

4
(6 · 8t+ 8 · 2t) = 16t.

(Here we used that there are at most 8t red truncated triangles and each is a
hexagon, and at most 2t red truncated quadrilaterals and each is an octagon.)

Let F1 be the surface obtained by cutting F0 open along Γ1. Then we have:

Lemma 8. χ(F1) ≤ −(38t− 1) and |∂F1| ≤ 38t− 1.

Proof. Cutting along an arc increases the Euler characteristic by one and changes
the number of boundary components by ±1. Above we saw that |Γ1| ≤ 16t; this
and Lemma 7 imply the lemma. �
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By Lemma 8 we have that χ(F1) ≤ −|∂F1|. Since the Euler characteristic and
the number of boundary components are both additive under disjoint union, there
is a component of F1, say F2, so that χ(F2) ≤ −|∂F2|. Let Δ1 be the components of
F \F2 that are disks (possibly, Δ1 = ∅). Let F3 be F2 ∪Δ1. Since attaching a disk
increases the Euler characteristic by one and decreases the number of boundary
components by one, we have that χ(F3) ≤ −|∂F3|.

Lemma 9. χ(F3) < 0 and ∂F3 is essential in F .

Proof. We first show that χ(F3) < 0. Since χ(F3) ≤ −|∂F3|, we may assume that
|∂F3| = 0. Then F3 is closed and hence F3 = F ; thus χ(F3) = χ(F ) ≤ −76t+ 2 ≤
−74 < 0.

We easily see that ∂F3 is essential in F : for a contradiction, suppose there is a
component γ of ∂F3 that is inessential in F . Then γ bounds a disk, say D, in F .
By construction, γ is a component of ∂F2. Since χ(F2) ≤ −|∂F2|, we have that
g(F2) ≥ 1. Hence F2 �⊂ D; thus D is a component of Δ1. Since Δ1 ⊂ F3 and
F2 ⊂ F3, we see that γ �⊂ ∂F3, contradiction. �

Let E be the components of (B∩Y )∩F3 that are essential simple closed curves in
F . Since the Euler characteristic is additive when gluing along simple closed curves,
for some component of F3 cut open along E , say F4, we have that χ(F4) < 0.

For the convenience of the reader we summarize our construction so far; we use
“c.o.a.” for “cut open along” and “comp” for “a component of”:

(1.1) B ∪ Y = F0
c.o.a. Γ1−→ F1

comp−→ F2

⋃
Δ1−→ F3

c.o.a. E,comp−→ F4

We say that F4 is essentially yellow (respectively essentially blue) if F4 colored
yellow (respectively blue) except, perhaps, for a subset that is contained in a disk
in the interior of F4.

Lemma 10. The following conditions hold:

(1) χ(F4) < 0.
(2) i∗ : π1(F4) → π1(F ) is injective, where here i∗ is the homomorphism in-

duced by the inclusion.
(3) F4 is essentially yellow or essentially blue.

Proof. Condition (1) was established before the lemma.
By construction, every component of ∂F4 is either a component of ∂F3 or a

component of E . It follows that every component of ∂F4 is essential in F ; (2)
follows.

Let Γ2 be the components of (B ∩ Y ) ∩ int(F4 \ Δ1) (for this argument, (1.1)
above is helpful). We claim that every component of Γ2, say γ2, is a simple closed
curve that bounds a disk in F4. By construction γ2 is in F3, and in fact in F2 =
F3 \ int(Δ1); since F2 is a component of F1, we have that γ2 ⊂ F1. Since F1 was
obtained by cutting F0 open along Γ1, we see that γ2 is a simple closed curve. Since
γ2 �∈ E , it is inessential in F . Hence γ2 bounds a disk, say D2, in F . Lemma 10 (2)
shows that D2 ⊂ F4.

Let Δ2 ⊂ F4 be the disks bounded by outermost curves of Γ2. Clearly, Δ2 ⊂
int(F4) consists of disjointly embedded disks. Let D1 ∈ Δ1 and D2 ∈ Δ2 be disks.
Since ∂D2 ⊂ Γ2, it is disjoint from D1; either D1 ⊂ D2 or D1 ∩D2 = ∅. It follows
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that Δ1 ∪ Δ2 consists of disks disjointly embedded in int(F4); thus Δ1 ∪ Δ2 is
contained in a disk in int(F4).

By construction, F4 \ int(Δ1 ∪Δ2) is disjoint from B ∩ Y and has no red points;
hence it is entirely yellow or entirely blue, completing the proof of the lemma. �

By (1) of Lemma 10, there exists a pair of pants X ⊂ F4 so that ∂X is essential
in F4. By (2), ∂X is essential in F . By (3), after isotopy of X in F4 if necessary
we may assume that X ⊂ intY or X ⊂ intB. Thus we proved.

Proposition 11. There exists a pair of pants X ⊂ int(Y ) or X ⊂ int(B) so that
∂X is essential in F .

2. Proof of Theorem 1

We fix the notation of the previous section. Recall that by assumption F is
two-sided; we fix a coorientation on F . By Proposition 11 there exists a pair of
pants X ⊂ int(Y ) or X ⊂ int(B) (say the latter) so that ∂X is essential in F .
Hence each point of X cobounds I-bundles (the other portion of the boundaries lie
elsewhere) on both sides for each p ∈ X, let Ip be the I-fiber that p bounds into
the positive side of X, that is, Ip is an embedding of [0, 1] given by the parallelism
in a tetrahedron containing p, so that {0} is identified with p and Ip points into
the positive direction as given by the coorientation of F . The point corresponding
to {1} is called the point opposite p. Sending a point p ∈ X to its opposite point
induces a map, say Opp : X → F .

Claim 12. Opp is one-to-one.

Proof. For a contradiction, assume there exist distinct points p1, p2 ∈ X so that
Opp(p1) = Opp(p2). By construction, p1 and p2 are contained in parallel faces of
F , and moreover, Opp(p1) is contained in the unique face that separates the face
containing p1 from that containing p2 within the parallel family. We see that Ip1

and Ip2
point to the face containing Opp(p1) from opposite directions.

The intersection of X with the faces of F induces cell decompositions on X.
Note that for each cell S of X, we have that Opp(S) is a cell of Opp(X). For q ∈ S,
Iq induces a coorientation on Opp(S) (clearly, this is independent of q ∈ S); we
may assume for convenience that it coincides with the coorientation induced by F
(the other case is similar). By construction, if S′ is a face of X that intersects S
in an edge, then the coorientation induced on Opp(S′) by Iq′ (for q′ ∈ S′) agrees
with that induced on Opp(S′) by F . Connectivity of X \ V (where here V denotes
the vertices on X) implies that for all p ∈ X, the coorientation induced by Ip on
the face of Opp(X) containing Opp(p) agrees with that induced by F .

Now let Sp1
and Sp2

be the faces of X containing the points p1, p2 above. By
the discussion above, Opp(Sp1

) = Opp(Sp2
), and the coorientation induced on

Opp(Sp1
) by Ip1

is opposite that induced by Ip2
. This contradiction completes the

proof of the claim. �
We see that Opp(X) is a pair of pants. Since X ⊂ int(B), every point of X is

colored only blue. Thus every point of Opp(X) is colored yellow or red (possibly
both). We conclude that X ∩Opp(X) = ∅. It now follows that

⋃
p∈X

Ip

is a trivial I-bundle over X embedded in M , which we will denote by X × I.
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We consider the image of X × I in M cut open along F , still denoted X × I.
Denote the components of ∂X as α1, α2, and α3. Since X × I is a trivial I-bundle,
the induced I-bundle over αi is an annulus, say Ai. Suppose first that for some i, Ai

is boundary compressible in M cut open along F (this includes the possibility that
Ai is boundary parallel). Let D be the disk obtained by boundary compressing Ai.
Since F is essential, ∂D bounds a disk in F , say DF . Then Ai is obtained fromD by
banding. If the band is in the same side asDF , we have that αi ⊂ DF , contradicting
Proposition 11. Hence that band is on the opposite side to DF . This shows that
the components of ∂Ai cobound an annulus in F . Note that by Proposition 11,
X is not contained in this annulus. Now if A1, A2, and A3 were all boundary
compressible, we would see directly that F is the union of X, Opp(X), and three
annuli; thus g(F ) = 2, contradicting our assumption that g(F ) ≥ 38t(M) ≥ 38.
We conclude that at least one of the annuli, say A1, is not boundary compressible
(and in particular, not boundary parallel). Since one boundary component of A1,
namely α1, is essential in F , A1 is incompressible. We conclude that A1 is essential,
completing the proof of Theorem 1.
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