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ON THE SIZE OF THE POLYNOMIALS ORTHONORMAL
ON THE UNIT CIRCLE WITH RESPECT TO A MEASURE
WHICH IS A SUM OF THE LEBESGUE MEASURE
AND P POINT MASSES

S. DENISOV

(Communicated by Alexander Iosevich)

ABSTRACT. For the measures on the unit circle that are equal to the sum of
Lebesgue measure and p point masses, we give an estimate on the size of the
corresponding orthonormal polynomials. As a simple corollary of the method,
we obtain a bound for some exponential polynomials.

1. INTRODUCTION

Let 6 € (0,1). Define S5 to be the class of the probability measures o on the
unit circle that satisfy the following condition:

a'(0) > 6/(2m)

for a.e. 6 € [—m, 7). We denote the n-th orthonormal polynomial by ¢, (z,0) and
n-th monic orthogonal polynomial by ®,,(z,0). The problem of Steklov consists
in estimating the size of ¢,, for ¢ € Ss. The sharp bounds for ||y~ Were
obtained in [I]. The following variational problem played an important role in the
proof. Consider

(1) M, 5 = sup [|¢n(z,0) L) -

og€Ss

In [1], the following estimate was established:
Mn,g ~ C(é)\/ﬁ

for fixed §. Moreover, it was proved that a maximizer exists and that every o* €
arg max |¢n(2,0)| Lo (1) can be written as
oESs

N
(2) ot = o/ (2m) + S mo(0 - 6,),

j=1
where N < n, du = df is the Lebesgue measure, m; >0, and 0 < ¢; < ... <0y <
2m. No further information on ¢* was obtained and that motivated us to study the
following variational problem.
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Given large n and integer p : p < n/2, we consider the set of probability measures

Psy = {o = ou/(2m) + ) m;o(0 - 6,)}

j=1
and define .
Mrp = max [[én(z, )|z -

Theorem 1.1. For every k > 1.5, we have
Mn,p < 0(6; ’i) min{an,p\/l_)a p}a Un,p = log”(n/p) :
Remark. Notice that p < o, p/p for p < p(n, ) and

2Kk
p(n, k) ~ (logn) .
Corollary 1.1. If N is the number of point masses in ([2), then N ~ n.

The proof of the theorem is given in the next section. It contains several auxiliary
variational problems. In the third section, we write the dual formulation for one of
them and obtain a slight improvement of the estimate for exponential polynomials
discovered recently by Kés [9] and Erdélyi [6]. The last section contains a discussion
about the sharpness of the obtained estimate.

2. PROOF OF THE MAIN THEOREM

Theorem [Tl Notice that o € Ps, implies (see [I5], formula (2.3.1))
[T =1 =5
j=0
by the Szegd sum rule. In this formula, {7;} denote the parameters of recursion.

Since
1/2
n—1

O =¢n | [J(1=11%) :
j=0
we have .
M, p ~ C(8) max (| ®n(2,0)| LTy,
o€Ps p

and we can consider instead the variational problem for ®,,.
Recall the following characterization of the monic orthogonal polynomials:

D, (z,0) = argmm/ |z +an12" 4+ —|—a1z+a0’2do,
which immediately follows from the orthogonality condition. If o € P, , then

min/’z”+an_1z"_1+...+alz—|—a0‘2da
{a;} JT

= min/ ‘1 — (an,lz 4. 4am 4+ aoz") ’2 do
{a;}
n—1

_5—|—m1n 5Z|a]|2+2mz|1—zl62n ED]

7=0 =1
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where
i0
in E a;z 7 z = e,

Therefore, if ®,(z,0) = 2" + Qn_l(z, o) and o € Ps,,, then

1Qn-1(z, )3 < [Qu-1(2)[I3 + 07> mull = 21Qn—1(2)]?

1=1
for every @,,—1 and so, by Cauchy-Schwarz,

190 (2, 0) ey S 1+ 1Qn1(2,0) [ Foe(ry < 1+ 1)1 Qu-1(2,0) 3

<1+ n)|Qu-1(2)]3 +ns~! Zmlll — 2Qn—1 ()|

=1
for every Qn_1.
Since ¢ € (0,1) is fixed, it is left to show that

1Qnll3 + Zml|1 — 21Qn(21) )

Dn,p ax
(3) {z1}, {ml},zle'ﬂ' m;>0,||lm;|1=1 Qn Py

< €n,ps €n,p = mln{en ,p? n,p}

with €, , =paj ,/n, €, = p®/n. That would follow immediately from

2
my|l — 2Qn(21)] < €,
(arho{mn} o1 T om0, |1 =1 ||anz<c\/—enp (Z | " e

with some C. If

Ii(n) = min (Z my|l — len(zl)|2> ,

deg Qn<n,[|Qull2<CVE, ,, \ (=5

Iy(n) = min <Z my|l — Qn+1(zl)|2> ,

deg Qni1<n+1,||Qni1l2<Cy/Enp =1

then Iy(n) < I;(n). Moreover, if Iy(n) is reached on ag + ... + a,+12"T1, then
|ao| < CVfe,, , and
P

I(n) = Zml|1 —ao—z(a1 + ...+ an12)?
=1

P
1 2
> Zml(—|ao|2 + 5’1 — zi(ay —l—...+an+1zl")‘ )

=1

~

Il(n) .
2

12
> —C%,p + 5 Zml|1 —zi(ar + ...+ ap12))? > —C?e,p +
=1
Since €y, ~ €p41,p, We only need to show that there is some constant C' so that:
1. If p < p, then

(4) min (Z my|l — Qn(2)| ) e”’p

”Qn”2<c np

for any choice of {z;}, {m;}.
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2. If p> p, then

P
(5) min mill — Qn(2))? | S 6;1,
HQ'!L”?SC\/ G:L,p ; :

for any choice of {2}, {my}.
For the first case, we will show that

p
6 ' 1= Qu(z)]* | =0.
o I\Qn\lfglgl\/% (;ml Q (Zl)|>

This will follow from the analysis of a different minimization problem. Consider
(7) Enyp

We need to prove that

= m' .
Qn:Qn(zl):lBVl:LM’p HQnHQ

E,,<C,/€e

n,p*
In [I0], the following generalization of the Haldsz result [8] was obtained. It was
shown that

o\ D)
7Tm:deg7"7ngm§171n110)=177"m(1)=0 ||7TmHLOC (T) - (2(m + 1)) '

Therefore, taking the product of p polynomials of degree m = n/p (we can assume
without loss of generality that p divides n) with zeroes at {z;},1 = 1,...,p, we
construct P,,deg P, =n, such that P,(z;) =0,1=1,...,p, P,(0) =1, and

—(p+n)
mp
Pl poeimy < " .
1o llzoe ey < [COS<2(n+p))]

Letting Q,, =1 — P,, we get

and
1Qnll3 :27_2/R6Pnd9+/|Pn|2d9=/|Pn|2d6‘—277

by the Mean Value Theorem for harmonic functions. Thus,

9 ) —2(p+n)
1Qnllz <27 <|:COS (m>} _ 1)
and

s < ( ( oo (2| - )) o

Notice that our construction does not guarantee that this estimate is sharp.
If n = oo and p = o(y/n), then
2 ~D° ~ 3
(9) W,SCE, C>mn’/2,

~

for n > no(C) and (@) is proved.
We are left to consider p > p and prove (@]). Recall the following simple lemma
attributed to Havin.
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Lemma 2.1. Let measurable E C T and 0 < 7 < 1. Then, there is a function
f € H®(D) such that
(10) If(z) =1 <7, 2€E; |flla=m <2
and
1 2oy S 1EI(1+ [log7]?).
Proof. Take ¢ = xg(0) and define

F(e) =1~ exp((6(6) + i(0)) log 7).,

where (E is the harmonic conjugate. Since ® = ¢ + zq~5 defines the function analytic
in D, f is the boundary value of the function analytic in . The estimates (I0]) are
satisfied by construction. Then,

IfI<1+71, z€E,

and B N
[fl= 11— e8] S min{L, [log7| - [¢]}, ¢ € E.
Therefore,
115 S [E + [og 7*lI6]15 = [E|(1 + [ log 7|?)
since [|¢]l> = [|]l2. O

(Had we tried to find the analytic function, not a polynomial, that would give an

estimate (), we would have taken E' = U?Zl[ﬂj —1/n,0;+1/n] and 7 = B, ,/p/n.
Then, taking f from the lemma above, we have

2
p 2 p n p
17185 2 (110 (/o)) S 2 (102 ) = 2,2 =
if we let 5, , = log(n/p). This would have allowed us to take  in the formulation
of Theorem [[ Tl equal to 1. However, we need to produce a polynomial of order ~ n

and for this purpose we will need to modify the construction a bit.)
Take E = U§:1 I; where I; = [0; —p, 0+ p], and g > 1/n will be adjusted later.
Taking 7 = ay, py/P/n, we use the lemma to construct f which satisfies

p
1713 S pu(1 + [log ) S a2 s |1 - f(2) < 7, 2 € B,

n,p?

- ( n)Q(Kl)
nwsn log — .
b

We make the following choice:

n 2(k—1)
p=n"1 <1og —) .
b

The function f € H?(D) and we take Q,, = f x F,, , where F,, is defined as follows.
Given arbitrary v € (0, 1), consider an even function g(z) such that g(w), its Fourier
transform, is supported on (—1,1) and (see, e.g., [14])

g0 =1, lg(x) Se", y<1.

provided that
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Let g, (z) = ng(nz) and define
Fnl(z) =Y gn(z — 2jm).
JEL
For this 2m-periodic function, we have f;"n(l) = g(I/n) by the Poisson summation
formula and so @, is a polynomial of degree at most n. Let us show now that it
satisfies the bounds similar to those that hold for f. We trivially have ||Qyl2 S || f]l2

and it is left to check that |Q,(z;) — 1| <7, j=1,...,p.
Notice that

|Fn(z)| S nZe‘"””_Z”W <Sne™™ +ne” BN 2l < 1.
J
From the lemma, we get

f(2) <2, z€T,
and
(11) |f(z) =1 <7, z€E.
First, notice that
FEEs

Second, since [, F,,(0)df = 1, one can write

[, - 01610 -1 = | [ (565 - 0) - 05 0108

/ 15,(6)[d6
[0]>p

The last integral is bounded by C7 due to (1)) and the choice of E. The first term
in ([I2)) is bounded by

ne ™ —I—/ e=¢de < em ) (np)t
np

= = (os(/p)* "7 (1o (1 Jp)) 2D < O = C\/Elog“ (ﬁ) :
n p

provided that 2(k — 1)y = 1 and C' is large. Since = can be chosen as an arbitrary
number smaller than 1, we have x > 1.5. O

SlIFali 1, 2€T.

_|_

(12) <

/w< F0(0)] - 1(F(0; — 0) — 1)[dB

Remark. One can repeat the argument used for the comparison of I; and I to
show that

/ /
Dn,P ~ n+1,p» Dn,p

p
— X min <|Qn”§+zml|1_Qn(Zl)|2> :

= ma:
{zi} {mui}, 21 €T,m; >0,||mi]1 =1 Qn =1

(13)

The following formula attributed to Geronimus [7] needs to be mentioned.

Lemma 2.2 (Geronimus, [7]). Consider o = (1 — t)o + td(0) where t € (0,1).
Then,
®,(1,0)Kn-1(1,2,0)

14 B, (2,0,) = Op(2,0) —t .
( ) (Z Ut) (Z J) 1 —t—f—tKn_l(l,l,O')
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When p = 1, this lemma gives an explicit formula whose analysis confirms the
estimate we obtained above. However, if p is large, its recursive application is
complicated. Instead, the application of Theorem [[I] to this formula gives the
following corollary.

Lemma 2.3. Ifo € P5, and p <n/2, then

d)n(Zl;U)anl(ZlaZ%J) .
su < min{« .
zl,zder 14+ Kn_i(z1,21,0) |~ {ans PP}

In the case when p < n and {z;} C {1'/"}, Rakhmanov [I3] wrote the exact
formula for ®,,(z,0) which implies

H(bn(zv U) ||L°°(T) 5 10g n
for an arbitrary distribution of masses and this bound is saturated for some {m;}
and {z;}.

3. THE DUAL PROBLEM AND SOME INEQUALITIES
FOR EXPONENTIAL POLYNOMIALS

Let us start with the following standard lemma from linear algebra.

Lemma 3.1. Suppose p < n and a linear A : C* — CP is surjective. Given
fixzed v € CP, consider the following variational problem: minas—, ||t||2. Then, the
minimizer t* (pseudo-inverse) is unique and

|{z, v)]
t*|2 = sup .
|| || 2ECP, A* 2£0 HA*xHQ

Proof. We can assume that v # 0. Since C" = kerA @ ranA*, any solution to
At = v can be written as t = t* 4+ £ where £ is arbitrary in ker A and t* € ranA*.
The Pythagorean theorem then implies that t* is the pseudo-inverse. If t* = A*n,
then
AA*p =
gives
[#[15 = (AA*n,m) = (v,n).
Dividing by [|A*n]|2, we have

. |(n, v)| |(z, v)]
tlo =777 < sup A IyA
170 = Ty = el oo T4l
On the other hand,
[z, o) _ [(&, A)] _ [(A, 9] 11
[A=allz (A2l [A*zl2 —

by Cauchy-Schwarz. O

For given points {0;},7 =1,...,p, take A as follows:

n+1
A:t={t}eC! {Ztlewﬂ'(l_l)} €Cr.
=1 j=1

=1,...,p

For E,, ,, defined in (7)), we can write

By, =27 [t"]3,
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where v = (1,...,1). The inequality (8) and the previous lemma give
2 2

P 2
Z:vj < %—sz ijewjl .
j=1

n
1=0 |j=1

Now, given A\; < ... < A, define the exponential polynomial
p .
T(z) = ije”‘jz.
j=1

We get

2 n
TO)F < 3+ o),
1=0
where §; = \;/n and n is large enough for {6;} € T. If, for fixed p and {\;}, we
take n — oo, then
2
™
ITOF < Il 7210,
thanks to (@)). Thus, we have

Lemma 3.2. If My < ... < A, are arbitrary p real numbers and T(z) =
Soh_ et then

p
T(0)] < ?HTHIP[OJ] :

Many interesting estimates for the exponential sums and its derivatives were
recently obtained in [6l9] (see also [2HAIILT2]). Our estimate has a better constant
/2 if compared to the bounds in [6,[9]. We believe that the duality argument can
be used to replace 7/2 by the optimal constant 1 after the analysis of orthogonal
polynomials for measures with Fisher-Hartwig singularities [5].

4. SHARPNESS OF SOME RESULTS

We do not know whether the estimates obtained in Theorem [[I] are sharp.
However, we can discuss other results mentioned in the proofs above.

First, notice that the lemma by Havin is essentially sharp. Indeed, suppose we
can find f € H>°(D) such that

[l <e n-fisve o oer j~e
Take P =1 — f2. We have
P(0) = (2m)~* / Pdf =14 O(e).
By the subharmonicity of log |P(z)|, we Zet

O(e) = log | P(0)] < (27r)_1/Tlog P(0)|d0 = Jy + Ja,

Ji— (27T)-1/T1og+ \P(0)[d6, Jo — (27T)-1/T1og* P(0)[d0.

Since logt 2 < & — 1,2 > 1, we have by the triangle inequality

h5/’<u—ﬂ—nws/ fPd6 < c.
|P|>1

|P|>1
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For Js,
Jo < /log_ |1 — £%|df ~ |I|loge ~ eloge,
I
and this gives a contradiction as € — 0.

Lemma 4.1. Consider p < n/2 and spread p points {6;},7 = 1,...,p, evenly on
the whole interval [—m, w]. Assume that T is a trigonometric polynomial, such that

degT =mn, [T(;)|~1, j=1,....,p

1Tl > \/E .
n

Proof. The proof is by contradiction. Assume that
T3 < ep/n,

where € is small. Let I; be an interval centered at 6; of length 27 /p (so [—m, 7] =
Uj—1 I; and {I;} are disjoint). We have

Then,

P
Z/ IT|?df < ep/n.
=171
Therefore, there is a subset S C {1,...,p} so that
|S| > p/2,Vjes: / |T|d6 < 2¢/n.
I;
Consider j € S and assume without loss of generality that T'(¢;) = 1. We have

/ |T2d6 < 2¢/n.
I
Therefore, by a simple contradiction argument, there is a point 67 € I; such that
IT(07)] < 1/2 and

|9j - g;l S 86/?1.

Then, the Cauchy-Schwarz inequality yields
1/2
<16, — 012 (/, |T’|2d6‘>

0
/ T'(0)do
0;
/ |T'|2d6 > 39¢
Summing over S gives

S
T'12d6 > T'2d9 ”'
[rran= S [ ras 572

jES

1/2 <[T(0;) = T(67)] =

and

On the other hand, for every trigonometric polynomial of degree n, we have
2 20172
Iz < 7|1 T3

which gives
P < epm .
64e = P

That leads to a contradiction for € < 1/8. 0
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The last lemma implies that
D, , > C(8)p/n.
Open problem. Can one improve a,, in Theorem [T

In the regime when p is fixed and n — oo, we can show that the multiple p? in
the estimate
Dnyp S p2/ n
is sharp.

Lemma 4.2. Given any fived p, we have
(anp) ~p%  n>n(p).

Proof. We only need to prove one direction. We assume the opposite. By (3], this
can be written as

lim inf (nD;L’p) <A(p), A(p)=o(p®), p— oo

n—oo

Take m; = 1/p. The points {#;} will be chosen later. By our assumption, there is
a subsequence {n} such that there exists a polynomial @,, satisfying the properties

Sl @uz)P < P22 g, < o2
j=1

for n > 7(p). Denote §; =1 — Q,(2),j =1,...,p, and fix them. Then, we have
A
min 7 ll3 <CM.
degrp<n,ryp(zj)=1+9; n

Then, applying the dual formulation, we get the inequality
2 2

p n p
E .Z‘j(l—éj) _C% E J?jeejl .
=1 0 |j=1

1=

Now, let 6, = A\;/n where Ay < ... < A, are arbitrary. Fix {x;} and {\;} and send
n — 0o. Since lim,_, d; =0 for each j =1,...,p, we get

P
IT(0)]* < C’A(p)||T||2L2[O71], forevery T'(z) = szeim_
j=1

However, it was proved in [6] (see also the remark after Theorem 7.71.1 in [16])

that
T(0
sp LOL S o
deg T<p ||THL2[O,1]
and this gives a contradiction for large p. O
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