
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 143, Number 9, September 2015, Pages 4073–4083
S 0002-9939(2015)12517-8
Article electronically published on February 25, 2015

NON-LINEAR NOISE EXCITATION

AND INTERMITTENCY UNDER HIGH DISORDER

DAVAR KHOSHNEVISAN AND KUNWOO KIM

(Communicated by Mark M. Meerschaert)

Abstract. Consider the semilinear heat equation ∂tu = ∂2
xu+λσ(u)ξ on the

interval [0 , L] with Dirichlet zero-boundary condition and a nice non-random
initial function, where the forcing ξ is space-time white noise and λ > 0 denotes
the level of the noise. We show that, when the solution is intermittent [that
is, when infz |σ(z)/z| > 0], the expected L2-energy of the solution grows at
least as exp{cλ2} and at most as exp{cλ4} as λ → ∞. In the case that the

Dirichlet boundary condition is replaced by a Neumann boundary condition,
we prove that the L2-energy of the solution is in fact of sharp exponential order
exp{cλ4}. We show also that, for a large family of one-dimensional randomly
forced wave equations on R, the energy of the solution grows as exp{cλ} as
λ → ∞. Thus, we observe the surprising result that the stochastic wave
equation is, quite typically, significantly less noise-excitable than its parabolic
counterparts.

1. Introduction

Consider a parabolic stochastic PDE [SPDE] of the following type:

(1.1)

[
∂tut(x) = ∂2

xut(x) + λσ(ut(x))ξ for 0 < x < L and t > 0,

ut(0) = ut(L) = 0 for t > 0,

where L > 0 is a positive constant, σ : R → R is a Lipschitz-continuous function,
ξ denotes space-time white noise, and the initial function u0 : [0 , L] → R is a non-
random function in L2([0 , L]) such that ‖u0‖L2([0,L]) > 0 and u0(0) = u0(L) = 0.
For the sake of simplicity, we assume further that σ(0) = 0, though some of our
work remains valid when σ(0) �= 0 as well.

There is a large body of literature that is devoted to the analysis of models that
are closely related to (1.1). One of the chief findings of this literature is that when
σ is exactly a linear function [2, 3, 6, 8, 10, 13, 16, 24]—for those related models—
E(|ut(x)|k) = exp{γ(k)(t+o(t))} as t → ∞, where k �→ γ(k)/k is strictly increasing
for k � 2. This property is known as moment intermittency [“intermittency,” to be
brief], and is known to hold for some fully non-linear variants of (1.1) as well [15].

Intermittency is a mathematically-rigorous way to describe the property that the
solution ut(x) tends to develop very tall peaks that are distributed over small islands

Received by the editors September 1, 2013 and, in revised form, March 28, 2014 and April 5,
2014.

2010 Mathematics Subject Classification. Primary 60H15, 60H25; Secondary 35R60, 60K37.
Key words and phrases. Stochastic heat equation, stochastic wave equation, intermittency,

non-linear noise excitation.
Research was supported in part by the NSF grant DMS-1006903.

c©2015 American Mathematical Society

4073

http://www.ams.org/proc/
http://www.ams.org/proc/
http://www.ams.org/jourcgi/jour-getitem?pii=S0002-9939-2015-12517-8


4074 DAVAR KHOSHNEVISAN AND KUNWOO KIM

[3, 6, 17, 23, 24, 26]; we can think of this latter distribution property as “physical
intermittency.” For a sample of results that are related to this general area see
[1, 3, 6–10,13, 16, 19, 20, 22, 24, 26], together with their substantial bibliographies.

The main goal of this article is to make the case that physical intermittency is
a natural manifestation of noise in roughly-linear systems of the type (1.1). The
existing literature concentrates on one way in which the solution is exposed to a
great deal of noise: As t → ∞, the net amount of exposure to the noise grows, and
hence the system behaves intermittently. Here, we will make precise the statement
that intermittency can also be caused by direct introduction of large noise [λ � 1],
and intermittent behavior can be observed at any time t, and not just when t � 1.
This notion of “non-linear noise excitation” seems to be wholly new, though it has
roots in the literature of noise excitation in NMR spectroscopy [4]. Our goal is to
present our large-noise view in a way that is as simple and non-technical as possible.
Therefore, we consider only the energy of the solution to a relatively-simple SPDE
such as (1.1), though (1.1) turns out to be complex enough to elude a detailed
analysis [compare Theorems 1.1 and 1.2]. It is however possible to develop a much
more sophisticated mathematical theory of non-linearly noise-excitable systems;
that is done elsewhere [21].

It is well known for example that if u0 ∈ L∞[0 , L], then the stochastic heat
equation (1.1) has an a.s.-unique continuous solution that has the property that

(1.2) sup
x∈[0,L]

sup
t∈[0,T ]

E
(
|ut(x)|k

)
< ∞ for all T > 0 and k ∈ [2 ,∞).

We will be interested in the effect of the level λ of the noise on the energy Et(λ) of
the solution at time t; the latter quantity is defined as 1

(1.3) Et(λ) :=
√
E
(
‖ut‖2L2

)
(t > 0).

Throughout, we use the following notation:

(1.4) �σ := inf
z∈R\{0}

|σ(z)/z|, Lσ := sup
z∈R\{0}

|σ(z)/z|.

Clearly, 0 � �σ � Lσ. Moreover, Lσ < ∞ because σ is Lipschitz and σ(0) = 0.
The following two theorems contain quantitative descriptions of the non-linear

noise excitability of (1.1). These are two of our main three findings.

Theorem 1.1. For all t > 0,

(1.5) �2σt/(2L) � lim inf
λ→∞

λ−2 log Et(λ), lim sup
λ→∞

λ−4 log Et(λ) � L4
σt/4.

We are not sure how to bridge the gap between the exp{cλ2} lower bound and
the exp{cλ4} upper bound for the energy in part because the heat semigroup for
the Dirichlet Laplacian is not conservative. However, in a companion paper [21]
we prove that exp{cλ4} is a typical lower bound for the energy of a large number
of intermittent complex systems. In particular, the energy of the solution for the
stochastic heat equation on [0 , L] with a periodic boundary condition is shown to be
of sharp exponential order exp{cλ4}. The following theorem says that we can get
the same kind of result when we replace the Dirichlet boundary condition with the
Neumann boundary condition, provided additionally that the initial profile remains
bounded uniformly away from zero.

1This is, in fact, the L2(Ω)-norm of the energy of the solution, where (Ω ,F ,P) denotes the
underlying probability space.
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Theorem 1.2. Suppose that we replace the Dirichlet boundary condition in (1.1)
by a Neumann boundary condition. If, in addition, infx∈[0,L] u0(x) > 0, then for
every t > 0,

(1.6) �4σt/16 � lim inf
λ↑∞

λ−4 log Et(λ) � lim sup
λ↑∞

λ−4 log Et(λ) � L4
σt/4.

Theorems 1.1 and 1.2 together show that, under fairly natural regularity con-
ditions [that include �σ > 0], the energy behaves roughly as exp{cλ4}, which is a
fastly-growing function of the level λ of the noise. In Section 4 we document the
somewhat surprising fact that, by contrast, the stochastic wave equation on R has
typically an energy that grows merely as exp{cλ}. In other words, the stochastic
wave equation is typically substantially less noise excitable than the stochastic heat
equation.

Throughout this paper we write L2 in place of the Hilbert space L2[0 , L].

2. Proof of the lower bounds

In this section we establish the lower bounds for the energy Et(λ) in both Theo-
rems 1.1 and 1.2.

2.1. The Lower bound for Theorem 1.1. Let us begin the proof by writing the
solution to the stochastic heat equation (1.1) in integral form [or the mild form],

(2.1) ut(x) = (Ptu0)(x) + λ

∫
(0,t)×(0,L)

pt−s(x , y)σ(us(y)) ξ(ds dy),

where {Pt}t�0 denotes the semigroup of the Dirichlet Laplacian on [0 , L] and
{pt}t>0 denotes the corresponding heat kernel. That is, in particular, P0h ≡ h

for every h ∈ L∞[0 , L], and (Pth)(x) :=
∫ L

0
pt(x , y)h(y) dy for all t > 0 and

x ∈ [0 , L]. One can expand the heat kernel pt(x , y) in terms of the eigenfunctions
of the Dirichlet Laplacian as follows:

pt(x , y) :=

∞∑
n=1

φn(x)φn(y)e
−μnt; where

μn := (nπ/L)2 and φn(x) := (2/L)1/2 sin(nπx/L),

(2.2)

for all n � 1 and 0 � x � L. By the maximum principle: (i) pt(x , y) > 0 for all

t > 0 and x, y ∈ (0 , L); and (ii)
∫ L

0
pt(x , y) dx < 1 for all y ∈ [0 , L] and t > 0.

First, let us assume that u0 ∈ C([0 , L]). Let u
(0)
t (x) := u0(x) for all x ∈ [0 , L]

and t � 0, and then define iteratively, for all k � 0,

(2.3) u
(k+1)
t (x) = (Ptu0)(x) + λ

∫
(0,t)×(0,L)

pt−s(x , y)σ(u
(k)
s (y)) ξ(ds dy).

By the theory of parabolic SPDEs, the sequence {u(k)}∞k=1 is locally uniformly

Cauchy in L2(Ω), whence the limit ut(x) := limk→∞ u
(k)
t (x) exists in L2(Ω) for

all t > 0 and x ∈ [0 , L]. Moreover, u solves (2.1), and is unique among all mild
solutions that satisfy (1.2). See [25, Chapter 3], and in particular [11]. When
u0 ∈ L2[0 , L], the existence and uniqueness of a solution as in L2[0 , L] follows
from the density argument since C([0 , L]) is dense in L2[0 , L] (see for example
[21, Section 8]).
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Now we implement a projection method that is motivated by a classical idea of
Kaplan[18], and especially the more recent work of Bonder and Groisman [5]. Since
pt(x , y) = pt(y , x), the stochastic Fubini theorem [25, Theorem 2.6, p. 296] implies
the following for all n � 1 and t > 0: With probability one,

(ut , φn) = (u0 , Ptφn) + λ

∫
(0,t)×(0,L)

(Pt−sφn)(y)σ(us(y)) ξ(ds dy)(2.4)

= e−μnt(u0 , φn) + λ

∫
(0,t)×(0,L)

e−μn(t−s)φn(y)σ(us(y)) ξ(ds dy).

Consequently, the Walsh isometry [25, Theorem 2.5, p. 295] shows us that

E
[
(ut , φn)

2
]

(2.5)

= e−2μnt(u0 , φn)
2 + λ2

∫ t

0

ds

∫ L

0

dy e−2μn(t−s)|φn(y)|2E
(
|σ(us(y))|2

)

� e−2μnt(u0 , φn)
2 + λ2�2σ

∫ t

0

e−2μn(t−s) ds

∫ L

0

dy |φn(y)|2E
(
|us(y)|2

)
.

We may apply Jensen’s inequality, together with the Fubini theorem, in order to

see that
∫ L

0
|φn(y)|2E(|us(y)|2) dy � L−1E[(us , φn)

2]. Thus we see that, for every

fixed n � 1, the function F (t) := e2μntE[(ut , φn)
2] (t > 0) satisfies

(2.6) F (t) � (u0 , φn)
2 +

λ2�2σ
L

∫ t

0

F (s) ds for all t > 0.

By the Gronwall’s inequality, F (t) � (u0 , φn)
2 exp(λ2�2σt/L) for t > 0; i.e.,

(2.7) E
[
(ut , φn)

2
]
� (u0 , φn)

2 exp
([
L−1λ2�2σ − 2μn

]
t
)

(t > 0).

We sum both sides over all n � 1 to see that |Et(λ)|2 � ‖Ptu0‖2L2 eλ
2�2σt/L for all

λ, t > 0. Since
∑∞

n=1(u0 , φn)
2 = ‖u0‖2L2 > 0, by the non-triviality assumption on

u0, it follows that ‖Ptu0‖2L2 =
∑∞

n=1(u0 , φn)
2e−2μnt > 0 for all t � 0 and the proof

is complete. �

2.2. The lower bound for Theorem 1.2. We now consider (1.1) with Neumann
boundary. We will assume without loss of generality that �σ > 0; otherwise, the
energy lower bound of Theorem 1.2 has no content. The existence and uniqueness of
a continuous solution to (1.1) with Neumann boundary is found in Ref. [25, Chapter
3]. That solution solves (2.1), where {Pt}t�0 now denotes the semigroup of the
Neumann Laplacian on [0 , L] and {pt}t>0 denotes the corresponding heat kernel.
By the method of images,

(2.8) pt(x , y) :=

∞∑
n=−∞

[Γt(x− y − 2nL) + Γt(x+ y − 2nL)] ,

where Γt(z) := (4πt)−1/2 exp{−z2/(4t)} for all t > 0 and z ∈ R.
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Owing to (2.8), p is conservative; that is,
∫ L

0
pt(x , y) dy = 1 for all t > 0.

Therefore, we apply the Walsh isometry for stochastic integrals to find that for all
fixed ε, t > 0 and x ∈ [0 , L],

E
(
|ut(x)|2

)
� ε2 + λ2

∫ t

0

ds

∫ L

0

dy [pt−s(x , y)]
2E

(
|σ(us(y))|2

)

� ε2 + (λ�σ)
2

∫ t

0

ds

∫ L

0

dy [pt−s(x , y)]
2E

(
|us(y)|2

)
,

(2.9)

where ε := infx∈[0,L] u0(x) > 0. By (2.8),
∫ L

0
[pr(x , y)]

2 dx = p2r(y , y) � Γ2r(0) =

(8πr)−1/2 for all r > 0 and y ∈ (0 , L).2 Define

(2.10) S(r) := r−1/2 (r > 0),

and integrate both sides of (2.9) in order to obtain

|Et(λ)|2 � ε2L+
(λ�σ)

2

√
8π

∫ t

0

S(t− s) |Es(λ)|2 ds � ε2L

∞∑
j=0

(
(λ�σ)

2

√
8π

)j

S∗(j)(t),

where S∗(0)(r) := 1 and S∗(k+1)(r) := (S ∗ S∗(k))(r) for all reals r > 0 and integers
k � 0. A calculation with beta integrals shows that

(2.11) S∗(j)(t) =
(tπ)j/2

Γ((j + 2)/2)
,

and hence

(2.12) |Et(λ)|2 � ε2L
∞∑
j=0

(
(λ�σ)

2
√
t/8

)j 1

Γ( j2 + 1)
� ε2L exp

(
(λ�σ)

4t

8

)
,

as can be seen by summing along even j � 0. The lower bound follows. �

3. Proof of the upper bounds

3.1. The upper bound for Theorem 1.1. For the upper bound, we assume only
that u0 ∈ L2[0 , L]. We use the notation of §2.1, and observe that for all t > 0, and
integers k � 0 and n � 1,

E
[
(u

(k+1)
t , φn)

2
]

(3.1)

� (Ptu0 , φn)
2 + λ2L2

σ

∫ t

0

e−2μn(t−s) ds

∫ L

0

dy |φn(y)|2E
(
|u(k)

s (y)|2
)

� (Ptu0 , φn)
2 +

2λ2L2
σ

L

∫ t

0

e−2μn(t−s)E
(
‖u(k)

s ‖2L2

)
ds,

because |φn(y)| �
√
2/L. See also the derivation of (2.5). Next, we apply the

Gram–Schmidt procedure to introduce functions φ0, φ−1, φ−2, . . . ∈ L2[0 , L] such
that the collection {φn}n∈Z is a complete orthonormal system in L2[0 , L]. Since

pt(x , y) = pt(y , x), (2.1) and induction [on k] together shows that (u
(k+1)
t , φn) = 0

2This is precisely where the Dirichlet and Neumann problems differ: In the Dirichlet case,

infy∈(0,L)

∫ L
0 [pr(x , y)]2 dx = 0.



4078 DAVAR KHOSHNEVISAN AND KUNWOO KIM

for n � 0. Therefore, we sum (3.1) over all integers n and apply the Parseval
identity to find that

E
(
‖u(k+1)

t ‖2L2

)
� ‖Ptu0‖2L2 +

2λ2L2
σ

L

∫ t

0

M(t− s)E
(
‖u(k)

s ‖2L2

)
ds;

where M(τ ) :=
∑∞

n=1 e
−2μnτ �

∫∞
0

e−2z2π2τ/L2

dz = L(8πτ )−1/2 for all τ > 0.

Since Pt is non-expansive on L2, the preceding two displays and (2.10) together
yield

E
(
‖u(k+1)

t ‖2L2

)
� ‖u0‖2L2 +

λ2L2
σ√

2π

∫ t

0

S(t− s)E
(
‖u(k)

s ‖2L2

)
ds

� ‖u0‖2L2

k+1∑
j=0

(
λ4L4

σ

2π

)j/2

S∗(j)(t),(3.2)

where the last inequality follows from recursion and the fact that u
(0)
t (x) := u0(x).

Therefore, we may conclude from (2.11) and Fatou’s lemma that

(3.3) |Et(λ)|2 � ‖u0‖2L2

∞∑
j=0

(
λ4L4

σt

2

)j/2
1

Γ((j + 2)/2)
.

If we add the preceding summands over all even integers j � 0, then we obtain
exp{λ4L4

σt/2}. On the other hand, the same sum, once added over all odd integers
j, yields

∞∑
k=0

(
λ4L4

σt

2

)k+(1/2)
1

Γ(k + 3/2)
�

(
λ4L4

σt

2

)1/2

exp

(
λ4L4

σt

2

)
,(3.4)

because Γ(k + 3/2) � k! for all integers k � 0. We add the two bounds, once for
odd and one for even j’s, in order to obtain the upper bound of Theorem 1.1. �

3.2. The upper bound for Theorem 1.2. Just as one does in the Dirichlet case,

the solution to (1.1) for the Neumann Laplacian can be realized as limk→∞ u
(k)
t (x),

where the u(k)s are defined in (2.3) and p now denotes the Neumann kernel. Let
us first record a simple estimate.

Lemma 3.1. There exists a finite C such that, for all s > 0,

(3.5) sup
y∈(0,L)

p2s(y , y) � 2(8πs)−1/2 + C.

Proof. It is easy to see that

(3.6) C := sup
y∈R

sup
s>0

⎡
⎣2 ∞∑

n=1

Γ2s(2nL) +
∑

n∈Z:|nL−y|�L/2

Γ2s(2|nL− y|)

⎤
⎦

is finite. Because there can be at most one choice of n ∈ Z such that |nL−x| < L/2
for each x ∈ [0, L] and Γ2s(0) = (8πs)−1/2, (2.8) implies that p2s(y , y) � 2Γ2s(0)+C
for all s > 0 and every y ∈ (0 , L). This has the desired result. �
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Since
∫ L

0
pt(x , y) dy = 1 and

∫ L

0
[pt−s(x , y)]

2 dx = p2(t−s)(y , y), we square and

integrate (2.1) in order to find that, because ‖Ptu0‖2L2 � ‖u0‖2L2 , we have for all
k � 0 and t > 0,

E
(
‖u(k+1)

t ‖2L2

)
� ‖u0‖2L2 + λ2L2

σ

∫ t

0

ds

∫ L

0

dy p2(t−s)(y , y)E
(
|u(k)

s (y)|2
)

� ‖u0‖2L2 + 2λ2L2
σ

∫ t

0

(
[8π(t− s)]−1/2 + C

)
E
(
‖u(k)

s ‖2L2

)
ds;(3.7)

see Lemma 3.1. Instead of iterating this we use a method of [15] and define, for all
β > 0 and k � 0,

(3.8) M (k)(β) := sup
t�0

[
e−βtE

(
‖u(k)

t ‖2L2

)]
.

We multiply both sides of (3.7) by exp(−βt) and optimize over t � 0 in order to
see that

M (k+1)(β) � ‖u0‖2L2 + 2λ2L2
σM

(k)(β) sup
t�0

∫ t

0

e−β(t−s)
(
[8π(t− s)]−1/2 + C

)
ds

� ‖u0‖2L2 + 2λ2L2
σ

(
[8β]−1/2 + Cβ−1

)
M (k)(β).(3.9)

We apply this with β := λ4L4
σ/(2δ) where δ ∈ (0 , 1) is fixed. In this way we find

that

(3.10) M (k+1)

(
λ4L4

σ

2δ

)
� A+

(
δ1/2 +

4Cδ

λ2L2
σ

)
M (k)

(
λ4L4

σ

2δ

)
.

where A := ‖u0‖2L2 . For all ε > 0, small enough to ensure that δ1/2(1 + ε) < 1,

there exists λ0 > 0 such that the coefficient of M (k)( · · · ) in (3.10) is less than
δ1/2(1 + ε) whenever λ > λ0. Since M (0)(β) = A for all β > 0, it follows that
M (k)(λ4L4

σ/2δ) � A/
(
1− δ1/2(1 + ε)

)
:= B, uniformly for all k � 0 and λ > λ0.

Therefore, Fatou’s lemma shows that for all λ > λ0 and t > 0,

(3.11) |Et(λ)|2 � eλ
4L4

σt/(2δ) lim inf
k→∞

M (k)

(
λ4L4

σ

2δ

)
� B exp

(
λ4L4

σt

2δ

)
.

This implies the upper bound of Theorem 1.2, since δ ∈ (0 , 1) is arbitrary. �

4. A stochastic wave equation

In this section we consider the non-linear stochastic wave equation

(4.1) ∂2
twt(x) = ∂2

xwt(x) + λσ(wt(x))ξ for x ∈ R and t > 0,

subject to non-random initial function w0(x) ≡ 0 and non-random non-negative
initial velocity v0 ∈ L1(R) ∩ L2(R) such that ‖v0‖L2(R) > 0. It is well known
(see Dalang [11] for the general theory, as well as Dalang and Mueller [12], for the
existence of an L2-valued solution) that there exists a unique continuous solution
w to (4.1) that satisfies the moment conditions, supt∈[0,T ] supx∈R E(|wt(x)|k) +
supt∈[0,T ] Et(λ) < ∞, for every k ∈ [2 ,∞) and T > 0.

The main results of this section are the following bounds on the energy Et(λ) :=
{E(‖ut‖2L2(R))}1/2 of the solution to (4.1).



4080 DAVAR KHOSHNEVISAN AND KUNWOO KIM

Theorem 4.1. For every t > 0,

(4.2) �σt/
√
8 � lim inf

λ→∞
λ−1 log Et(λ) � lim sup

λ→∞
λ−1 log Et(λ) � Lσt/

√
8.

Remark 4.2. In the case that σ(x) = θx for some constant θ > 0 (this is the

hyperbolic Anderson model [12]), Theorem 4.1 implies that λ−1 log Et(λ) → θt/
√
8

as λ → ∞. �
Here and throughout, we define H(r) := rmin(1 , r) for all r > 0. The preceding

theorem requires the following elementary real-variable fact.

Lemma 4.3. If g ∈ L1(R) ∩ L2(R) is non-negative and ‖g‖L2(R) > 0, then there
exist positive and finite constants A1 and A2 such that

(4.3) A1H(t) �
∫ t

−t

dz

∫ t

−t

dy (g ∗ g̃) (y − z) � A2H(t),

for all t > 0, where g̃(x) := g(−x) for all x ∈ R.

Proof. Define h := g ∗ g̃ and note that: (i) h � 0; (ii) h ∈ L1(R) ∩ L2(R) with
‖h‖L1(R) = ‖g‖2L1(R) and h(0) = ‖g‖2L2(R). Furthermore, h(x) is maximized at

x = 0, thanks to well-known facts about continuous, positive-definite functions.

Now we put these facts together in order to see that
∫ t

−t
dy

∫ t

−t
dz h(y − z) �

4h(0)t2 ∧ 2t‖h‖L1(R) � const · H(t). This proves the upper bound. On the other

hand,
∫ t

−t
dy

∫ t

−t
dz h(y−z) = (4+o(1))t2h(0) as t ↓ 0 and

∫ t

−t
dy

∫ t

−t
dz h(y−z) =

(2 + o(1))t‖h‖L1(R) as t ↑ ∞. The lower bound follows from these observations,
since h is non-negative. �

Proof of Theorem 4.1. The solution to the stochastic wave equation (4.1) can be
written in mild form as follows:

(4.4) wt(x) =
1
2Wt(x) +

1
2λ

∫
(0,t)×R

1[0,t−s](|x− y|)σ(ws(y)) ξ(ds dy),

where Wt(x) :=
∫ t

−t
v0(x − y) dy. Therefore, the Walsh isometry for stochastic

integrals assures us that

E
(
|wt(x)|2

)
= 1

4 |Wt(x)|2 + 1
4λ

2

∫ t

0

ds

∫ ∞

−∞
dy 1[0,t−s](|x− y|)E

(
|σ(ws(y))|2

)
,

whence by Fubini’s theorem and the fact that |σ(z)| � Lσ|z| for all z ∈ R,

(4.5) |Et(λ)|2 � 1
4‖Wt‖2L2(R) +

1
2λ

2L2
σ

∫ t

0

(t− s) ds

∫ ∞

−∞
dy E

(
|ws(y)|2

)
.

Since ‖Wt‖2L2(R) =
∫ t

−t
dy

∫ t

−t
dz (v0 ∗ ṽ0)(y − z), Lemma 4.3 ensures that

(4.6) |Et(λ)|2 � A2t
2 + 1

2λ
2L2

σ

∫ t

0

(t− s) |Es(λ)|2 ds (t > 0).

Since supt�0[t
2e−βt] = 4(eβ)−2, the preceding implies that, for all β > 0 fixed,

the quantity F(β) := supt�0[e
−βt|Et(λ)|2] solves

F(β) � 4A2(eβ)
−2 + 1

2λ
2L2

σF(β) sup
t�0

∫ t

0

(t− s)e−β(t−s) ds

� 4A2(eβ)
−2 + λ2L2

σF(β)(
√
2β)−2.

(4.7)
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Let us choose and fix an arbitrary δ ∈ (0 , 1) and define β∗ := λLσ/
√
2(1− δ).

Thus, (4.7) implies that F(β∗) � 8A2δ
−1(eλLσ)

−2. This readily yields the upper
bound of the theorem.

First we prove the corresponding lower bound for t ∈ [0 , 1]. The derivation of
(4.6) yields the following bound in the present context:

(4.8) |Et(λ)|2 � A1H(t) + 1
2λ

2�2σ

∫ t

0

(t− s)|Es(λ)|2 ds (t � 0),

thanks to Lemma 4.3. Since H(t) = t2 for t ∈ [0 , 1], we iterate to obtain |Et(λ)|2 �
A1

∑∞
j=0(λ

2�2σ/2)
jJj(t) (0 � t � 1), where J0(t) := t2 and Jj(t) :=

∫ t

0
(t −

s)Jj−1(s) ds for j � 1. By induction, Jj(t) = 2t2j+2/(2j + 2)!. Therefore, it
follows that, as long as 0 < t � 1,

(4.9) |Et(λ)|2 � 2A1

(
λ�σ√
2

)−2 ∞∑
j=1

(
λ�σt√

2

)2j
1

(2j)!
.

Because
∑∞

j=1 r
2j/(2j)! � r−1

∑∞
j=1 r

2j+1/(2j + 1)! for all r > 0 and 0 < t � 1, it
follows that

(4.10) |Et(λ)|2 � A1

(
λ�σt√

2

)−3 ∞∑
j=2

(
λ�σt√

2

)j
1

j!
,

for all λ sufficiently large. This proves the theorem when t � 1.
When t > 1, we appeal to (4.8) in order to see that |Et(λ)|2 � A1H(1) +

1
2λ

2�2σ
∫ t

0
(t− s)|Es(λ)|2 ds. Since H(1) = 1 and

∫ t

0
(t− s) ds = 1

2J0(t), the iteration
and the already-proved part of Theorem 4.1 implies that

(4.11) |Et(λ)|2 � A1

∞∑
j=0

(
λ�σt√

2

)2j
1

(2j)!
� A1

2

(
λ�σ√
2

)−1 ∞∑
j=0

(
λ�σt√

2

)j
1

j!

for all λ sufficiently large. The t > 1 case follows from these.
�

Postscript. Recently, M. Foondun and M. Joseph [14] have proved, among other
results, that the lower energy estimate of Theorem 1.1 is not sharp. That is, they
prove that lim infλ→∞ λ−4 log Et(λ) > 0 for all t > 0.
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[16] Jürgen Gärtner and Wolfgang König, The parabolic Anderson model, Interacting stochastic
systems, Springer, Berlin, 2005, pp. 153–179, DOI 10.1007/3-540-27110-4 8. MR2118574
(2005k:82042)

[17] J. D. Gibbon and E. S. Titi, Cluster formation in complex multi-scale systems, Proc. R. Soc.
Lond. Ser. A Math. Phys. Eng. Sci. 461 (2005), no. 2062, 3089–3097, DOI
10.1098/rspa.2005.1548. MR2172218 (2006d:82080)

[18] Stanley Kaplan, On the growth of solutions of quasi-linear parabolic equations, Comm. Pure
Appl. Math. 16 (1963), 305–330. MR0160044 (28 #3258)

[19] Mehran Kardar, Replica Bethe ansatz studies of two-dimensional interfaces with quenched
random impurities, Nuclear Phys. B 290 (1987), no. 4, 582–602, DOI 10.1016/0550-
3213(87)90203-3. MR922846 (89f:82058)

[20] Kardar, M., G. Parisi, and Y.-C. Zhang (1986). Dynamic scaling of growing interfaces, Phys.
Rev. Lett. 56(9), 889–892.

[21] Khoshnevisan, D. and K. Kim (2013). Non-linear noise excitation of intermittent stochas-
tic PDEs and the topology of LCA groups, Ann. Probab., to appear, preprint available at
http://arxiv.org/pdf/1302.3266.pdf.

[22] Andrew J. Majda, The random uniform shear layer: an explicit example of turbulent diffusion
with broad tail probability distributions, Phys. Fluids A 5 (1993), no. 8, 1963–1970, DOI
10.1063/1.858823. MR1228390 (94d:76041)

[23] Benoit B. Mandelbrot, The fractal geometry of nature, W. H. Freeman and Co., San Francisco,
CA, 1982. Schriftenreihe für den Referenten. [Series for the Referee]. MR665254 (84h:00021)

http://www.ams.org/mathscinet-getitem?mr=1316109
http://www.ams.org/mathscinet-getitem?mr=1316109
http://www.ams.org/mathscinet-getitem?mr=2516340
http://www.ams.org/mathscinet-getitem?mr=2516340
http://www.ams.org/mathscinet-getitem?mr=1185878
http://www.ams.org/mathscinet-getitem?mr=1185878
http://www.ams.org/mathscinet-getitem?mr=2930377
http://www.ams.org/mathscinet-getitem?mr=2288068
http://www.ams.org/mathscinet-getitem?mr=2288068
http://www.ams.org/mathscinet-getitem?mr=2197105
http://www.ams.org/mathscinet-getitem?mr=2197105
http://www.ams.org/mathscinet-getitem?mr=1980378
http://www.ams.org/mathscinet-getitem?mr=1980378
http://www.ams.org/mathscinet-getitem?mr=1684157
http://www.ams.org/mathscinet-getitem?mr=1684157
http://www.ams.org/mathscinet-getitem?mr=1961163
http://www.ams.org/mathscinet-getitem?mr=1961163
http://www.ams.org/mathscinet-getitem?mr=2504175
http://www.ams.org/mathscinet-getitem?mr=2504175
http://arxiv.org/pdf/1402.0084.pdf
http://www.ams.org/mathscinet-getitem?mr=2480553
http://www.ams.org/mathscinet-getitem?mr=2480553
http://www.ams.org/mathscinet-getitem?mr=2118574
http://www.ams.org/mathscinet-getitem?mr=2118574
http://www.ams.org/mathscinet-getitem?mr=2172218
http://www.ams.org/mathscinet-getitem?mr=2172218
http://www.ams.org/mathscinet-getitem?mr=0160044
http://www.ams.org/mathscinet-getitem?mr=0160044
http://www.ams.org/mathscinet-getitem?mr=922846
http://www.ams.org/mathscinet-getitem?mr=922846
http://www.ams.org/mathscinet-getitem?mr=1228390
http://www.ams.org/mathscinet-getitem?mr=1228390
http://www.ams.org/mathscinet-getitem?mr=665254
http://www.ams.org/mathscinet-getitem?mr=665254


NON-LINEAR NOISE EXCITATION AND INTERMITTENCY 4083

[24] Stanislav A. Molchanov, Ideas in the theory of random media, Acta Appl. Math. 22 (1991),
no. 2-3, 139–282, DOI 10.1007/BF00580850. MR1111743 (92m:82067)

[25] John B. Walsh, An introduction to stochastic partial differential equations, École d’été de
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