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NON-ZERO LYAPUNOV EXPONENTS FOR SOME

CONSERVATIVE PARTIALLY HYPERBOLIC SYSTEMS

YUNHUA ZHOU

(Communicated by Yingfei Yi)

Abstract. Let PH1
μ(M, 3) be the set of C1 conservative partially hyperbolic

diffeomorphisms with center dimensions three or less. We prove that there is
a dense subset H ⊂ PH1

μ(M, 3) such that each f ∈ H has non-zero Lyapunov
exponents on a set of positive volume.

1. Introduction

Let M be a smooth compact, connected and boundless Riemannian manifold
with dimension d, and μ be a smooth volume measure on M with μ(M) = 1.
Denote by Diffr

μ(M) the set of Cr μ-preserving diffeomorphisms of M endowed
with Cr topology for r ≥ 1. If f ∈ Diffr

μ(M), we also call f a conservative system.
By the Oseledec Theorem, for any conservative system f and μ-a.e. x ∈ M , there
are d Lyapunov exponents

λ1(f, x) ≤ λ2(f, x) ≤ · · · ≤ λd(f, x).

An f -invariant subset A ⊂ M is non-uniformly hyperbolic if for all i = 1, 2, · · · , d
and all x ∈ A, one has λi(f, x) �= 0.

A diffeomorphism f of M is partially hyperbolic if there are numbers γs < γc1 ≤
γc2 < γu with γs < 1 < γu and a Df -invariant splitting TM = Es ⊕Ec ⊕Eu such
that, for any x ∈ M ,

‖Df(v)‖ ≤ γs‖v‖, v ∈ Es,
γc1‖v‖ ≤ ‖Df(v)‖ ≤ γc2‖v‖, v ∈ Ec,
γu‖v‖ ≤ ‖Df(v)‖, v ∈ Eu.

For m ∈ N, we set

PH1
μ(M,m) = {f ∈ Diff1

μ(M)| f is partially hyperbolic and dim(Ec) ≤ m}.

The following is our main result.

Theorem 1.1. There is a dense subset H ⊂ PH1
μ(M, 3) such that each f ∈ H has

a non-uniformly hyperbolic set A with μ(A) > 0.
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Whether or not a conservative system can be approximated by conservative
systems which exhibit non-uniform hyperbolicity on a non-negligible set (i.e., a set
of positive volume) is an interesting and challenging problem. In fact, our result is
highly motivated by Pesin’s Conjecture (see Conjecture 4.2 in [11])

Conjecture. There is a dense subset H ⊂ Diff1+α
μ (M) such that each f ∈ H has

a non-uniformly hyperbolic set A with μ(A) > 0.

In Pesin’s Conjecture, the regularity assumption (C1+α) is crucial. For example,
by the results of [2], if M does not admit a global dominated splitting, then each
C1 generic f ∈ Diff1

μ(M) has at least one zero Lyapunov exponent at μ-a.e. x ∈ M.
This shows that the analogue of the Conjecture fails on such manifolds in the
C1 category. However, we can consider the conjecture in the C1 category if we
require that the systems are partially hyperbolic and which naturally have global
dominated splitting. In fact, we can pose a similar problem:

Problem. There is a dense subset H ⊂ PHr
μ(M) (r ≥ 1) such that each f ∈ H

has a non-uniformly hyperbolic set A with μ(A) > 0.

Theorem 1.1 partially answers the Problem for r = 1. For r > 1, we think there
should be more new Cr perturbation techniques for solving the Problem (or Pesin’s
Conjecture) although there are some Cr generical results in [2].

2. Preliminaries

In this section, we will recall some properties of conservative systems. Particu-
larly, some results for Stable Ergodicity will be mentioned.

Although we care about the Lyapunov exponents of C1 systems, we will use
some tools of Stable Ergodicity. Many tools in Stable Ergodicity require that the
systems should be Cr for r > 1. So we need the following lemma.

Lemma 2.1 ([1]). C∞ diffeomorphisms are dense in the set of C1 diffeomorphisms
preserving μ.

We also will use a recent result for the Lyapunov exponents of conservative
systems.

Lemma 2.2 ([2]). Fix an integer r ≥ 1. For each i, the points of continuity of the
Lyapunov map

λi : Diffr
μ(M) → L1(μ)

form a residual subset R1.

In [6], Y. Cao proved that a continuous and invariant distribution is hyperbolic
if all Lyapunov exponents in it are the same sign.

Lemma 2.3 ([6]). Let f ∈ Diff1(M) and TM = Ecs ⊕ Ecu be a continuous and
Df -invariant splitting. If f has negative exponents in the Ecs direction on a set
of total probability, then Ecs is uniformly contracting, where a set A ⊂ M of total
probability means that for any f -invariant probability measure ν, ν(A) = 1.

Similarly, if f has positive exponents in the Ecu direction on a set of total prob-
ability, then Ecu is uniformly expending.
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Now we state some facts on Stable Ergodicity which will be useful for our goals.
Roughly speaking, for f ∈ PHr

μ(M) (r > 1) there are mainly three conditions to
ensure that f (or some perturbations of f) is ergodic: local ergodicity, existence of
Pesin heteroclinic class with full volume and center bunching (e.g. see [4], [8] and [5]
respectively). Furthermore, the former two conditions not only ensure ergodicity,
but also get hyperbolicity of μ. We explain this more explicitly in the following.

A diffeomorphism f ∈ PH1
μ(M) is called an accessible diffeomorphism if for any

pair of points x, y ∈ M , there are points x = z0, z1, · · · , zl−1, zl = y, zi ∈ M such
that zi ∈ Wu(zi−1) or zi ∈ Ws(zi−1) for i = 1, · · · , l, where Wu(x) and Ws(x) are
the strong unstable and stable manifolds of x. f is stably accessible if there is a C1

neighborhood of f composed by accessible diffeomorphisms.
Accessibility is important to show ergodicity of partially hyperbolic diffeomor-

phisms ([12]). In [7], D. Dolgopyat and A. Wilkinson proved that stable accessibility
is C1 dense. That is

Lemma 2.4 ([7]). There is a C1 open and dense set R in PHr
μ(M) (r ≥ 1) such

that each f ∈ R is accessible.

K. Burns, D. Dolgopyat and Ya. Pesin have showed that if all the central Lya-
punov exponents have the same sign on a set of positive volume, then the system
can be locally ergodic and be ergodic under some accessible condition.

Lemma 2.5 ([4]). Given f ∈ PH2
μ(M), if there is a set A with μ(A) > 0 such that

all the central exponents of μ on A are positive (or negative), then μ is an ergodic
measure of f and hence all the Lyapunov exponents of μ are non-zero.

The concept of Pesin heteroclinic class was given by F. Rodriguez Hertz et al.
in [8]. Given a diffeomorphism f and a hyperbolic periodic point p, the Pesin
heteroclinic class of p is the set:

Λ(p) = {x ∈ O : W s(p) � Wu(x) �= ∅ and Wu(p) � W s(x) �= ∅},
where O is the set of Oseledec regular points and W s (Wu) is the Pesin global
stable (unstable) manifold.

Lemma 2.6 (Theorem A of [8]). Let f ∈ Diffr
μ(M) for r > 1 and p be a hyperbolic

periodic point of f . If μ(Λ(p)) > 0, then f is ergodic on Λ(p). Moreover, f is
non-uniformly hyperbolic on Λ(p).

Following the idea of [8], we have obtained ergodicity and hyperbolicity for a
class of systems ([13]).

Given f ∈ PH1
μ(M), the center bundle Ec

f of f is called robustly non-hyperbolic

if there is a C1 neighborhood U of f in PH1
μ(M) such that each g ∈ U has two

ergodic measures μ1 and μ2 that satisfy λ+
μ1

≤ 0 and λ−
μ2

≥ 0, where λ+
μ1

and λ−
μ2

are the largest and smallest Lyapunov exponents of μ1 and μ2 in Ec
g.

The following lemma is essentially the main result of [13].

Lemma 2.7. Any f ∈ PH1
μ(M) with a robustly non-hyperbolic center bundle can

be C1 approximated by a diffeomorphism g ∈ PH2
μ(M) such that μ is an ergodic

and hyperbolic measure of g.

Proof. By the proof of Theorem A of [13], we can find a g ∈ PH2
μ(M) such that g

is C1 close enough to f and either has central Lyapunov exponents with the same
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sign on a set of positive volume or has a μ-full-measure Pesin heteroclinic class Λ(p)
for some hyperbolic periodic point p of g. In the first case, Lemma 2.5 implies that
μ is an ergodic and hyperbolic measure of g. Otherwise, Lemma 2.6 implies that g
is ergodic on Λ(p) and is non-uniformly hyperbolic on Λ(p). �

3. The proof of Theorem 1.1.

For a hyperbolic periodic point p, the index of p is the dimension of a stable
bundle at p. Given f ∈ PH1

μ(M), we set dβ = dimEβ for β = s, c, u. The following
observation is simple but important to us.

Observation. For f ∈ PH1
μ(M), if there are two hyperbolic periodic points p and

q with indices ds and ds + dc respectively, then f has a robustly non-hyperbolic
center bundle.

Before giving the proof of Theorem 1.1, we give another lemma which will sim-
plify our proof.

Lemma 3.1 ([13]). There is a C1 residual subset R2 in PH1
μ(M) such that for any

f ∈ R2, we have
(1) f is stably accessible and
(2) there exists a robust finest dominated splitting of Df ,

(3.1) TM = E1 ⊕ E2 ⊕ · · · ⊕ Ek,

such that the Lyapunov exponents at x in Ei are equal for μ-a.e. x ∈ M and all
i = 1, 2, · · · , k.

In Lemma 3.1, we call each Ei a robustly non-domination bundle.

Lemma 3.2. Let f ∈ R1 ∩ R2. If Ec is robustly non-domination, then there is
g ∈ PH2

μ(M) such that g is C1-close to f and μ is an ergodic and hyperbolic measure
of g.

Proof. Denote by A ⊂ PH2
μ(M) the set of systems which are accessible and have

central Lyapunov exponents with the same sign on a set of positive volume. We
will show that any f ∈ R1 ∩ R2 with robustly non-domination bundle can be C1

approximated by a g ∈ A.
By [3], one can get an f1 ∈ PH1

μ(M) such that f1 is C1-close to f and∫
M

Jc(f1, x)dμ �= 0,

where Jc(f1, x) = log | det(Df1|Ec
f1

(x))| is the logarithm of a Jacobian of f1 on

Ec
f1
(x). Without loss of generality, we assume that

(3.2)

∫
M

Jc(f1, x)dμ > 0.

(In fact, one can easily give a similar proof if
∫
M

Jc(f1, x)dμ < 0.)

For almost every x ∈ M , let λ1(f1, x) ≤ λ2(f1, x) ≤ · · · ≤ λdc(f1, x) be the
central Lyapunov exponents of f1. Let us note that

(3.3)

∫
M

Jc(f1, x)dμ =

dc∑
i=1

∫
M

λi(f1, x)dμ.
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By perturbation if necessary, we can assume that f1 ∈ R1 ∩R2 and f1 is accessible
since inequality (3.2) still holds if f1 is perturbed small enough. Then we have

(3.4) λ1(f1, x) = λ2(f1, x) = · · · = λdc(f1, x), μ− a.e. x ∈ M.

So, by (3.2), (3.3) and (3.4),∫
M

λ1
c(f1, x)dμ =

1

dc

∫
M

Jc(f1, x)dμ > 0.

If f1 is C2, we take g = f1 ∈ A. Otherwise, by Lemma 2.1, we can perturb f1 to
g ∈ PH2

μ(M) such that g is accessible and∫
M

λ1
c(g, x)dμ > 0

since f1 ∈ R1. Then g ∈ A and is C1-close to f . �

Lemma 3.3. Let f ∈ R1 ∩R2. If Ec = E1⊕E2 such that E1 and E2 are robustly
non-domination, then there is g ∈ PH1

μ(M) such that g is C1-close to f and g has
a non-uniformly hyperbolic set A with μ(A) > 0.

Proof. By [3], we can assume that∫
M

J1
c (f, x)dμ ·

∫
M

J2
c (f, x)dμ �= 0,

where J i
c(f, x) is the logarithm of a Jacobian of f on Ei

f (x) for i = 1, 2.

Case 1.
∫
M

J1
c (f, x)dμ ·

∫
M

J2
c (f, x)dμ > 0.

We only consider the situation that
∫
M

J1
c (f, x)dμ > 0 and

∫
M

J2
c (f, x)dμ >

0. The other situation that
∫
M

J1
c (f, x)dμ < 0 and

∫
M

J2
c (f, x)dμ < 0 can be

considered similarly.
Since f ∈ R2 and

∫
M

J1
c (f, x)dμ > 0, we have∫

M

λds+1(f, x)dμ =
1

dim(E1)

∫
M

J1
c (f, x)dμ > 0.

At the same time, by Lemmas 2.1, 2.2 and [7], there is g ∈ PH2
μ(M) such that g is

C1-close to f , is accessible and∫
M

λds+1(g, x)dμ > 0.

This inequality implies that g ∈ A.

Case 2.
∫
M

J1
c (f, x)dμ ·

∫
M

J2
c (f, x)dμ < 0.

Since E1 ⊕ E2 is dominated, we have

(3.5)

∫
M

J1
c (f, x)dμ < 0 and

∫
M

J2
c (f, x)dμ > 0.

There are two subcases to be considered.

Subcase 2.1. There is a neighborhood U(f) of f in PH1
μ(M) such that for any

h ∈ U(f), λds+1(h, x) are negative on a total probability set.
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Since f ∈ R1 ∩R2, we have

(3.6) λds+1(f, x) = λds+2(f, x) = · · · = λds+c1(f, x) < 0, μ− a.e. x ∈ M,

where c1 = dim(E1). Noting (3.5), there is a subset A ⊂ M with μ(A) > 0 such
that

(3.7) λds+c1+1(f, x) = λds+dc
(f, x) = · · · = λds+c1(f, x) > 0, x ∈ A,

where c1 = dim(E1). So, (3.6) and (3.7) imply that all the Lyapunov exponents of
f are non-zero on A.

Subcase 2.2. For any neighborhood U(f) of f in PH1
μ(M), there exists an h ∈ U(f)

and a point x ∈ M such that λds+1(h, x) ≥ 0.

By the Ergodic Closing Lemma and Franks Lemma, we can get an f1 ∈ PH1
μ(M)

such that f1 is C1-close to f enough and has a hyperbolic periodic point p with
index ds (some details can be found in [8]). For this f1, if there is a neighborhood
U(f1) of f1 in PH1

μ(M) such that for any h ∈ U(f1), λds+1(h, x) are negative on
a total probability set, then similarly to Subcase 2.1, we can prove that f1 has
no zero Lyapunov exponent on a set of positive volume. Otherwise, using the
Ergodic Closing Lemma and Franks Lemma again, we can get a f2 ∈ PH1

μ(M) such

that f2 is C1-close to f1 enough and has a hyperbolic periodic point q with index
ds+dc. Noting that p is a hyperbolic periodic point of f1, there still is a hyperbolic
periodic point p′ of f2 such that ind(p′) = ind(p) = ds if f2 is close to f1 enough.
That is to say, f2 has two hyperbolic periodic points with indices ds and ds + dc
respectively. By the Observation and Lemma 2.7, f2 can be C1 approximated by a
diffeomorphism g ∈ PH2

μ(M) such that μ is an ergodic and hyperbolic measure of
g.

This completes the proof. �
Corollary 3.4. There is a dense subset H ⊂ PH1

μ(M, 2) such that each f ∈ H has
a non-uniformly hyperbolic set A with μ(A) > 0.

Proof of Theorem 1.1. Noting Corollary 3.4, we only need to consider the systems
which have 3-dimension center bundles.

If Ec is robustly non-domination or Ec = E1 ⊕ E2 such that E1 and E2 are
robustly non-domination Lemmas 3.2 and 3.3 directly imply that the conclusion of
Theorem 1.1 holds.

Now we suppose that
Ec = E1 ⊕ E2 ⊕ E3,

where dim(Ei) = 1 for i = 1, 2, 3. There are two cases.

Case 1. The Lyapunov exponents are positive in E1 on a total probability set.

By Lemma 2.3, f is in fact a partially hyperbolic system with 2-dimension center.
By Corollary 3.4, there is g ∈ PH1

μ(M) such that g is C1-close to f and g has a
non-uniformly hyperbolic set A with μ(A) > 0.

Case 2. λs+1(f, x) ≥ 0 for some x ∈ M .

By the Ergodic Closing Lemma and Franks Lemma, we can get an f1 ∈ PH1
μ(M)

such that f1 is C1-close to f enough and has a hyperbolic periodic point p with
index ds. If the Lyapunov exponents of f1 are positive in E3 on a total probability
set, by Lemma 2.3, f1 in fact has 2-dimension center. By Corollary 3.4, there is
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perturb f1 to a g ∈ PH1
μ(M) such that g has a non-uniformly hyperbolic set A with

μ(A) > 0. Otherwise, λs+3(f, x) ≤ 0 for some x ∈ M . By the Ergodic Closing
Lemma and Franks Lemma agian, we can get f2 such that f2 has a periodic point
q with index s+ 3. Then f2 has robustly non-hyperbolic center. Using Lemma 2.7
we can complete the proof. �
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