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(Communicated by Kailash C. Misra)

Abstract. We show that a Jordan-Hölder theorem holds for appropriately
defined composition series of finite dimensional Hopf algebras. This answers
an open question of N. Andruskiewitsch. In the course of our proof we es-
tablish analogues of the Noether isomorphism theorems of group theory for
arbitrary Hopf algebras under certain faithful (co)flatness assumptions. As an
application, we prove an analogue of Zassenhaus’ butterfly lemma for finite
dimensional Hopf algebras. We then use these results to show that a Jordan-
Hölder theorem holds as well for lower and upper composition series, even
though the factors of such series may not be simple as Hopf algebras.

1. Introduction

Let G be a group. Composition series of G, when they exist, provide a tool to
decompose the group G into a collection of simple groups: the composition factors
of the series. Regarding this notion, a basic fundamental result in group theory is
the Jordan-Hölder theorem, which asserts that the composition factors of a group G
are in fact determined by G, independently of the choice of the composition series.

Let k be a field. Hopf algebra extensions play an important role in the classifi-
cation problem of finite dimensional Hopf algebras over k. Indeed, suppose that H
is a finite dimensional Hopf algebra over k and A is a normal Hopf subalgebra, that
is, a Hopf subalgebra stable under the adjoint actions of H. Then the ideal HA+,
generated by the augmentation ideal A+ of A, is a Hopf ideal of H and therefore
B = H/HA+ is a quotient Hopf algebra. In this way, A gives rise canonically to
an exact sequence of Hopf algebras (see Section 2):

k −→ A −→ H −→ B −→ k.

As a consequence of the Nichols-Zoeller freeness theorem [12], any exact sequence
of finite dimensional Hopf algebras is cleft, that is, it admits a convolution invertible
B-colinear and A-linear section B → H. This implies that H can be recovered from
A and B plus some extra cohomological data. More precisely, H is isomorphic as
a Hopf algebra to a bicrossed product A#B with respect to suitable compatible
data. See [15], [3].
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These considerations motivated the question of deciding if an analogue of the
Jordan-Hölder theorem of group theory does hold in the context of finite dimen-
sional Hopf algebras, which was raised by N. Andruskiewitsch in [1, Question 2.1].

In this paper we show that this question has an affirmative answer. The following
definition is proposed in [4]. Recall that a Hopf algebra is called simple if it contains
no proper nontrivial normal Hopf subalgebra.

Definition 1.1. A composition series of H is a sequence of finite dimensional
simple Hopf algebras H1, . . . ,Hn defined recursively as follows:

• If H is simple, we let n = 1 and H1 = H.
• If k � A � H is a normal Hopf subalgebra, and A1, . . . ,Am, B1, . . . , Bl, are

composition series of A and B = H/HA+, respectively, then we let n = m+ l and

Hi = Ai, if 1 ≤ i ≤ m, Hi = Bi−m, if m < i ≤ m+ l.

The Hopf algebras H1, . . . ,Hn will be called the factors of the series. The number
n will be called the length of the series.

Every finite dimensional Hopf algebra admits a composition series. The next
theorem is one of the main results of the paper:

Theorem 1.2 (Jordan-Hölder theorem for finite dimensional Hopf algebras). Let
H1, . . . ,Hn and H′

1, . . . ,H
′
m be two composition series of H. Then there exists a

bijection f : {1, . . . , n} → {1, . . . ,m} such that Hi
∼= H′

f(i) as Hopf algebras.

Theorem 1.2 is proved in Section 4. Its proof relies on appropriate analogues of
the Noether isomorphism theorems of group theory that we establish, more gener-
ally, in the context of arbitrary Hopf algebras under suitable faithful (co)flatness
assumptions (Theorems 3.2, 3.4 and 3.6).

As a consequence of Theorem 1.2 the composition factors and the length of H,
defined, respectively, as the factors and the length of any composition series, are
well-defined invariants of H. By definition, the composition factors of H are simple
Hopf algebras. We prove some basic properties of these invariants, for instance, we
show that they are additive with respect to exact sequences of Hopf algebras, and
compatible with duality.

We also apply the isomorphism theorems to prove an analogue of the Jordan-
Hölder theorem for lower and upper composition series of H; these are lower (re-
spectively, upper) subnormal series which do not admit a proper refinement. See
Definition 5.1 and Theorem 5.9. This allows us to introduce the lower and upper
composition factors ofH and its lower and upper lengths, which are also well-defined
invariants of H. We remark that, in contrast with the case of the composition fac-
tors, the lower or upper composition factors are not necessarily simple as Hopf
algebras (see Example 5.6). This motivates the question of deciding if there is an
intrinsic characterization of the Hopf algebras that can arise as lower composition
factors (see Question 5.7). Our proof of Theorem 5.9 follows the lines of the clas-
sical proof of the Jordan-Hölder theorem in group theory. In particular, we prove
analogues of the Zassenhaus’ butterfly lemma (Theorem 3.10) and the Schreier’s
refinement theorem (Theorem 5.8) for finite dimensional Hopf algebras.

We study some properties of lower and upper composition factors and their re-
lation with the composition factors. Unlike for the case of the length, the lower
and upper lengths are not additive with respect to exact sequences and they are
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not invariant under duality in general. Nevertheless, we show that if the lower (re-
spectively, upper) composition factors are simple Hopf algebras, then they coincide,
up to permutations, with the composition factors (see Proposition 5.4). We dis-
cuss some families of examples that include group algebras and their duals, abelian
extensions and Frobenius-Lusztig kernels.

We point out that neither the composition factors nor the upper or lower com-
position factors of a finite dimensional Hopf algebra H are categorical invariants
of H. In other words, they are not invariant under twisting deformations of H. In
fact, it was shown in [6] that there exists a (semisimple) Hopf algebra such that
H is simple as a Hopf algebra and H is twist equivalent to the group algebra of
a solvable group G. In particular, the categories of finite dimensional representa-
tions of H and G are equivalent fusion categories. Thus not even the length nor
the lower or upper lengths are invariant under twisting deformations. We discuss
series of normal (right) coideal subalgebras, instead of normal Hopf subalgebras, in
Subsection 5.2. These kind of series are of a categorical nature but, as it turns out,
they fail to enjoy a Jordan-Hölder theorem.

The paper is organized as follows. In Section 2 we recall some definitions and
facts related to normality and exact sequences. In Section 3 we prove the iso-
morphism theorems and discuss some consequences, including the butterfly lemma.
Theorem 1.2 is proved in Section 4; several properties and examples of composition
series and its related invariants are also studied in this section. In Section 5 we
study lower and upper composition series and give a proof of Theorem 5.9.

Unless explicitly mentioned, k will denote an arbitrary field. The notation Hom,
⊗, etc., will mean, respectively, Homk, ⊗k, etc.

2. Preliminaries

Let H be a Hopf algebra over k. In this section we recall some facts about
normal Hopf subalgebras, normal Hopf algebra maps, and exact sequences of Hopf
algebras. Our references for these topics are [3], [16], [19].

2.1. Normal Hopf subalgebras. The left and right adjoint actions of H on itself
are defined, respectively, in the form:

h.a = h(1)aS(h(2)), a.h = S(h(1))ah(2), a, h ∈ H.

LetK,L be subspaces ofH. We shall say that L right normalizes K (respectively,
left normalizes K) if K is stable under the right (respectively, left) adjoint action
of L. A subspace K ⊆ H is called left normal (respectively, right normal) if it
is stable under the left adjoint action of H (respectively, under the right adjoint
action of H). K is called normal if it is stable under both adjoint actions.

Suppose K is a Hopf subalgebra of H. If H is left faithfully flat over K, then
K is right normal if and only if K+H ⊆ HK+; if H is right faithfully flat over K,
then K is left normal if and only if HK+ ⊆ K+H [19, Theorem 4.4 (a)].

Remark 2.1. (i) SupposeH has a bijective antipode. IfK ⊆ H is a Hopf subalgebra,
then H is left faithfully flat over K if and only if it is right faithfully flat over K.
In this case the antipode of K is also bijective [19, Proposition 3.3 (b)].

(ii) Suppose that A,B are Hopf subalgebras of H with bijective antipodes (which
is always the case if H is finite dimensional). Then A right normalizes B if and
only if it left normalizes B. If this is the case, then AB = BA. In particular,
if the antipode of H is bijective and K ⊆ H is a Hopf subalgebra with bijective
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antipode, then K is left normal in H if and only if it is right normal in H. When
H is faithfully flat over K, these conditions are also equivalent to HK+ = K+H.

2.2. Normal Hopf algebra maps. The left and right adjoint coactions of H on
itself are defined, respectively, as h �→ h(1)S(h(3))⊗h(2), and h �→ h(2)⊗h(1)S(h(3)),
h ∈ H.

Let π : H → H be a Hopf algebra map. The map π will be called left normal
(respectively, right normal) if the kernel I of π is a subcomodule for the left (re-
spectively, right) adjoint coaction of H, and it will be called normal if it is both
left and right normal.

Let coπH and Hcoπ be the subalgebras of H defined, respectively, by

coπH = {h ∈ H : (π⊗ id)Δ(h) = 1⊗h}, Hcoπ = {h ∈ H : (id⊗π)Δ(h) = h⊗1}.
The subalgebra coπH is always a right normal right coideal subalgebra of H. Sim-
ilarly, Hcoπ is a left normal left coideal subalgebra of H. When the Hopf algebra

map π is clear from the context, we shall also use the notation coHH and HcoH to
indicate the subalgebras coπH and Hcoπ, respectively.

If H is left faithfully coflat over H, then π is right normal if and only if Hco π ⊆
coπH, and if H is right faithfully coflat over H , then π is left normal if and only if
coπH ⊆ Hcoπ. If π : H → H is a left normal Hopf algebra map, then coπH is a
right normal Hopf subalgebra of H. See [19, Section 4].

Remark 2.2. (i) Suppose that the antipode of H is bijective. Then H is left faith-
fully coflat over H if and only if it is right faithfully coflat. In this case, π is left
normal if and only if it is right normal, if and only if Hcoπ = coπH. Moreover, the
antipode of H is also bijective [19, Proposition 3.1 and Corollary 4.5 (b)].

(ii) Suppose H has a bijective antipode. Let K be a normal Hopf subalgebra of
H. It follows from [19, Theorem 3.2] that H is faithfully flat over K if and only if
it is faithfully coflat over H/HK+. If this is the case, then the antipodes of K and
H/HK+ are also bijective.

Remark 2.3. (i) When H is a commutative Hopf algebra, H is faithfully flat over
any Hopf subalgebra [17]. If the coradical ofH is cocommutative, thenH is (left and
right) faithfully coflat over any quotient H-module coalgebra and (left and right)
faithfully flat over any Hopf subalgebra [8]. If H is finite dimensional, the Nichols-
Zoeller theorem [12] implies that H is free over any Hopf subalgebra. Observe that
a Hopf algebra H in any of the above classes has a bijective antipode.

(ii) Every Hopf algebra H is left and right faithfully flat (in fact free) over its
finite dimensional normal Hopf subalgebras and left and right faithfully coflat over
its finite dimensional normal quotient Hopf algebras [16, 2.1].

2.3. Exact sequences of Hopf algebras. An exact sequence of Hopf algebras is
a sequence of Hopf algebra maps

(2.1) k −→ H ′ i−→ H
π−→ H ′′ −→ k,

satisfying the following conditions:

(a) i is injective and π is surjective , (b) kerπ = Hi(H ′)+, (c) i(H ′) = coπH.

Note that either (b) or (c) imply that πi = ε1. If H is faithfully flat over H ′, then
(a) and (b) imply (c). Dually, if H is faithfully coflat over H ′′, then (a) and (c)
imply (b).
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Let K ⊆ H be a normal Hopf subalgebra. Then HK+ = K+H is a Hopf ideal
of H and the canonical map H → H/HK+ is a Hopf algebra map. Hence, if H
is faithfully flat over K, then there is an exact sequence of Hopf algebras k −→
K −→ H −→ H/HK+ −→ k. Similarly, if π : H → H is a normal quotient Hopf
algebra, then coπH = Hcoπ is a Hopf subalgebra and if H is faithfully coflat over
H, there is an exact sequence of Hopf algebras k −→ coπH −→ H −→ H −→ k.

Assume that H is finite dimensional. Then any exact sequence (2.1) is cleft.
In particular, H ∼= H ′ ⊗H ′′ as left H ′-modules and right H ′′-comodules [15], and
therefore dimH = dimH ′ dimH ′′.

Observe that H is simple if and only if it admits no proper normal quotient

Hopf algebra. Furthermore, a sequence of Hopf algebra maps k −→ H ′ i−→ H
π−→

H ′′ −→ k is an exact sequence if and only if k −→ (H ′′)∗
π∗
−→ H∗ i∗−→ (H ′)∗ −→ k

is an exact sequence. Therefore H is simple if and only if H∗ is simple.

Remark 2.4. Let (2.1) be an exact sequence of finite dimensional Hopf algebras.
By cleftness, H is isomorphic to a bicrossed product H ′#H ′′. This implies that H
is semisimple if and only if H ′ and H ′′ are semisimple. Indeed, if H is semisimple,
then every quotient Hopf algebra and every Hopf subalgebra of H are semisimple;
for the converse, we use that H is isomorphic as an algebra to a crossed product
and [5, Theorem 2.6]. Dualizing the exact sequence (2.1) we also get that H is
cosemisimple if and only if H ′ and H ′′ are cosemisimple.

3. Isomorphism theorems for Hopf algebras

In this section we prove analogues of the Noether isomorphism theorems. We
refer the reader to [9], [19], for a detailed exposition on the quotient theory of Hopf
algebras. Our proofs rely on the following result of M. Takeuchi:

Theorem 3.1 ([18, Theorems 1 and 2]). Let H be a Hopf algebra. Let K be a right
coideal subalgebra of H and let π : H → H be a quotient left H-module coalgebra.
Then the following hold:

(i) If H is left faithfully flat over K, then H is left faithfully coflat over H/HK+

and K = coH/HK+

H.
(ii) If H is right faithfully coflat over H, then H is right faithfully flat over coπH

and kerπ = H(coπH)+. �

3.1. First isomorphism theorem. In view of [19, Proposition 1.4 (a)], if K ⊆ H
is a right normal right coideal subalgebra, thenHK+ is a Hopf ideal ofH. Therefore
the quotient H/HK+ is a Hopf algebra and the canonical map πK : H → H/HK+

is a Hopf algebra map. Theorem 3.1 can be regarded as an analogue of the first
isomorphism theorem of group theory:

Theorem 3.2 (First isomorphism theorem for Hopf algebras). Let H be a Hopf
algebra and let π : H → H be a surjective Hopf algebra map. Suppose that H is right
H-faithfully coflat. Then π induces an isomorphism of Hopf algebras H/HK+ ∼= H,
where K = coπH. �

As a consequence of Theorem 3.1 we also obtain:

Corollary 3.3. Let K ⊆ H be a right normal right coideal subalgebra of H and
let π : H → H be a Hopf algebra map. Assume that H is left faithfully flat over K
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and right faithfully coflat over H. Then the following assertions are equivalent.
(i) K ⊆ coπH.
(ii) There is a unique Hopf algebra map π : H/HK+ → H such that π = ππK .

Proof. Assume (i). By Theorem 3.1 (ii), we have that kerπ = H(coπH)+. There-
fore HK+ ⊆ kerπ and there is a unique algebra map π : H/HK+ → H that makes
the diagram in (ii) commute. Since π is a Hopf algebra map, then so is π. Hence

(ii) holds. Conversely, assume (ii). By Theorem 3.1 (i), K = coH/HK+

H. The

relation π = ππK implies K = coH/HK+

H ⊆ coπH. Thus (i) holds. �
3.2. Second isomorphism theorem. A version of the next theorem was shown,
in a finite dimensional context, in [2, (3.3.8)].

Theorem 3.4 (Second isomorphism theorem for Hopf algebras). Let H be a Hopf
algebra and let A,B be Hopf subalgebras of H such that A right normalizes B. Then
the following hold:

(i) The product AB is a Hopf subalgebra of H.
(ii) A(A ∩B)+ is a Hopf ideal of A and AB+ is a Hopf ideal of AB.
(iii) Suppose that AB is left faithfully flat over B and A is right faithfully coflat

over AB/AB+. Then the inclusion A → AB induces canonically an isomorphism
of Hopf algebras A/A(A ∩B)+ ∼= AB/AB+.

Proof. (i). It is clear that AB is a subcoalgebra of H. Since A right normalizes B,
then, for all b ∈ B, a ∈ A, we have ba = a(1)S(a(2))ba(3) ∈ AB. Thus BA ⊆ AB.
Therefore AB is a subalgebra, hence a subbialgebra, of H. In addition, S(AB) =
S(B)S(A) ⊆ BA ⊆ AB. Then AB is a Hopf subalgebra.

(ii). Since A right normalizes B, then A ∩ B is a right normal Hopf subalgebra
of A and B is a right normal Hopf subalgebra of AB. Hence A(A ∩B)+ is a Hopf
ideal of A and AB+ = ABB+ is a Hopf ideal of AB [19, Proposition 1.4 (a)].

(iii). It follows from (ii) that A/A(A ∩B)+ is a quotient Hopf algebra of A and
AB/AB+ is a quotient Hopf algebra of AB. The composition of the inclusion A →
AB with the canonical projection π′ : AB → AB/AB+ induces a Hopf algebra map
π′ : A → AB/AB+. Note that π′ is surjective; indeed, for all a ∈ A, b ∈ B, we have
that π′(ab) = π′(a)π′(b) = π′(a)ε(b) ∈ π′(A). Hence AB/AB+ = π′(AB) = π′(A).

Since AB is left faithfully flat over B, Theorem 3.1 (i) implies that AB is left

faithfully coflat over AB/AB+ and coπ′
(AB) = coAB/AB+

(AB) = B.
By assumption, A is right faithfully coflat over AB/AB+. Then Theorem 3.1 (ii)

implies that A is right faithfully flat over coπ′
A and the kernel of π′ : A → AB/AB+

coincides with A(coπ′
A)+. Note that coπ′

A = A ∩ coπ′
(AB) = A ∩B. From this we

deduce that the kernel of π′ : A → AB/AB+ is A(A ∩ B)+. Hence π′ induces an
isomorphism of Hopf algebras A/A(A ∩B)+ → AB/AB+, as claimed. �
Corollary 3.5. Let A,B be finite dimensional Hopf subalgebras of H such that A
right normalizes B. Then AB is a finite dimensional Hopf subalgebra of H and we
have

dimAB =
dimA dimB

dimA ∩B
.

Proof. By Theorem 3.4 (iii), there is an isomorphism of Hopf algebras
A/A(A ∩B)+ ∼= AB/AB+ (cf. Remark 2.3). This implies the corollary, since

dimA/A(A ∩B)+ =
dimA

dimA ∩B
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and

dimAB/AB+ =
dimAB

dimB
. �

3.3. Third isomorphism theorem. A version of the following theorem was es-
tablished, under certain finiteness conditions, in [2, (3.3.7)]. Recall that if K ⊆ H,
then πK : H → H/HK+ denotes the canonical map.

Theorem 3.6 (Third isomorphism theorem for Hopf algebras). Let A be a right
normal Hopf subalgebra of H and let B be a right normal right coideal subalgebra
of H such that B ⊆ A. Then πB(A) is a right normal Hopf subalgebra of H/HB+

and the following hold:
(i) πA induces an isomorphism of Hopf algebras

H/HB+

(H/HB+)πB(A)+
∼= H/HA+.

(ii) Assume that H is left faithfully flat over B and A is right faithfully coflat
over πB(A). Then πB induces an isomorphism of Hopf algebras A/AB+ ∼= πB(A).

Proof. Since πB is a surjective Hopf algebra map, then πB(A) is a normal Hopf
subalgebra of H/HB+. Since HB+ ⊆ HA+ = kerπA, there exists a unique sur-
jective Hopf algebra map πA : H/HB+ → H/HA+ such that πA = πAπB. Hence
kerπA = πB(kerπA) = πB(HA+) = (H/HB+)πB(A)+. Therefore (i) holds.

Theorem 3.1 (i) implies that coπBH = B, since H is left faithfully flat over
B. Hence coπBA = A ∩ coπBH = B. Therefore, since A is right faithfully coflat
over πB(A), Theorem 3.2 implies that πB induces an isomorphism of Hopf algebras
A/AB+ ∼= πB(A). This proves part (ii) and finishes the proof of the theorem. �

Corollary 3.7. Let B be a normal Hopf subalgebra of H such that H is left faith-
fully flat over B. Assume that the quotient Hopf algebra H/HB+ is simple. Then
for every normal Hopf subalgebra A such that B ⊆ A and H is left faithfully flat
over A, we have A = B or A = H.

Proof. Let πB : H → H/HB+ denote the canonical map. By Theorem 3.1 (i),
coπBH = B, since H is left faithfully flat over B. Since πB(A) is a normal
Hopf subalgebra of H/HB+ and H/HB+ is a simple Hopf algebra by assump-
tion, then πB(A) = k or πB(A) = H/HB+. If πB(A) = k, then πB|A = εA.
Therefore A ⊆ coπBH = B and A = B in this case. Suppose, on the other
hand, that πB(A) = H/HB+. From Theorem 3.6, we obtain that kerπA =
(H/HB+)πB(A)+ = (H/HB+)+. Hence H/HA+ ∼= (H/HB+)/(H/HB+) ∼= k.
Since H is left faithfully flat over A, Theorem 3.1 (i) implies that A = H. �

Example 3.8. Let g be a finite dimensional semisimple complex Lie algebra. Sup-
pose � is an odd integer, relatively prime to 3 if g has a component of type G2,
and let ε be a primitive �-th root of unity in C. Also let U(g) be the universal
enveloping algebra of g over the cyclotomic field k = Q(ε) and let Uε(g) be the
quantum enveloping algebra introduced by Lusztig [7]. Then Uε(g) is a pointed
Hopf algebra over k with bijective antipode.
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Consider the Frobenius homomorphism Fr : Uε(g) → U(g) [7, 8.10, 8.16]. The
Frobenius-Lusztig kernel of Uε(g) is the finite dimensional Hopf subalgebra u =
Uε(g)

coFr of Uε(g). Fr induces a cleft exact sequence of Hopf algebras k −→ u −→
Uε(g)

Fr−→ U(g) −→ k; see [2, Lemma 3.4.1 and Proposition 3.4.4]. In particular,
there is an isomorphism of Hopf algebras Uε(g)/Uε(g)u

+ ∼= U(g).
Suppose g is a simple Lie algebra. Then U(g) is a simple Hopf algebra (this can

be seen as a consequence of the Cartier-Kostant-Milnor-Moore theorem). Corollary
3.7 implies that u ⊆ U(g) is a maximal faithfully flat normal inclusion of Hopf
algebras.

3.4. Summary. The following theorem summarizes the contents of the previous
subsections in the finite dimensional case.

Theorem 3.9. Let H be a finite dimensional Hopf algebra. The following hold:
(i) Let A,B be Hopf subalgebras of H such that A normalizes B. Then B is a

normal Hopf subalgebra of AB, A ∩B is a normal Hopf subalgebra of A and there
is an exact sequence of Hopf algebras k −→ A ∩B −→ A −→ AB/AB+ −→ k.

(ii) Let A be a normal Hopf subalgebra and B a right normal right coideal sub-
algebra of H such that B ⊆ A. Then there exists a unique Hopf algebra map
π : H/HB+ → H/HA+ such that ππB = πA and the map π fits into an exact

sequence of Hopf algebras k −→ A/AB+ −→ H/HB+ π−→ H/HA+ −→ k.

Proof. A finite dimensional Hopf algebra is free over any Hopf subalgebra and over
any right coideal subalgebra [12], [14]. The statement follows from Theorems 3.1,
3.4 and 3.6. �

3.5. Zassenhaus’ butterfly lemma. We assume in this subsection thatH is finite
dimensional. As an application of Theorem 3.6 we obtain the following analogue of
Zassenhaus’ butterfly lemma of group theory:

Theorem 3.10. Let A,B be Hopf subalgebras of H and let A′, B′ be normal Hopf
subalgebras of A and B, respectively. Then the following hold:

(i) A′(A ∩B′) is a normal Hopf subalgebra of A′(A ∩B).
(ii) B′(A′ ∩B) is a normal Hopf subalgebra of B′(A ∩B).
(iii) A′(A ∩B′) ∩A ∩B = (A′ ∩B)(A ∩B′) = B′(A′ ∩B) ∩ A ∩B.
(iv) There is an isomorphism of Hopf algebras

A′(A ∩B)

A′(A ∩B)(A′(A ∩B′))+
∼=

B′(A ∩B)

B′(A ∩B)(B′(A′ ∩B))+
.

Proof. Note that, since A′ is normal in A, then A′(A∩B′) and A′(A∩B) are indeed
Hopf subalgebras of H. Similarly, B′(A′ ∩B) and B′(A∩B) are Hopf subalgebras
of H, because B′ is normal in B. Part (i) follows from the fact that A′(A ∩ B′)
is stable under both adjoint actions of A′ (since A′ ⊆ A′(A ∩ B′)) and also under
both adjoint actions of A ∩ B, because A′ is normal in A and B′ is normal in B.
Part (ii) reduces to (i), interchanging the roles of A and B.

We next prove (iii). It is clear that (A′ ∩B)(A ∩B′) ⊆ A′(A ∩B′) ∩A ∩B. By
Corollary 3.5, we have

(3.1) dim(A′ ∩B)(A ∩B′) =
dimA′ ∩B dimA ∩B′

dimA′ ∩B′ .
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On the other side, using again Corollary 3.5, we compute

dimA′(A ∩B′) ∩ A ∩B =
dimA′(A ∩B′) dimA ∩B

dimA′(A ∩B′)(A ∩B)
=

dimA′(A ∩B′) dimA ∩B

dimA′(A ∩B)

=
dimA′ dimA ∩B′ dimA ∩B

dimA′ ∩B′ dimA′(A ∩B)
=

dimA ∩B′ dimA′ ∩B

dimA′ ∩B′ .

Comparing this formula with (3.1), we find that (A′ ∩B)(A∩B′) and A′(A∩B′)∩
A∩B have the same (finite) dimension, and therefore they are equal. By symmetry,
this also shows that (A′ ∩B)(A ∩B′) = B′(A′ ∩B) ∩ A ∩B. Hence we get (iii).

To prove part (iv) we argue as follows. From Theorem 3.4, we obtain

A′(A ∩B)

A′(A ∩B)(A′(A ∩B′))+
=

A′(A ∩B′)(A ∩B)

A′(A ∩B)(A′(A ∩B′))+

∼=
A ∩B

(A ∩B)(A′(A ∩B′) ∩ A ∩B)+
,

and
B′(A ∩B)

B′(A ∩B)(B′(A′ ∩B))+
=

B′(A′ ∩B)(A ∩B)

B′(A ∩B)(B′(A′ ∩B))+

∼=
A ∩B

(A ∩B)(B′(A′ ∩B) ∩A ∩B)+
.

Then part (iv) follows from (iii). This finishes the proof of the theorem. �

4. Composition series of finite dimensional Hopf algebras

Let H be a finite dimensional Hopf algebra over k. Recall that a composition
series of H is a sequence of finite dimensional simple Hopf algebras H1, . . . ,Hn

defined as H1 = H and n = 1, if H is simple, and n = m + l, Hi = Ai, if
1 ≤ i ≤ m, Hi = Bi−m, if m < i ≤ m + l, whenever k � A � H is a normal
Hopf subalgebra, and A1, . . . ,Am, B1, . . . ,Bl, are composition series of A and
B = H/HA+, respectively. See Definition 1.1.

Lemma 4.1. Every finite dimensional Hopf algebra admits a composition series.

Proof. If H is simple, then H1 = H is a composition series of H. Otherwise, H
contains a normal Hopf subalgebra k � A � H. We have dimA, dimH/HA+ <
dimH, because dimH = dimA dimH/HA+. The lemma follows by induction. �

As an application of the results in Section 3 we are now able to prove the Jordan-
Hölder Theorem 1.2 for finite dimensional Hopf algebras:

Proof of Theorem 1.2. The proof is by induction on the dimension of H. If H is
simple, there is nothing to prove. Assume that H is not simple. Let k � A � H be
a normal Hopf subalgebra, and let A1, . . . ,Am, B1, . . . ,Bl, be composition series
of A and B = H/HA+, respectively.

Suppose that there exists a normal Hopf subalgebra K such that A � K � H.
Let K1, . . . ,Kr, L1, . . . ,Ls, be composition series of K and L = H/HK+, respec-
tively. Then K1, . . . ,Kr,L1, . . . ,Ls is a composition series of H. Let C1, . . . ,Cp

be a composition series of K/KA+. Since dimK < dimH, it follows by induc-
tion that r = m+ p and the sequence K1, . . . ,Kr is a permutation of the sequence
A1, . . . ,Am,C1, . . . ,Cp.

By Theorem 3.6 (iii), there is an exact sequence of Hopf algebras

k −→ K/KA+ −→ H/HA+ −→ H/HK+ −→ k.
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We also have dimH/HA+ < dimH. Hence, by induction, l = p + s and the
sequence B1, . . . ,Bl is a permutation of the sequence C1, . . . ,Cp,L1, . . . ,Ls. In
conclusion, r + s = m+ l and the sequence K1, . . . ,Kr,L1, . . . ,Ls is a permutation
of the sequence A1, . . . ,Am,B1, . . . ,Bl.

Now let k � A′ � H be another normal Hopf subalgebra, and let A′
1, . . . ,A

′
e,

B′
1, . . . ,B

′
d, be composition series of A′ and B′ = H/HA′+, respectively. We

want to show that m + l = e + d and A1, . . . ,Am, B1, . . . ,Bl is a permutation of
A′

1, . . . ,A
′
e, B

′
1, . . . ,B

′
d. We may assume that A 
= A′. Furthermore, the first part

of the proof implies that we may also assume that A and A′ are maximal proper
normal Hopf subalgebras. Since AA′ is a normal Hopf subalgebra of H containing
strictly A and A′, then AA′ = H. In view of Theorem 3.4, A∩A′ is a normal Hopf
subalgebra of A and of A′ and there are isomorphisms H/HA+ ∼= A′/A′(A′ ∩A)+,

H/HA′+ ∼= A/A(A′ ∩A)+.
Let U1, . . . ,Uf be a composition series of A ∩ A′. Since dimA, dimA′ < dimH,

the inductive assumption implies that e = f + l, m = f + d, A′
1, . . . ,A

′
e is a per-

mutation of U1, . . . ,Uf ,B1, . . . ,Bl, and A1, . . . ,Am is a permutation of U1, . . . ,Uf ,
B′

1, . . . ,B
′
d. Hence e + d = m + l and the sequence A′

1, . . . ,A
′
e, B

′
1, . . . ,B

′
d is a

permutation of A1, . . . ,Am, B1, . . . ,Bl, as claimed. This finishes the proof of the
theorem. �

Theorem 1.2 permits us to introduce the following invariants of a finite dimen-
sional Hopf algebra:

Definition 4.2. Let H be a finite dimensional Hopf algebra and let H1, . . . , Hn be
a composition series of H. The simple Hopf algebras Hi, 1 ≤ i ≤ n, will be called
the composition factors of H. The number n will be called the length of H.

Corollary 4.3. Suppose k −→ A −→ H −→ B −→ k is any exact sequence of
Hopf algebras. Then the length of H equals the sum of the lengths of A and B. �
Corollary 4.4. Let H be a finite dimensional Hopf algebra and let H1, . . . , Hn, be
the composition factors of H. Then the composition factors of H∗ are H∗

1, . . . ,H
∗
n.

In particular the length of H∗ coincides with the length of H.

Proof. The proof is by induction on the dimension of H, using the fact that a
sequence k −→ A −→ H −→ B −→ k is exact if and only if the sequence k −→
B∗ −→ H∗ −→ A∗ −→ k is exact. �
Proposition 4.5. Let H be a finite dimensional Hopf algebra. Then H is semisim-
ple (respectively, cosemisimple) if and only if all its composition factors are semisim-
ple (respectively, cosemisimple).

Proof. We shall prove the statement concerning semisimplicity. This implies the
statement for cosemisimplicity, in view of Corollary 4.4. We may assume that H
is not simple. Then there is an exact sequence k −→ A −→ H −→ B −→ k,
where dimA, dimB < dimH. In particular, H is semisimple if and only if A and
B are semisimple (see Remark 2.4). By definition, the composition factors of H
are A1, . . . ,Am, B1, . . . ,Bl, where A1, . . . ,Am are the composition factors of A
and B1, . . . ,Bl are the composition factors of B. The proposition follows by an
inductive argument. �
Example 4.6. Let G be a finite group and letH = kG be the group Hopf algebra of
G. The normal Hopf subalgebras of H are exactly those group algebras kN , where
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N is a normal subgroup of G and kG/kG(kN)+ ∼= k(G/N). Thus the composition
factors of H are exactly the group algebras of the composition factors of G. In view
of Corollary 4.4 the composition factors of the dual group algebra kG are the dual
group algebras of the composition factors of G.

Example 4.7. Let F , Γ be finite groups and let H be an abelian extension of kΓ

by kG, that is, H is a Hopf algebra fitting into an exact sequence k −→ kΓ −→
H −→ kF −→ k (see Example 5.15). Then the composition factors of H are the
group algebras of the composition factors of F and the dual group algebras of the
composition factors of Γ.

As an example, consider the Drinfeld double D(G) of a finite group G; D(G) fits
into an exact sequence k −→ kG −→ D(G) −→ kG −→ k. Therefore if G1, . . . , Gn

are the composition factors of G, then the composition factors of D(G) are the Hopf
algebras kG1 , . . . , kGn , kG1, . . . , kGn. In particular, the length of D(G) is twice the
length of G.

5. Upper and lower composition series

In this section, H will be a finite dimensional Hopf algebra over k. The following
definition extends the notion of subnormal series of a group.

Definition 5.1. A lower subnormal series of H is a series of Hopf subalgebras

(5.1) k = Hn ⊆ Hn−1 ⊆ · · · ⊆ H1 ⊆ H0 = H,

with Hi+1 normal in Hi, for all i. The factors of the series (5.1) are the quotient
Hopf algebras Hi = Hi/HiH

+
i+1, i = 0, . . . , n− 1.

An upper subnormal series of H is a series of surjective Hopf algebra maps

(5.2) H = H(0) → H(1) → · · · → H(n) = k,

such that H(i+1) is a normal quotient Hopf algebra of H(i), for all i = 0, . . . , n− 1.

The factors of (5.2) are the Hopf algebrasHi =
coH(i+1)H(i) ⊆ H(i), i = 0, . . . , n−1.

Lower and upper subnormal series were introduced in [11, Section 3] under the
names normal lower and upper series, respectively.

Definition 5.2. A refinement of (5.1) is a lower subnormal series

(5.3) k = H ′
m ⊆ H ′

m−1 ⊆ · · · ⊆ H ′
1 ⊆ H ′

0 = H,

such that for all 0 < i < n, there exists 0 < Ni < m, with N1 < N2 < · · · < Nm,
and Hi = H ′

Ni
. If (5.3) is a refinement of (5.1) and it does not coincide with (5.1),

we shall say that it is a proper refinement.
Two lower subnormal series k = Hn ⊆ Hn−1 ⊆ · · · ⊆ H1 ⊆ H0 = H and

k = H ′
m ⊆ H ′

m−1 ⊆ · · · ⊆ H ′
1 ⊆ H ′

0 = H will be called equivalent if there exists
a bijection f : {0, . . . , n} → {0, . . . ,m} such that the corresponding factors are

isomorphic as Hopf algebras, that is, such that Hi/HiH
+
i+1

∼= H ′
f(i)/H

′
f(i)H

′
f(i)+1

+.

A lower composition series of H is a strictly decreasing lower subnormal series
which does not admit a proper refinement. In other words, a lower normal series
(5.1) is a composition series if and only if Hi is a maximal normal Hopf subalgebra
of Hi−1, for all i = 1, . . . , n.

Upper composition series can be defined similarly. It is clear that every finite
dimensional Hopf algebra H admits lower and upper composition series.
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Remark 5.3. It follows from [11, Theorem 3.2] that lower subnormal series of H
with factors Hi, i = 0, . . . , n− 1, correspond to upper subnormal series of H∗ with
factors H∗

i
∼= (Hi)

∗, i = 0, . . . , n − 1. Similarly, upper subnormal series of H
with factors Hi, i = 0, . . . , n− 1, correspond to lower subnormal series of H∗ with
factors H∗

i
∼= H∗

i , i = 0, . . . , n − 1. In particular, upper composition series of H
with factors Hi correspond to lower composition series of H∗ with factors H∗

i .

Proposition 5.4. Let H be a finite dimensional Hopf algebra. Then a lower (re-
spectively, upper) subnormal series of H such that all of its factors are simple Hopf
algebras is a lower (respectively, upper) composition series. The factors of such
series coincide, up to permutations, with the composition factors of H.

Proof. Suppose (5.1) is a lower subnormal series with simple factors. By Corollary
3.7, (5.1) is a lower composition series. Let Hi, i = 0, . . . , n − 1, be the lower
composition factors of H. Observe that Hi, i ≥ 1, are the lower composition factors
of H1, and we may assume inductively that they coincide with its composition
factors. SinceH1 is normal inH andH0 = H/HH+

1 is simple, then the composition
factors of H are, up to permutations, H0 and Hi, i = 1, . . . , n− 1, as claimed. �

Example 5.5. Assume H is a cocommutative Hopf algebra. Then every quo-
tient Hopf algebra of H is normal. Suppose B is a normal Hopf subalgebra and
H/HB+ → Q is a proper quotient Hopf algebra. Then coQH is a normal Hopf
subalgebra of H such that B ⊆ coQH and coQH 
= H. This shows that the con-
verse of Corollary 3.7 is true in this case. Hence a lower subnormal series of H is a
lower composition series if and only if all its factors are simple Hopf algebras. By
Proposition 5.4 the composition factors of H coincide with its lower composition
factors. In particular, if H is the group algebra of a finite group G, then the lower
composition factors of H are the group algebras of the composition factors of G.

The next example shows that the converse of Proposition 5.4 is not true.

Example 5.6. Let G be a finite group and let kG be the commutative Hopf algebra
of k-valued functions on G. The Hopf subalgebras of kG are of the form kG/S , where
S is a normal subgroup of G, and every Hopf subalgebra is normal.

A lower composition series of kG corresponds to a principal series (or chief
series) of G, that is, a strictly increasing series of subgroups S0 = {e} ⊆ S1 ⊆ · · · ⊆
Sn−1 ⊆ Sn = G, where Si is a normal subgroup of G, 0 ≤ i ≤ n − 1, and there
exists no normal subgroup S of G such that Si � S � Si+1 (see [13, Section 1.3]).

Recall that a characteristic subgroup of a group G is a subgroup stable under
the action of the automorphism group of G. The factors of a principal series (called
the principal or chief factors of G) are characteristically simple groups, that is,
they contain no proper characteristic subgroup. It is a known fact that a finite
group is characteristically simple if and only if it is isomorphic to a direct product
of isomorphic simple groups (see for instance [13, 3.3.15]). In particular, the lower
composition factors of kG are not necessarily simple Hopf algebras.

The fact that a lower composition series can have factors which are not simple
motivates the following question:

Question 5.7. Can a lower (or upper) composition series of a finite dimensional
Hopf algebra be recognized by the structure of its factors?
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5.1. Jordan-Hölder theorem. In this subsection we focus our discussion on lower
composition series. We point out that, by duality, analogous results hold for upper
composition series. See Remark 5.3.

Theorem 5.8 (Schreier’s refinement theorem). Let H be a finite dimensional Hopf
algebra. Then any two lower subnormal series of H admit equivalent refinements.

Proof. Let (A), (B) be two lower subnormal series of H, where

(A) : k = An ⊆ An−1 ⊆ · · · ⊆ A0 = H, (B) : k = Bm ⊆ Bm−1 ⊆ · · · ⊆ B0 = H,

n,m ≥ 1. For every 0 ≤ i ≤ n − 1, 0 ≤ j ≤ m, let Ai,j = Ai+1(Bj ∩ Ai). By
Theorem 3.10 (i), Ai,j is a normal Hopf subalgebra of Ai,j−1, for all j = 1, . . . ,m.
In addition, Ai,0 = Ai, for all i = 0, . . . , n−1, and Ai+1 is a normal Hopf subalgebra
of Ai,j , for all i = 0, . . . , n− 1, j = 0, . . . ,m. Hence we obtain a refinement of (A):

k ⊆ An−1,m−1 ⊆ An−1,m−2 ⊆ · · · ⊆ An−1,0 = An−1 ⊆ An−2,m−1 ⊆ · · · ⊆ An−2,0

= An−2 ⊆ · · · ⊆ A1,m−1 ⊆ · · · ⊆ A1,0 = A1 ⊆ A0,m−1 ⊆ · · · ⊆ A0,0 = H.

Similarly, let Bj,i = Bj+1(Ai ∩ Bj), for all 0 ≤ j ≤ m− 1, 0 ≤ i ≤ n. Then Bj,i+1

is a normal Hopf subalgebra of Bj,i, and we obtain a refinement of (B):
k ⊆ Bn−1,m−1 ⊆ Bn−1,m−2 ⊆ · · · ⊆ Bn−1,0 = Bn−1 ⊆ Bn−2,m−1 ⊆ · · · ⊆ Bn−2,0

= Bn−2 ⊆ · · · ⊆ B1,m−1 ⊆ · · · ⊆ B1,0 = B1 ⊆ B0,m−1 ⊆ · · · ⊆ B0,0 = H.

There is a bijection between the set of indices in these new subnormal series, induced
by the map (i, j) → (j, i), 0 ≤ i ≤ n− 1, 0 ≤ j ≤ m− 1. Note that Ai,0 = Ai−1,m

and Bj,0 = Bj−1,m, i, j ≥ 1. The corresponding factors are, respectively

Ai,j

Ai,jA
+
i,j+1

=
Ai+1(Bj ∩Ai)

Ai+1(Bj ∩ Ai)(Ai+1(Bj+1 ∩ Ai))+
, and

Bj,i

Bj,iB
+
j,i+1

=
Bj+1(Ai ∩Bj)

Bj+1(Ai ∩Bj)(Bj+1(Ai+1 ∩Bj))+
.

It follows from Theorem 3.10 (iv) that the corresponding factors are isomorphic.
Therefore the series (A) and (B) are equivalent. �

Since a lower composition series of H admits no proper refinement, we obtain:

Theorem 5.9 (Jordan-Hölder theorem for lower subnormal series). Any two lower
composition series of a finite dimensional Hopf algebra H are equivalent. �

Theorem 5.9 allows us to introduce the following invariants of a finite dimensional
Hopf algebra H.

Definition 5.10. Let H be a finite dimensional Hopf algebra and let k = Hn ⊆
Hn−1 ⊆ · · · ⊆ H1 ⊆ H0 = H be a lower composition series of H. The factors of
the series will be called the lower composition factors of H. The number n will be
called the lower length of H.

Upper composition factors and upper length can be defined similarly.

Remark 5.11. Examples 5.5 and 5.6 show that the lower lengths of a Hopf algebra
and its dual may be different. Compare with Corollary 4.4.

Proposition 5.12. Let m be the length of H and let n, u be its lower and upper
lengths, respectively. Then n ≤ m and u ≤ m.
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Note that all three lengths coincide if all lower (or upper) factors are simple Hopf
algebras. See Proposition 5.4.

Proof. We shall prove the inequality for the lower length. This implies the inequal-
ity for the upper length in view of Corollary 4.4 and Remark 5.3. The proof is by
induction on the dimension of H. If dimH = 1, there is nothing to prove. Suppose
that dimH > 1 and let k = Hn ⊆ · · · ⊆ H1 ⊆ H0 = H be a lower composition series
of H. Then H1 is a normal Hopf subalgebra and H0 = H/HH1

+ is a composition
factor of H. It follows from Corollary 4.3 that the length m of H equals m1 +m′

1,
where m′

1 ≥ 1 is the length of H0. Observe that k = Hn ⊆ · · · ⊆ H1 is a lower
composition series of H1, hence the lower length of H1 equals n− 1. The inductive
assumption implies that n− 1 ≤ m1. Then m = m1 +m′

1 ≥ n− 1 +m′
1 ≥ n. �

Example 5.13. Keep the notation in Example 3.8. Suppose g is a simple Lie alge-
bra of rank n. Let A = (aij)i,j be the Cartan matrix of g and let D = (d1, . . . , dn)
be a diagonal matrix with relatively prime entries such that DA = AD.

Let j ∼= kZ
(n)
2 be the central Hopf subalgebra of u considered in [2, p. 27]. Let us

denote u = u/uj+. Suppose that � and the determinant of the matrix (diaij)ij are
relatively prime (which is always the case if g is not of type A). Then u is a simple

Hopf algebra [2, Appendix]. Then k ⊆ kZ2 ⊆ · · · ⊆ kZ
(n−1)
2 ⊆ j ⊆ u is a lower

composition series of u with factors kZ2 (with multiplicity n) and u. Since all lower
composition factors are simple Hopf algebras, then these are also the composition
factors of u. Hence, in this case, the length of u is n + 1 and it coincides with its
lower and upper lengths.

Remark 5.14. Let (5.1) be a lower subnormal series of H with factors Hi. Then Hi

is isomorphic as a Hopf algebra to a bicrossed product Hi
∼= Hi+1#Hi. Therefore

H = H0 can be obtained from Hn−1 = Hn−1 through an iterated sequence of bi-
crossed products by the factors of the series: H ∼= ((. . . (Hn−1#Hn−2)# . . . )#H0).
In view of Remark 2.4, we get that H is semisimple (respectively, cosemisimple) if
and only if all its lower composition factors are semisimple (respectively, cosemisim-
ple). Compare with Proposition 4.5.

Example 5.15. Let Γ and F be finite groups. Consider an abelian exact sequence

(5.4) k −→ kΓ −→ H −→ kF −→ k.

It is known that (5.4) gives rise to mutual actions by permutations � : Γ× F → Γ
and � : Γ×F → F that make (F,Γ) into a matched pair of groups. Moreover, there
exist invertible normalized 2-cocycles σ : F × F → kΓ and τ : Γ × Γ → kF , which
are compatible in an appropriate sense, such that H ∼= kΓτ#σkF is a bicrossed
product. See [10].

For every s ∈ Γ, let eg ∈ kΓ be defined by es(t) = δs,t, t ∈ Γ. Then (es#x)s∈Γ,x∈F

is a basis of kΓτ#σkF and, in this basis, the multiplication, comultiplication and
antipode of H are given, respectively, by the formulas

(eg#x)(eh#y) = δg�x,h σg(x, y)eg#xy, Δ(eg#x) =
∑

st=g

τx(s, t) es#(t�x)⊗et#x,

S(eg#x) = σ(g�x)−1((g � x)−1, g � x)−1 τx(g
−1, g)−1 e(g�x)−1#(g � x)−1,

for all g, h ∈ Γ, x, y ∈ F , where σg(x, y) = σ(x, y)(g) and τx(g, h) = τ (g, h)(x).
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Furthermore, the exact sequence (5.4) is equivalent to the sequence k −→ kΓ
i−→

kΓ τ#σkF
π−→ kF −→ k, where i(eg) = eg ⊗ 1, g ∈ Γ, and π = ε⊗ id.

A subnormal series {e} = Fm ⊆ · · · ⊆ F0 = F of F will be called a Γ-subnormal
series if every term Fi is a Γ-stable subgroup of F . By a Γ-composition series of F
we shall understand a Γ-subnormal series which does not admit a proper refinement
consisting of Γ-stable subgroups.

Proposition 5.16. Let {e} = Γn ⊆ · · · ⊆ Γ0 = Γ be a principal series of Γ and let
{e} = Fm ⊆ · · · ⊆ F0 = F be a Γ-composition series of F . Then

(5.5) k ⊆ kΓ/Γ1 ⊆ · · · ⊆ kΓ ⊆ kΓτ#σkFm−1 ⊆ · · · ⊆ kΓτ#σkF1 ⊆ H

is a lower composition series of H.

Proof. Since the subgroups Fi are Γ-stable, then (Γ, Fi) is a matched pair by re-
striction and kΓτ#σkFi can be identified with a Hopf subalgebra of H. More-
over, since Fi is normal in Fi−1, then kΓτ#σkFi is a normal Hopf subalgebra of
kΓτ#σkFi−1, for all i = 1, . . . ,m. It was already observed (Example 5.6) that
kΓ/Γi is a maximal normal Hopf subalgebra of kΓ/Γi+1 , for all i = 0, . . . , n − 1.
Let 1 ≤ i ≤ m, and suppose that L is a normal Hopf subalgebra of kΓτ#σkFi−1

such that kΓτ#σkFi � L ⊆ kΓτ#σkFi−1. Under the canonical projection π =

ε ⊗ id : H → kF , we have π(L) ⊆ π(kΓτ#σkFi−1) = kFi−1. Let F̃ be a subgroup

of Fi−1 such that π(L) = kF̃ . Then dimL = dimLcoπ dimπ(L) = |Γ||F̃ |. Since

L is normal in kΓτ#σkFi−1 and kΓ ⊆ L, then F̃ is a Γ-stable normal subgroup

of Fi−1. Notice that kFi = π(kΓτ#σkFi) ⊆ kF̃ , hence Fi ⊆ F̃ and Fi 
= F̃ , be-

cause |Γ||F̃ | = dimL > dim kΓτ#σkFi = |Γ||Fi|. By maximality of the series (Fi)i,

we get F̃ = Fi−1. As before, this implies that dimL = dim kΓτ#σkFi−1 and then
L = kΓτ#σkFi−1. This shows that k

Γτ#σkFi is a maximal normal Hopf subalgebra
of kΓτ#σkFi−1. Then (5.5) is a lower composition series of H, as claimed. �

Remark 5.17. Recall that the length of a finite dimensional Hopf algebra is additive
with respect to exact sequences; see Corollary 4.3. In contrast with this situation,
Proposition 5.16 provides nontrivial examples of exact sequences of Hopf algebras
k −→ H ′ −→ H −→ H ′′ −→ k, such that the lower length of H is different from
the sum of the lower lengths of H ′ and H ′′. Moreover, a lower composition factor
of H needs not be a lower composition factor of H ′ or of H ′′.

Example 5.18. Suppose that (5.4) is a cocentral exact sequence (equivalently, that
the action � : Γ× F → F is trivial). Then a Γ-composition series of F is the same
as a composition series of F . Hence the lower composition factors of H are the
principal factors of Γ and the composition factors of F .

An example of a cocentral abelian extension is given by the Drinfeld double
D(G) (see Example 4.7). As a Hopf algebra, D(G) is a bicrossed product D(G) =
kG#kG, with respect to the trivial action � : G × G → G and the adjoint action
� : G × G → G, where σ = 1, τ = 1. Therefore the lower composition factors
of D(G) are the dual group algebras of the principal factors of G and the group
algebras of the composition factors of G. In particular, the lower length of D(G)
equals the sum of the principal length and the length of G. On the other hand,
the dual Hopf algebra D(G)∗ is a bicrossed product kG#kG, with respect to the
adjoint action � : G×G → G and the trivial action � : G×G → G. In this case,
a G-composition series of G is the same as a normal series of G. Hence the upper
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composition factors of D(G) are the dual group algebras and the group algebras of
the principal factors of G; see Remark 5.3. In particular, if G is any finite group
whose composition length is different from its principal length, then D(G) provides
an example of a Hopf algebra for which the lower length, the upper length and the
length are pairwise distinct.

5.2. On lower composition series of normal right coideal subalgebras. Let
H be a finite dimensional Hopf algebra over k. The underlying algebra of H is an
algebra in the category YDH

H of Yetter-Drinfeld modules over H with respect to the
right adjoint action and the right coaction given by the comultiplication. We shall
use the notation H to indicate this structure. Observe that the subalgebras of H in
YDH

H are exactly the right normal right coideal subalgebras of H. By [14] H is free
over its coideal subalgebras. Hence, by [19, Theorem 3.2], the maps K �→ H/HK+,

H �→coH H, determine inverse bijections between the following two sets:

(a) Right normal right coideal subalgebras K ⊆ H.
(b) Quotient Hopf algebras H → H .

Since every tensor subcategory of RepH is of the form RepH, for some quotient
Hopf algebra H, it follows that the map A �→ RepH/HA+ determines an anti-iso-
morphism between the following lattices:

(a’) Yetter-Drinfeld subalgebras A of H.
(b’) Tensor subcategories of RepH.

Let us consider a maximal series of algebras in YDH
H (i.e., normal right coideal

subalgebras of H): k = An ⊆ An−1 ⊆ · · · ⊆ A1 ⊆ A0 = H. This corresponds to
a maximal series of tensor subcategories vectk = RepH/HA+

0 ⊆ RepH/HA+
1 ⊆

· · · ⊆ RepH/HA+
n = RepH. The following example shows that these series fail to

admit a Jordan-Hölder theorem.

Example 5.19. Let G be a finite group and consider the Hopf algebra H = kG.
Every right coideal subalgebra of kG is of the form kH\G, where H is a subgroup
of G and H\G = {Hg : g ∈ G} is the space of right cosets of G modulo H. Then a
maximal series of right coideal subalgebras corresponds to a maximal series of (not
necessarily normal) subgroups {e} = G0 � G1 � · · · � Gn = G.

Take for instance G = A5. Then the following are maximal series of subgroups:
{e} � 〈(123)〉 � 〈(123), (12)(45)〉 � A5, and {e} � 〈(12)(34)〉 � 〈(12)(34), (14)(23)〉
� 〈(123), (12)(34)〉 � A5. In the first case, we have 〈(123), (12)(45)〉 ∼= S3, while
in the second case, 〈(123), (12)(34)〉 ∼= A4 and 〈(12)(34), (14)(23)〉 ∼= Z2 × Z2. We
observe in this example that not even the length of a maximal series of normal right
coideal subalgebras is a well-defined invariant of H.
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E-mail address: natale@famaf.unc.edu.ar
URL: http://www.famaf.unc.edu.ar/∼natale

http://www.ams.org/mathscinet-getitem?mr=1907185
http://www.ams.org/mathscinet-getitem?mr=1907185
http://www.ams.org/mathscinet-getitem?mr=1382474
http://www.ams.org/mathscinet-getitem?mr=1382474
http://www.ams.org/mathscinet-getitem?mr=1334152
http://www.ams.org/mathscinet-getitem?mr=1334152
http://www.ams.org/mathscinet-getitem?mr=983327
http://www.ams.org/mathscinet-getitem?mr=983327
http://www.ams.org/mathscinet-getitem?mr=2357466
http://www.ams.org/mathscinet-getitem?mr=2357466
http://www.ams.org/mathscinet-getitem?mr=1066560
http://www.ams.org/mathscinet-getitem?mr=1066560
http://www.ams.org/mathscinet-getitem?mr=1140616
http://www.ams.org/mathscinet-getitem?mr=1140616
http://www.ams.org/mathscinet-getitem?mr=1289423
http://www.ams.org/mathscinet-getitem?mr=1289423
http://www.ams.org/mathscinet-getitem?mr=1913439
http://www.ams.org/mathscinet-getitem?mr=1913439
http://www.ams.org/mathscinet-getitem?mr=1631261
http://www.ams.org/mathscinet-getitem?mr=1631261
http://www.ams.org/mathscinet-getitem?mr=987762
http://www.ams.org/mathscinet-getitem?mr=987762
http://www.ams.org/mathscinet-getitem?mr=2286047
http://www.ams.org/mathscinet-getitem?mr=2286047
http://www.ams.org/mathscinet-getitem?mr=1194305
http://www.ams.org/mathscinet-getitem?mr=1194305
http://www.ams.org/mathscinet-getitem?mr=1228767
http://www.ams.org/mathscinet-getitem?mr=1228767
http://www.ams.org/mathscinet-getitem?mr=0321963
http://www.ams.org/mathscinet-getitem?mr=0321963
http://www.ams.org/mathscinet-getitem?mr=549940
http://www.ams.org/mathscinet-getitem?mr=549940
http://www.ams.org/mathscinet-getitem?mr=1271619
http://www.ams.org/mathscinet-getitem?mr=1271619

	1. Introduction
	2. Preliminaries
	2.1. Normal Hopf subalgebras
	2.2. Normal Hopf algebra maps
	2.3. Exact sequences of Hopf algebras

	3. Isomorphism theorems for Hopf algebras
	3.1. First isomorphism theorem
	3.2. Second isomorphism theorem
	3.3. Third isomorphism theorem
	3.4. Summary
	3.5. Zassenhaus’ butterfly lemma

	4. Composition series of finite dimensional Hopf algebras
	5. Upper and lower composition series
	5.1. Jordan-Hölder theorem
	5.2. On lower composition series of normal right coideal subalgebras

	Acknowledgements
	References

