
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 143, Number 9, September 2015, Pages 3827–3838
http://dx.doi.org/10.1090/proc/12323

Article electronically published on May 22, 2015
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(Communicated by Pamela B. Gorkin)

Abstract. This paper extends two recent improvements in the Hilbert space
setting of the well-known Katznelson-Tzafriri theorem by establishing both
a version of the result valid for bounded representations of a large class of
abelian semigroups and a quantified version for contractive representations.
The paper concludes with an outline of an improved version of the Katznelson-
Tzafriri theorem for individual orbits, whose validity extends even to certain

unbounded representations.

1. Introduction

In [19], Katznelson and Tzafriri proved that, given a power-bounded operator
T on a complex Banach space X, ‖Tn(I − T )‖ → 0 as n → ∞ if (and only
if) σ(T ) ∩ T ⊂ {1}, where σ(T ) denotes the spectrum of T and T is the unit
circle. Given a sequence a ∈ �1(Z+), define â(λ) :=

∑∞
n=0 a(n)λ

n (|λ| ≤ 1) and
â(T ) :=

∑∞
n=0 a(n)T

n, which is a bounded linear operator on X. Katznelson and
Tzafriri also showed, in the same paper, that

(1.1) lim
n→∞

‖Tnâ(T )‖ = 0

provided there exists a sequence (an) in �1(Z+) such that each ân vanishes on
an open neighbourhood of σ(T ) ∩ T and ‖a − an‖1 → 0 as n → ∞. This re-
sult has itself subsequently been extended, first to the case of C0-semigroups (see
[15, Théorème III.4] and [29, Theorem 3.2]) and later to more general semigroup
representations (see [6, Theorem 4.3] and [29]).

These results are optimal in various senses (see [11, Section 5]), but improvements
are possible when X is assumed to be a Hilbert space. It is shown in [14, Corol-
lary 2.12], for instance, that the weaker (and necessary) condition that â vanish
on σ(T ) ∩ T is sufficient for (1.1) to hold, at least when T is a contraction; see
[20, Proposition 1.6] for a slightly more general result. This result has in turn
been improved upon in two recent papers. In [21], Léka has extended this result
to power-bounded operators on Hilbert space, and Zarrabi in [31] has shown that
for contractions, and likewise for pairs of commuting contractions and for con-
tractive C0-semigroups, the limit appearing in (1.1) is given, more generally, by
sup{|â(λ)| : λ ∈ σ(T ) ∩ T} or the appropriate analogue; for related results see [2],
[3], [9], [10] and [23].

The purpose of this paper is to improve both Léka’s and Zarrabi’s versions of the
Katznelson-Tzafriri theorem by extending them to representations of a significantly
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larger class of semigroups. The main result, Theorem 3.1, is a Katznelson-Tzafriri
type theorem which holds for bounded (as opposed to contractive) representations
and thus includes both [21, Theorem 2.1] and various results contained as special
cases in [31]. The main implication of Theorem 3.1 is proved first via a certain
ergodic condition as in [21] and then by a more direct argument. The second
method does not involve the ergodic condition and, as is shown in Theorem 4.2,
leads naturally to an extension of Zarrabi’s quantified results for contractive repre-
sentations. Section 5, finally, contains a brief exposition of an improved version of
the Katznelson-Tzafriri theorem for individual orbits. First of all, though, Section 2
sets out the necessary preliminary material.

2. Preliminaries

The setting throughout, even when not stated explicitly, will be that of an abelian
semigroup S contained in a locally compact abelian group G satisfying G = S −
S. The Haar measure on G is denoted by μ, and it is assumed that S is Haar-
measurable and hence itself becomes a measure space with respect to the restriction
of μ. Assume furthermore that the interior S◦ of S (in the topology induced by G)
is non-empty. The semigroup S becomes a directed set under the relation 	, where
s 	 t for s, t ∈ S whenever s− t ∈ S ∪ {0}; this makes it possible to speak of limits
as s → ∞ through S. The dual group of G, consisting of all continuous bounded
characters χ : G → C, is denoted by Γ, the set of continuous bounded characters
on S by S∗. It follows from the assumption that S spans G that the subset of
S∗ of characters taking values in the unit circle T can (and will throughout) be
identified with Γ. Two important examples of the above are the (semi)groups Z(+)

with counting measure and R(+) with Lebesgue measure. Here S∗ can be identified
in a natural way with {λ ∈ C : |λ| ≤ 1} and {λ ∈ C : Reλ ≤ 0}, respectively, and
the dual group Γ is T and iR in each case.

For Ω = G or S, let L1(Ω) denote the algebra (under convolution) of functions
a : Ω → C that are integrable with respect to (the restriction of) Haar measure
and, given a ∈ L1(Ω), define its Fourier transform by

â(χ) :=

∫
Ω

a(s)χ(s) dμ(s),

where χ is an element of Γ or S∗, as appropriate. Given a closed subset Λ of Γ,
define JΛ := {a ∈ L1(G) : â ≡ 0 in a neighbourhood of χ ∈ Λ} and KΛ := {a ∈
L1(G) : â(χ) = 0 for all χ ∈ Λ}. An element of L1(G) is said to be of spectral
synthesis with respect to Λ if it lies in the closure of JΛ. Since KΛ is closed, any
such function must be an element of KΛ. If KΛ coincides with the closure of JΛ,
the set Λ is said to be of spectral synthesis.

For any closed subset Λ of Γ, the map WΛ : a �→ â|Λ is a well-defined con-
tractive algebra homomorphism from L1(G) into C0(Λ) whose kernel is KΛ and
whose range, by the Stone-Weierstrass theorem, is dense in C0(Λ); see [27, The-
orem 1.2.4]. Since KΛ(G) is a closed ideal of L1(G), WΛ induces a well-defined
injective algebra homomorphism UΛ : L1(G)/KΛ(G) → C0(Λ) which, by the In-
verse Mapping Theorem, is an isomorphism precisely when it is surjective. Since
its range is dense in C0(Λ), this is the case if and only if the map is an isomorphic
embedding (which in turn is equivalent to the dual operator U ′

Λ : M(Λ) → K⊥
Λ

being either a surjection or an isomorphic embedding, where M(Λ) denotes the set
of complex-valued regular measures on Λ which have finite total variation; see for
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instance [27, Appendix C11]). When these conditions are satisfied, Λ is said to be a
Helson set, and the quantity α(Λ) := ‖U−1

Λ ‖ is known as its Helson constant. Since
UΛ is contractive, α(Λ) ≥ 1 for any Helson set Λ. For some examples of Helson
sets, see [31, Remark 5.6].

In what follows, it will be assumed that the set {â : a ∈ L1(S)} separates points
both from each other and from zero and, furthermore, that the interior S◦ is dense
in S. For further details and discussion of these conditions, see for instance [6].
These assumptions ensure, in particular, that there exists a net (Ωα), known as a
Følner net, of compact, measurable, non-null subsets of S satisfying

lim
α→∞

μ
(
Ωα � (Ωα + s)

)
μ(Ωα)

= 0,

uniformly for s in compact subsets of S.
Given a Banach space X and Ω = G or S for S and G as above, a representation

of Ω on X is a strongly continuous homomorphism T : Ω → B(X) which, if 0 ∈ Ω,
satisfies T (0) = I. The representation is said to be bounded if sup{‖T (s)‖ : s ∈
Ω} < ∞ and in this case, given a ∈ L1(Ω), the operator â(T ) ∈ B(X) is defined,
for each x ∈ X, by

â(T )x :=

∫
Ω

a(s)T (s)x dμ(s).

Given a bounded representation T of G on a Banach space X and a closed
subspace Λ of the dual group Γ, the corresponding spectral subspace MT (Λ) is
defined as

MT (Λ) :=
⋂

a∈JΛ

Ker â(T ),

the (Arveson) spectrum Sp(T ) of T as

Sp(T ) :=
⋂{

Λ ⊂ Γ : Λ is closed and MT (Λ) = X
}
.

Thus the spectrum is a closed subset of Γ, and it is shown in [25, Theorems 8.1.4 and
8.1.12], respectively, that Sp(T ) is non-empty whenever X is non-trivial and that
it is compact if and only if T is continuous with respect to the norm topology on
B(X). If T is a representation by isometries, this notion of spectrum coincides with
the finite L-spectrum of [22, Section 5.2]. By [25, Proposition 8.1.9], furthermore,
Sp(T ) has the alternative description

Sp(T ) =
{
χ ∈ Γ : |â(χ)| ≤ ‖â(T )‖ for all a ∈ L1(G)

}
.

Accordingly, given a bounded representation T of a semigroup S on a Banach space
X, the spectrum Sp(T ) of T is defined as

Sp(T ) :=
{
χ ∈ S∗ : |â(χ)| ≤ ‖â(T )‖ for all a ∈ L1(S)

}
,

and the unitary spectrum of T is given by Spu(T ) := Sp(T ) ∩ Γ; see [6] for details.
In the examples mentioned above, bounded semigroup representations correspond
to a single power-bounded operator T ∈ B(X) if S = Z+ and to a bounded C0-
semigroup if S = R+. The spectrum is given by σ(T ) and σ(A), respectively, where
A denotes the generator of the semigroup.
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3. A general Katznelson-Tzafriri type result

The aim of this section is to prove the following generalisation of [21, Theo-
rem 2.1].

Theorem 3.1. Let T be a bounded representation of a semigroup S on a Hilbert
space X, and suppose that a ∈ L1(S). Then the following are equivalent:

(i) â(χ) = 0 for every χ ∈ Spu(T );
(ii) Given any Følner net (Ωα) for S and any χ ∈ Spu(T ),

(3.1) lim
α→∞

1

μ(Ωα)

∥∥∥∥
∫
Ωα

χ(s)T (s)â(T ) dμ(s)

∥∥∥∥ = 0;

(iii) ‖T (s)â(T )‖ → 0 as s → ∞.

Remark 3.2. In [21, Theorem 2.1], conditions (ii) and (iii) above are presented in
a slightly more general form, with the operator â(T ) replaced by an arbitrary Q ∈
B(X) that commutes with the representation. The presentation here is restricted
to the case Q = â(T ) purely for simplicity.

The proof of this result will be broken up into a number of separate steps, all of
which correspond to some part of the proof of [21, Theorem 2.1] given by Léka but
typically with some modifications to accommodate the more general setting in which
the representation need not be norm continuous. The following lemma constitutes
the main step towards proving that (i) =⇒ (ii); it corresponds to [21, Lemma 2.2].
Note that the Hilbert space assumption is not required for this part of the argument.

Lemma 3.3. Let T be a bounded representation of a semigroup S on a Banach
space X, and let a ∈ L1(S). Then, for all χ ∈ Γ,

lim
α→∞

1

μ(Ωα)

∥∥∥∥
∫
Ωα

χ(s)T (s)
(
â(T )− â(χ)

)
dμ(s)

∥∥∥∥ = 0,

where (Ωα) is any Følner net for S and the integral is taken in the strong sense.

Proof. With a ∈ L1(S) and χ ∈ Γ fixed, let x ∈ X have unit norm and set

Ix(α) :=
1

μ(Ωα)

∥∥∥∥
∫
Ωα

χ(s)T (s)
(
â(T )x− â(χ)x

)
dμ(s)

∥∥∥∥ .
Then, by a simple application of Fubini’s theorem,

Ix(α) ≤ M

∫
S

μ
(
Ωα � (Ωα + s)

)
μ(Ωα)

|a(s)| dμ(s),

where M := sup{‖T (s)‖ : s ∈ S}. Let ε > 0. Since a ∈ L1(S), there exists a
compact subset K of S such that

∫
S\K |a(s)| dμ(s) < ε/4M. Defining

ξK(α) := sup

{
μ(Ωα � (Ωα + s))

μ(Ωα)
: s ∈ K

}
,

it follows from the definition of a Følner net that ξK(α) → 0 as α → ∞. Since

Ix(α) ≤ M‖a‖1ξK(α) + 2M

∫
S\K

|a(s)| dμ(s),

Ix(α) < ε for all sufficiently large α, and the result follows. �
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Corollary 3.4. Let T be a bounded representation of a semigroup S on a Banach
space X, and let χ ∈ Γ. Suppose that a ∈ L1(S) is such that â(χ) = 0. Then (3.1)
holds for any Følner net (Ωα) for S.

The next result is an important step towards establishing the implication (ii) =⇒
(iii) in Theorem 3.1 and should be compared with [21, Lemma 2.4].

Proposition 3.5. Let S be a semigroup and T a representation of a group G =
S−S by unitary operators on a Hilbert space X. Suppose that a ∈ L1(G) and that,
for each χ ∈ Sp(T ),

lim
α→∞

1

μ(Ωα)

∥∥∥∥
∫
Ωα

χ(s)T (s)â(T ) dμ(s)

∥∥∥∥ = 0,

where (Ωα) is any Følner net for S. Then â(T ) = 0.

Proof. Writing B(Γ) for the set of Borel subsets of the dual group Γ, let E : B(Γ) →
B(X) denote the spectral measure associated with T (see [25, Theorem 8.3.2]) and,
for s ∈ G and Λ ∈ B(Γ), let TΛ(s) := T (s)E(Λ). Then

TΛ(s) :=

∫
Λ

χ(s) dE(χ),

the integral being taken in the weak sense, and, by Fubini’s theorem,

(3.2) b̂(TΛ) =

∫
Λ

b̂(χ) dE(χ)

for all b ∈ L1(G). Thus if Λ ∈ B(Γ) is closed and b ∈ JΛ(G), then b̂(TΛ) = 0, and it
follows that MTΛ

(Λ) = X, so that Sp(TΛ) ⊂ Λ. Choosing Λ ∈ B(Γ) to be compact
ensures that the representation TΛ of G on X is norm continuous.

Set Q := â(T ) and, for a given compact subset Λ of Sp(T ), define QΛ := QE(Λ),
noting that QΛ is normal and that QΛ → Q in the weak (and indeed the strong)
operator topology as Λ approaches Sp(T ) through compact subsets. Furthermore,
let AΛ denote the commutative unital C∗-algebra generated by {QΛ, Q

∗
Λ}∪{TΛ(s) :

s ∈ G}, and let Δ(AΛ) denote its character space. Write ΦΛ : AΛ → C0(Δ(AΛ)) for
the Gelfand transform of AΛ, which is an isometric ∗-isomorphism, and consider the
map χξ : G → C\{0} given, for ξ ∈ Δ(AΛ) and s ∈ G, by χξ(s) := ΦΛ(TΛ(s))(ξ).
Since the representation TΛ is norm continuous, χξ is a continuous group homo-
morphism, and the fact that each ξ ∈ Δ(AΛ) is a bounded linear functional on AΛ

with ‖ξ‖ = |ξ(E(Λ))| = 1 implies that |χξ(s)| ≤ 1 for all s ∈ G. Hence χξ ∈ Γ.
Moreover, if b ∈ L1(G), then

∣∣̂b(χξ)
∣∣ = ∣∣∣∣ξ

(∫
G

b(s)TΛ(s) dμ(s)

)∣∣∣∣ ≤ ∥∥b̂(TΛ)
∥∥,
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which is to say that χξ ∈ Sp(TΛ), and hence χξ ∈ Sp(T ). Let gΛ := ΦΛ(QΛ). Then

|gΛ(ξ)| =
1

μ(Ωα)

∣∣∣∣
∫
Ωα

|χξ(s)|2gΛ(ξ) dμ(s)
∣∣∣∣

≤ 1

μ(Ωα)

∥∥∥∥ΦΛ

(∫
Ωα

χξ(s)TΛ(s)QΛ dμ(s)

)∥∥∥∥
∞

=
1

μ(Ωα)

∥∥∥∥
∫
Ωα

χξ(s)TΛ(s)QΛ dμ(s)

∥∥∥∥
≤ 1

μ(Ωα)

∥∥∥∥
∫
Ωα

χξ(s)T (s)Q dμ(s)

∥∥∥∥ ,
for any ξ ∈ Δ(AΛ) and letting α → ∞ shows that gΛ = 0. Since ΦΛ is an isometry,
it follows that QΛ = 0, and allowing Λ to approach Sp(T ) through compact subsets
gives Q = 0, as required. �
Remark 3.6. The result remains true when â(T ) is replaced by any Q ∈ B(X) which
commutes with T . If Q is normal, this follows from the same argument as above;
the general case can then be obtained by considering the operator Q∗Q; see also
[21, Lemma 2.4].

Propositions 3.7 and 3.8 below correspond in essence to the two main stages in
the proof of [21, Theorem 2.1] and show, via an intermediate result for the strong
operator topology, that (ii) =⇒ (iii) in Theorem 3.1.

Proposition 3.7. Let T be a bounded representation of a semigroup S on a Hilbert
space X, and let a ∈ L1(S). Suppose that, for some Følner net (Ωα) for S, (3.1)
holds for all χ ∈ Spu(T ). Then, for all x ∈ X, ‖T (s)â(T )x‖ → 0 as s → ∞.

Proof. Fix a Banach limit φ on L∞(S). A construction analogous to [6, Propo-
sition 3.1] and [20, Section 1] shows that there exist a Hilbert space Xφ, a rep-
resentation Tφ of S on Xφ by isometries with Sp(Tφ) ⊂ Sp(T ) and an oper-
ator πφ : X → Xφ with the following properties: πφ is bounded with norm
‖πφ‖ ≤ sup{‖T (s)‖ : s ∈ S}, ‖πφ(x)‖2 = φ(‖T (·)x‖2) for all x ∈ X, Ranπφ is
dense in Xφ, Kerπφ = {x ∈ X : ‖T (s)x‖ → 0 as s → ∞} and πφT (s) = Tφ(s)πφ

for all s ∈ S (so πφ is an intertwining operator). In particular, for any oper-
ator Q ∈ B(X) that commutes with T , the operator Qφ ∈ B(Xφ) defined by
πφQ = Qφπφ satisfes ‖Qφ‖ ≤ ‖Q‖. By a construction analogous to [4, Proposi-
tion 2.1] (see also [6, Proposition 3.2], [8], [13] and [18]), there exist a further Hilbert
space Yφ, a representation TG of the group G = S − S by unitary operators on Yφ

with Sp(TG) = Spu(Tφ) and an isometric intertwining operator πG : Xφ → Yφ such
that {TG(−s)πG(x) : s ∈ S, x ∈ Xφ} is dense in Yφ. The latter implies, in particu-
lar, that ‖QG‖ = ‖Qφ‖ for all Qφ ∈ B(Xφ) and all QG ∈ B(XG) which commute
with TG and satisfy πGQφ = QGπG. Thus it is possible to assume, sacrificing only
the density condition on the range of the intertwining operator, that Tφ itself is in
fact a representation of G by unitary operators on Xφ.

Now, given χ ∈ Sp(Tφ), define operators Qα ∈ B(X) and Qφ,α ∈ B(Xφ) as

(3.3) Qα :=
1

μ(Ωα)

∫
Ωα

χ(s)T (s)â(T ) dμ(s)

and

Qφ,α :=
1

μ(Ωα)

∫
Ωα

χ(s)Tφ(s)â(Tφ) dμ(s).
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Then πφQα = Qφ,απφ, from which it follows that ‖Qφ,α‖ ≤ ‖Qα‖. In particular,
‖Qφ,α‖ → 0 as α → ∞. Identifying L1(S) in the natural way with a subset of
L1(G), it follows from Proposition 3.5 applied to Tφ, Xφ and a that â(Tφ) = 0. In
particular, πφ(â(T )x) = â(Tφ)πφ(x) = 0 for any x ∈ X, so the result follows from
the description of Kerπφ. �

Proposition 3.8. Let T be a bounded representation of a semigroup S on a Hilbert
space X, and let a ∈ L1(S). Suppose that, for some Følner net (Ωα) for S, equa-
tion (3.1) is satisfied for all χ ∈ Spu(T ). Then ‖T (s)â(T )‖ → 0 as s → ∞.

Proof. Suppose, for the sake of contradiction, that (3.1) holds for all χ ∈ Spu(T ) and
some Følner net (Ωα) but that there exist ε > 0 and a net (sβ) in S, with indexing
set A say, such that sβ → ∞ as β → ∞ and, for some suitable sequence (yβ) of unit
vectors in X, ‖T (sβ)â(T )yβ‖ ≥ ε for all β ∈ A. Letting M := sup{‖T (s)‖ : s ∈ S},
it follows that ‖T (s)â(T )yβ‖ ≥ εM−1 whenever sβ − s ∈ S. Fix t ∈ S◦ and,
essentially as in [27, Section 1.1.8], let b ∈ L1(S) satisfy ‖b‖1 = 1 and ‖a∗b−at‖1 <
ε/2M3, where at ∈ L1(S) is given by at(s) = a(s − t) if s − t ∈ S and at(s) = 0
otherwise. Now, by a construction similar to those contained in [16], [24] and [26],
there exist

(a) a Banach space X∞
A , which is contained in the set �∞(A;X) of X-valued

nets indexed by A and contains all nets of the form (ĉ(T )xα) with c ∈ L1(S)
and (xα) ∈ �∞(A;X), and a bounded representation T∞

A of S on X∞
A with

Sp(T∞
A ) = Sp(T );

(b) a Hilbert spaceXA, a bounded representation TA of S onXA with Sp(TA) ⊂
Sp(T∞

A ) and a surjective intertwining operator πA : X∞
A → XA which is

contractive and such that ‖πA(xα)‖ is given, for each (xα) ∈ X∞
A , by the

limit of the net (‖xα‖) along some ultrafilter on A which contains the filter
generated by the sets {α ∈ A : α 	 β} with β ∈ A.

Note, in particular, that Sp(TA) ⊂ Sp(T ). Consider the element (xβ) of X∞
A ,

where xβ := b̂(T )yβ. Then, writing c := a ∗ b− at,

‖TA(s)â(TA)πA(xβ)‖ = ‖πAT
∞
A (s)â(T∞

A )(xβ)‖

=
∥∥πA

(
T (s)â ∗ b(T )yβ

)∥∥
≥

∥∥πA

(
T (s+ t)â(T )yβ

)∥∥−
∥∥πA

(
T (s)ĉ (T )yβ

)∥∥
≥ lim inf

β→∞
‖T (s+ t)â(T )yβ‖ −M2‖c‖1

for all s ∈ S, where the last line follows from the definition of the norm on XA.
Thus ‖TA(s)â(TA)πA(xβ)‖ ≥ ε/2M for all s ∈ S.

Fix χ ∈ Spu(TA) and define the operators Q∞
A,α ∈ B(X∞

A ) and QA,α ∈ B(XA) as

Q∞
A,α :=

1

μ(Ωα)

∫
Ωα

χ(s)T∞
A (s)â(T∞

A ) dμ(s)

and

QA,α :=
1

μ(Ωα)

∫
Ωα

χ(s)TA(s)â(TA) dμ(s).

Then πAQ
∞
A,α = QA,απA, so the properties of πA and the fact that Q∞

A,α acts on

X∞
A by entrywise application of the operator Qα, as defined in equation (3.3), imply

that ‖QA,α‖ ≤ ‖Qα‖. Hence ‖QA,α‖ → 0 as α → ∞, and Proposition 3.7 applied
to TA and XA leads to the required contradiction. �
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Corollary 3.4 and Proposition 3.8 together prove the implications (i) =⇒ (ii) =⇒
(iii) of Theorem 3.1. The following simple lemma, which follows immediately from
the definition of the spectrum of a semigroup representation T along with the
observation that âs(T ) = T (s)â(T ) for all a ∈ L1(S) and s ∈ S, shows that
(iii) =⇒ (i), thus completing the proof of the main result.

Lemma 3.9. Let T be a bounded representation of a semigroup S on a Banach
space X, and let a ∈ L1(S). Then |â(χ)| ≤ ‖T (s)â(T )‖ for all χ ∈ Spu(T ) and all
s ∈ S.

Remark 3.10. There is a direct proof of the implication (iii) =⇒ (ii) in Theorem 3.1.
Indeed, if T is a bounded representation of a semigroup S on any Banach space X,
if a ∈ L1(S) and if (Ωα) is any Følner net for S, then

‖Qα‖ ≤ sup{‖T (s)â(T )‖ : s 	 t}+M2‖a‖1
μ
(
Ωα � (Ωα + t)

)
μ(Ωα)

for any t ∈ S, where Qα is as in (3.3) and M = sup{‖T (s)‖ : s ∈ S}. Hence
(iii) =⇒ (ii) by definition of a Følner net. Moreover, it is possible, at least in
special cases, to show directly that (ii) =⇒ (i). When S = Z+, this follows from
Corollary 3.4 and the uniform ergodic theorem (see [21, Corollary 2.3]), and a
similar argument works when S = R+.

If one is interested in establishing only the equivalence of statements (i) and (iii)
of Theorem 3.1, there is a shorter argument which may be of independent interest.
Recall the classical fact that, given a representation T of a group G by isometries
on a Banach space X, one has â(T ) = 0 for all a ∈ L1(G) which are of spectral
synthesis with respect to Sp(T ). This is a simple consequence of the definition
of the spectrum (see also [12, Chapter 8], [22, Chapter 5] and [28, Lemma 2.4.3])
and is used (together with constructions analogous to those used in the proof of
Proposition 3.7) in [6, Theorem 4.3] to derive a general form of the Katznelson-
Tzafriri theorem on Banach space. Corollary 3.13 below, which is an improved
version of this result when X is a Hilbert space, makes it possible to obtain the
implication (i) =⇒ (iii) of Theorem 3.1 by an analogous argument which bypasses
Proposition 3.5. It is a special case of the following more general statement.

Proposition 3.11. Let T be a representation of a group G by unitary operators
on a Hilbert space X, and let a ∈ L1(G). Then ‖â(T )‖ = sup{|â(χ)| : χ ∈ Sp(T )}.

Proof. Let AT denote the norm closure in B(X) of {b̂(T ) : g ∈ L1(G)}. Then AT

is a commutative C∗-algebra and hence, writing Δ(AT ) for the character space of
AT , the Gelfand transform Φ : AT → C0(Δ(AT )) is an isometric ∗-isomorphism.
By [6, Proposition 2.4], the map sending a character χ ∈ Sp(T ) to the character ξχ
on AT defined, on the dense subspace {b̂(T ) : g ∈ L1(G)}, by ξχ(b̂(T )) := b̂(χ) is a
bijection, and hence ‖â(T )‖ = ‖Φ(â(T ))‖∞ = sup{|â(χ)

∣∣ : χ ∈ Sp(T )}. �
Remark 3.12. This result can also be proved using (3.2) with Λ = Sp(T ).

Corollary 3.13. Let T be a representation of a group G by unitary operators on
a Hilbert space X with spectrum Λ := Sp(T ), and let a ∈ L1(G). Then â(T ) = 0 if
and only if a ∈ KΛ.

Remark 3.14. This follows also from Corollary 3.4 and Proposition 3.5 together
with Lemma 3.9.
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4. Quantified results for contractive representations

The purpose of this section is to study the limit of ‖T (s)â(T )‖ as s → ∞ in the
case where T is a contractive representation of a semigroup S on a Hilbert space
X and a is an element of L1(S) whose Fourier transform â does not necessarily
vanish on the unitary spectrum Spu(T ) of T . Theorem 4.2 below constitutes an
important step towards this aim and can be viewed as a sharper version of [3,
Proposition 5.5] which holds on general Banach space. It follows from the following
result for individual orbits.

Proposition 4.1. Let T be a representation of a semigroup S by contractions on
a Hilbert space X with unitary spectrum Λ := Spu(T ), and let a ∈ L1(S). Then

lim
s→∞

‖T (s)â(T )x‖ ≤ ‖a+KΛ‖‖x‖

for all x ∈ X.

Proof. Fix any Banach limit φ on L∞(S) and let Xφ, Tφ and πφ be as in the proof
of Proposition 3.7. Then, since T is contractive, ‖πφ(x)‖ = lims→∞ ‖T (s)x‖ for all
x ∈ X and it is possible, as before, to assume that Tφ is in fact a representation of
the group G = S − S on Xφ by unitary operators. It follows from Corollary 3.13

that b̂(Tφ) = 0 for all b ∈ KΛ. Hence ‖â(Tφ)‖ ≤ ‖a − b‖1 for any such b, which
implies that ‖â(Tφ)‖ ≤ ‖a+KΛ(G)‖. Thus, given any x ∈ X,

lim
s→∞

‖T (s)â(T )x‖ = ‖πφ(â(T )x)‖

= ‖â(Tφ)πφ(x)‖
≤ ‖a+KΛ(G)‖‖πφ(x)‖,

and the result follows since πφ is a contraction. �

Theorem 4.2. Let T be a representation of S by contractions on a Hilbert space
X with unitary spectrum Λ := Spu(T ), and let a ∈ L1(S). Then

lim
s→∞

‖T (s)â(T )‖ ≤ ‖a+KΛ‖.

Proof. Suppose not. Then there exist ε > 0 and a net (sβ) in S, with indexing
set A, say, and satisfying sβ → ∞ as β → ∞, as well as a net of unit vectors
(yβ) in X such that ‖T (sβ)â(T )yβ‖ ≥ ‖a + KΛ‖ + ε for all β ∈ A. In particular,
‖T (s)â(T )yβ‖ ≥ ‖a+KΛ‖+ ε whenever sβ − s ∈ S.

Let XA, X
∞
A , TA and πA be as in the proof of Proposition 3.8, choose, for a

fixed t ∈ S◦, b ∈ L1(S) such that ‖b‖1 = 1 and ‖a∗ b−at‖1 < ε/2, and again define

(xβ) ∈ X∞
A by setting xβ := b̂(T )yβ. It then follows from a calculation analogous to

the one in the proof of Proposition 3.8 that ‖TA(s)â(TA)πA(xβ)‖ > ‖a+KΛ‖+ε/2
for all s ∈ S. However, applying Proposition 4.1 to the contractive representation

TA of S on XA, and using the fact that ‖πA(xβ)‖ ≤ ‖b̂(T )‖ ≤ 1, leads to

lim
s→∞

‖TA(s)â(TA)πA(xβ)‖ ≤ ‖a+KΛA
‖‖πA(xβ)‖ ≤ ‖a+KΛ‖,

where ΛA := Spu(TA) ⊂ Λ. This gives the required contradiction. �

The final result is a special instance of Theorem 4.2 which applies to represen-
tations whose unitary spectrum is a Helson set. It is a simple consequence of the
definition of a Helson set and should be compared with the results in [31, Section 5],
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which hold on Banach space, but, in addition, assume the unitary spectrum to be
of spectral synthesis.

Corollary 4.3. Let T be a representation of a semigroup S by contractions on a
Hilbert space X, and let a ∈ L1(S). Suppose that the unitary spectrum Λ := Spu(T )
of T is a Helson set. Then

sup{|â(χ)| : χ ∈ Λ} ≤ lim
s→∞

‖T (s)â(T )‖ ≤ α(Λ) sup{|â(χ)| : χ ∈ Λ}.

Remark 4.4. The first inequality holds irrespective of whether the unitary spectrum
is a Helson set, and indeed of whether X is a Hilbert space. It is an immediate
consequence of Lemma 3.9.

5. Local results

This final section gives a brief account of how some of the aforementioned im-
provements of the Katznelson-Tzafriri theorem on Hilbert space carry over to or-
bitwise, or ‘local’, versions of the result. More specifically, the aim is to obtain
spectral conditions which ensure, given a bounded representation T of a semigroup
on a Hilbert space X and an element a of L1(S), that ‖T (s)â(T )x‖ → 0 as s → ∞
for a particular point x ∈ X. Such results are of particular interest in the context
of C0-semigroups, where orbits correspond to solutions of the associated Cauchy
problem, and they have been studied for instance in [5], [7, Section 4] and [20].

The notion of spectrum that is most appropriate to this context goes back to
[1]. Consider a bounded representation T of a semigroup S on some Banach space
X, and let x ∈ X be given. A character χ ∈ Γ will be said to be locally regular
at x if there exist n ∈ N, a1, . . . , an ∈ L1(S), a neighbourhood Ω of the point
λ0 := (â1(χ), . . . , ân(χ)) in C

n and holomorphic functions g1, . . . , gn : Ω → X such
that

∑n
k=0(λk − âk(T ))gk(λ) = x for all λ = (λ1, . . . , λn) ∈ Ω. The unitary local

(Albrecht) spectrum Spu(T ;x) of T at x is then defined as the set of all characters
χ ∈ Γ which fail to be locally regular at x. It is easy to see that Spu(T ;x) ⊂ Spu(T )
for each x ∈ X. For further details on the unitary local spectrum and its relation
to other natural notions of local spectrum, see [7, Section 4].

The main result of this section is the following theorem, which improves [5,
Theorem 5.1] in the Hilbert space setting.

Theorem 5.1. Let T be a bounded representation of a semigroup S on a Hilbert
space X. Furthermore, let x ∈ X and a ∈ L1(S). Then ‖T (s)â(T )x‖ → 0 as
s → ∞ provided â(χ) = 0 for all χ ∈ Spu(T ;x).

Proof. Fix a Banach limit φ on L∞(S) and let Xφ, Tφ and πφ be as in the proof of
Proposition 3.7, so that Tφ may again be assumed to be a representation of the group
G = S − S on Xφ by unitary operators. By [7, Proposition 5.1], Spu(Tφ;πφ(x)) ⊂
Spu(T ;x). Moreover, writing Xx for the closed linear span of the set {Tφ(s)πφ(x) :
s ∈ G} in Xφ and Tx for the representation of G on Xx obtained by restricting
Tφ, [7, Theorem 4.5] gives Sp(Tx) = Spu(Tφ;πφ(x)) and hence Sp(Tx) ⊂ Spu(T ;x).
Thus the assumption on a implies that â(χ) = 0 for all χ ∈ Sp(Tx), from which
it follows by Corollary 3.13 that â(Tx) = 0. Hence πφ(â(T )x) = â(Tφ)πφ(x) = 0,
which is to say â(T )x ∈ Kerπφ, as required. �

Theorem 5.1 in fact holds even for certain unbounded representations provided
the growth of the norm is sufficiently slow and regular. Given a semigroup S,
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a measurable function w : S → [1,∞) is said to be a weight if it is bounded on
compact subsets of S and satisfies w(s + t) ≤ w(s)w(t) for all s, t ∈ S. Given
a weight w and a representation T of S on a Banach space X which satisfies
‖T (s)‖ ≤ w(s) for all s ∈ S, it is possible, essentially by replacing any occurrence
of L1(S) with the Beurling algebra L1

w(S), to define the modified unitary local
(Albrecht) spectrum Spwu (T ;x) for any point x ∈ X; see [8] and [22] for details.

An argument entirely analogous to the proof of Theorem 5.1, but this time using
the full strength of the results in [7], then leads to the following result. Here the
additional regularity assumption on the weight w ensures that the representation
corresponding to Tφ in the above proof is again isometric; see [7, Proposition 3.1].
Similar non-local results may be found in [7, Theorem 3.4] and [30, Theorem 8].

Theorem 5.2. Let T be a representation of a semigroup S on a Hilbert space
X and suppose that T is dominated by a weight w such that, for every t ∈ S,
w(s)−1w(s+t) → 1 as s → ∞. Furthermore, let x ∈ X and suppose that a ∈ L1

w(S)
is such that â(χ) = 0 for all χ ∈ Spwu (T ;x). Then ‖T (s)â(T )x‖ = o(w(s)) as
s → ∞.
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[6] C. J. K. Batty and Vũ Quốc Phóng, Stability of strongly continuous representations of abelian

semigroups, Math. Z. 209 (1992), no. 1, 75–88, DOI 10.1007/BF02570822. MR1143215
(93d:47073)

[7] C. J. K. Batty and Stephen B. Yeates, Weighted and local stability of semigroups
of operators, Math. Proc. Cambridge Philos. Soc. 129 (2000), no. 1, 85–98, DOI
10.1017/S0305004199004363. MR1757781 (2001d:47060)

[8] C. J. K. Batty and Stephen B. Yeates, Extensions of semigroups of operators, J. Operator
Theory 46 (2001), no. 1, 139–157. MR1862183 (2002j:47067)

[9] H. Bercovici, The asymptotic behaviour of bounded semigroups in a Banach algebra, Math.
Proc. Cambridge Philos. Soc. 108 (1990), no. 2, 365–370, DOI 10.1017/S030500410006922X.
MR1074723 (91m:47019)

[10] H. Bercovici, Commuting power-bounded operators, Acta Sci. Math. (Szeged) 57 (1993),
no. 1-4, 55–64. MR1243268 (94j:47008)

[11] R. Chill and Y. Tomilov, Stability of operator semigroups: ideas and results, Perspectives in
operator theory, Banach Center Publ., vol. 75, Polish Acad. Sci., Warsaw, 2007, pp. 71–109,
DOI 10.4064/bc75-0-6. MR2336713 (2008m:47054)

http://www.ams.org/mathscinet-getitem?mr=635582
http://www.ams.org/mathscinet-getitem?mr=635582
http://www.ams.org/mathscinet-getitem?mr=1008239
http://www.ams.org/mathscinet-getitem?mr=1008239
http://www.ams.org/mathscinet-getitem?mr=1418397
http://www.ams.org/mathscinet-getitem?mr=1418397
http://www.ams.org/mathscinet-getitem?mr=1292845
http://www.ams.org/mathscinet-getitem?mr=1292845
http://www.ams.org/mathscinet-getitem?mr=1422890
http://www.ams.org/mathscinet-getitem?mr=1422890
http://www.ams.org/mathscinet-getitem?mr=1143215
http://www.ams.org/mathscinet-getitem?mr=1143215
http://www.ams.org/mathscinet-getitem?mr=1757781
http://www.ams.org/mathscinet-getitem?mr=1757781
http://www.ams.org/mathscinet-getitem?mr=1862183
http://www.ams.org/mathscinet-getitem?mr=1862183
http://www.ams.org/mathscinet-getitem?mr=1074723
http://www.ams.org/mathscinet-getitem?mr=1074723
http://www.ams.org/mathscinet-getitem?mr=1243268
http://www.ams.org/mathscinet-getitem?mr=1243268
http://www.ams.org/mathscinet-getitem?mr=2336713
http://www.ams.org/mathscinet-getitem?mr=2336713


3838 DAVID SEIFERT

[12] E. B. Davies, One-parameter semigroups, London Mathematical Society Monographs, vol. 15,
Academic Press Inc. [Harcourt Brace Jovanovich Publishers], London, 1980. MR591851
(82i:47060)

[13] R. G. Douglas, On extending commutative semigroups of isometries, Bull. London Math.
Soc. 1 (1969), 157–159. MR0246153 (39 #7458)

[14] J. Esterle, E. Strouse, and F. Zouakia, Theorems of Katznelson-Tzafriri type for contractions,
J. Funct. Anal. 94 (1990), no. 2, 273–287, DOI 10.1016/0022-1236(90)90014-C. MR1081645

(92c:47016)
[15] J. Esterle, E. Strouse, and F. Zouakia, Stabilité asymptotique de certains semi-groupes
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