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Abstract. We introduce a “qualitative property” for Bott-Chern cohomology
of complex non-Kähler manifolds, which is motivated in view of the study
of the algebraic structure of Bott-Chern cohomology. We prove that such
a property characterizes the validity of the ∂∂-Lemma. This follows from a
quantitative study of Bott-Chern cohomology. In this context, we also prove
a new bound on the dimension of the Bott-Chern cohomology in terms of
the Hodge numbers. We also give a generalization of this upper bound, with
applications to symplectic cohomologies.

Introduction

In this note, we investigate quantitative properties of the Bott-Chern and Aeppli
cohomologies (namely, relations between their dimensions in terms of the Betti and
Hodge numbers) towards the study of their qualitative properties (namely, their
algebraic structure). See also [3], where the results have been announced.

Recall that the Bott-Chern [9] and Aeppli cohomologies [1] are important tools
for the study of the cohomological properties of compact complex (possibly non-
Kähler) manifolds. They yield, in a sense, a bridge between the de Rham cohomol-
ogy — a topological invariant — and the Dolbeault cohomology — a holomorphic
invariant. In this sense, it is expected that they could provide both a deeper under-
standing of the holomorphic structure, and natural tools in investigating geometric
aspects; see, e.g., [18, 19, 22].

The inequality à la Frölicher for the Bott-Chern cohomology in [6] provides a
lower bound on the dimensions of the Bott-Chern cohomology groups in terms of
the Betti numbers. Furthermore, it is proven that this lower bound is reached if
and only if the complex manifold satisfies the ∂∂-Lemma, namely, there is a natural
isomorphism between the Bott-Chern and the Aeppli cohomologies. Our first result
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is an upper bound for the Bott-Chern cohomology in terms of the Hodge numbers.
Note that the result is essentially algebraic. At least from the purely algebraic point
of view, an upper bound in terms of the Betti numbers is not expected in general.

Theorem 2.1 and Remark 2.2. Let X be a compact complex manifold of complex
dimension n. Then, for any k ∈ Z,∑
p+q=k

dimC Hp,q
A (X)

≤ min{k + 1, (2n− k) + 1} ·

⎛
⎝ ∑

p+q=k

dimC Hp,q

∂
(X) +

∑
p+q=k+1

dimC Hp,q

∂
(X)

⎞
⎠

≤ (n+ 1) ·

⎛
⎝ ∑

p+q=k

dimC Hp,q

∂
(X) +

∑
p+q=k+1

dimC Hp,q

∂
(X)

⎞
⎠ ,

and∑
p+q=k

dimCHp,q
BC(X)

≤ min{k + 1, (2n− k) + 1} ·

⎛
⎝ ∑

p+q=k

dimCHp,q

∂
(X) +

∑
p+q=k−1

dimC Hp,q

∂
(X)

⎞
⎠

≤ (n+ 1) ·

⎛
⎝ ∑

p+q=k

dimC Hp,q

∂
(X) +

∑
p+q=k−1

dimC Hp,q

∂
(X)

⎞
⎠ .

We then get that the difference
∑

p+q=k (dimC Hp,q
BC(X)− dimC Hp,q

A (X)) is
bounded from both above and below by the Hodge numbers. The second result
that we prove is a characterization of the ∂∂-Lemma in terms of this quantity.

Theorem 3.1. A compact complex manifold X satisfies the ∂∂-Lemma if and only
if, for any k ∈ Z, there holds∑

p+q=k

(dimC Hp,q
BC(X)− dimC Hp,q

A (X)) = 0 .

By the Schweitzer duality between the Bott-Chern cohomology and the Aeppli
cohomology [19, §2.c], the above condition can be written just in terms of the
Bott-Chern cohomology as follows: for any k ∈ Z, there holds∑

p+q=k

dimC Hp,q
BC(X) =

∑
p+q=2n−k

dimC Hp,q
BC(X) ;

compare it with the Poincaré duality and the Serre duality.
Note that the analogue of the Poincaré and Serre dualities in the context of

Bott-Chern cohomology is the Schweitzer duality between Bott-Chern and Aeppli
cohomologies; see [19]. Namely, the Hermitian duality does not preserve the Bott-
Chern cohomology, in general. With the aim of studying the algebraic structure
of the Bott-Chern cohomology induced from the space of forms, we introduce a
property, to which we refer to as qualitative Kodaira-Spencer-Schweitzer property,
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(compare [15, 19], where the Bott-Chern Laplacian is introduced and studied). It
requires that the natural pairing

H•,•
BC(X)×H•,•

BC(X) → C , ([α], [β]) �→
∫
X

α ∧ β,

induced by the wedge product and by the pairing with the fundamental class of X is
non-degenerate. This was initially motivated by attempting to understand an ana-
logue of the Sullivan theory of formality in the context of Bott-Chern cohomology
(see also [8, 21] for other attempts in this direction).

As a straightforward consequence of the quantitative characterization in Theo-
rem 3.1, the qualitative Kodaira-Spencer-Schweitzer property turns out to charac-
terize the ∂∂-Lemma.

Theorem 5.2. Let X be a compact complex manifold. Then X satisfies the qualita-
tive Kodaira-Spencer-Schweitzer property if and only if X satisfies the ∂∂-Lemma.

We can interpret this qualitative property in view of “formality” (in a wider
sense) with respect to the duality structure and to the Bott-Chern cohomology
functor. In this context, Bott-Chern cohomology reveals itself as an invariant strong
enough to force natural isomorphisms; compare also [6, Theorem B].

Finally, we state a similar upper bound for a more general class of double com-
plexes in Theorem 6.1. This allows one to get results about the symplectic coho-
mologies introduced and studied by L.-S. Tseng and S.-T. Yau [23, 24].

Theorem 6.2. Let X be a compact differentiable manifold of dimension 2n en-
dowed with a symplectic structure ω. Then, for any k ∈ Z/2Z,∑

h=kmod 2

dimR Hh
d+dΛ(X) ≤ 2(2n+ 1) ·

∑
h∈Z

dimR Hh
dR(X;R) ,

and ∑
h=kmod 2

dimR Hh
ddΛ(X) ≤ 2(2n+ 1) ·

∑
h∈Z

dimR Hh
dR(X;R) .

1. Preliminaries and notation

Let X be a compact complex manifold. We recall that the Bott-Chern cohomol-
ogy [9] is defined as

H•,•
BC(X) =

ker ∂ ∩ ker ∂

im ∂∂
,

and the Aeppli cohomology [1] is defined as

H•,•
A (X) =

ker ∂∂

im ∂ + im ∂
.

The same definitions can be stated, more generally, for a double complex
(
B•,•, ∂, ∂

)
of vector spaces.

In [19], see also [15], Hodge theory for the Bott-Chern and Aeppli cohomologies
is developed. In particular, it follows that the Bott-Chern and Aeppli cohomology
groups of compact complex manifolds are finite-dimensional vector spaces. More-
over, when a Hermitian metric is fixed on X, the C-linear Hodge-∗-operator induces
an (unnatural) isomorphism between the Bott-Chern cohomology and the Aeppli
cohomology.
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The identity induces natural maps of (bi-)graded vector spaces between the Bott-
Chern, Dolbeault, de Rham, and Aeppli cohomologies:

H•,•
BC(X)

�������
���

���
�

����
���

���
��

H•,•
∂ (X)

����
���

���
��

H•
dR(X;C)

��

H•,•
∂

(X)

�����
���

���
�

H•,•
A (X) .

By definition, a compact complex manifold satisfies the ∂∂-Lemma if the natural
map H•,•

BC(X) → H•,•
A (X) is injective. This is equivalent to any of the above maps

being an isomorphism; see [12, Lemma 5.15].
We recall two results concerning a comparison of the dimensions of the above

cohomologies. The first one is the classical Frölicher inequality, [13, Theorem 2]. It
states that there is a spectral sequence of the form

H•,•
∂

(X) ⇒ H•
dR(X;C) ,

whence the inequality, for any k ∈ Z,∑
p+q=k

dimC Hp,q

∂
(X)− bk ≥ 0 ,

where bk denotes the k-th Betti number of X. (Sometimes, for clearness of notation,
we will shorten, e.g., hk

A :=
∑

p+q=k dimC Hp,q
A (X).)

In [6], an inequality à la Frölicher for the Bott-Chern cohomology is studied.
It provides a lower bound for the dimension of the Bott-Chern and Aeppli coho-
mologies in terms of the Betti numbers, and it yields also a characterization of the
∂∂-Lemma.

Theorem 1.1 ([6, Theorem A, Theorem B]). Let X be a compact complex manifold.
Then, for any k ∈ Z,

Δk(X) :=
∑

p+q=k

(dimC Hp,q
BC(X) + dimC Hp,q

A (X))− 2 bk ≥ 0 .

Moreover, X satisfies the ∂∂-Lemma if and only if, for any k ∈ Z, there holds
Δk(X) = 0.

See [7] for a generalization to double complexes, with applications to compact
symplectic manifolds.

2. An upper bound on the dimension of Bott-Chern cohomology

for compact complex manifolds

The result in [6] provides a lower bound for the dimension of the Bott-Chern
cohomology in terms of the Betti numbers; furthermore, it characterizes the ∂∂-
Lemma. In this section, we prove an upper bound for the dimension of the Bott-
Chern cohomology in terms of the Hodge numbers. Note that a topological upper
bound cannot be expected, in general.

The result we prove is the following.
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Theorem 2.1. Let X be a compact complex manifold of complex dimension n.
Then, for any k ∈ Z,

∑
p+q=k

dimC Hp,q
A (X) ≤ (n+1)·

⎛
⎝ ∑

p+q=k

dimC Hp,q

∂
(X) +

∑
p+q=k+1

dimCHp,q

∂
(X)

⎞
⎠ .

Remark 2.2. In fact, the constant n + 1 in the statement can be replaced by
min{k + 1, (2n− k) + 1}: for any k ∈ Z,

∑
p+q=k

dimC Hp,q
A (X)

(2.1)

≤ min{k + 1, (2n− k) + 1} ·

⎛
⎝ ∑

p+q=k

dimC Hp,q

∂
(X) +

∑
p+q=k+1

dimC Hp,q

∂
(X)

⎞
⎠ .

Moreover, by using the Schweitzer duality [19, §2.c] and the Serre duality, we get
an analogue inequality for the Bott-Chern cohomology: for any k ∈ Z,∑
p+q=k

dimCHp,q
BC(X)

≤ min{k + 1, (2n− k) + 1} ·

⎛
⎝ ∑

p+q=k

dimCHp,q

∂
(X) +

∑
p+q=k−1

dimC Hp,q

∂
(X)

⎞
⎠

≤ (n+ 1) ·

⎛
⎝ ∑

p+q=k

dimC Hp,q

∂
(X) +

∑
p+q=k−1

dimC Hp,q

∂
(X)

⎞
⎠ .

Proof (of Theorem 2.1). Let 0 �= [αp,q] ∈ Hp,q
A (X) with p + q = k. In particular,

∂∂αp,q = 0, and αp,q is neither ∂-exact nor ∂-exact (in fact, it does not belong to
im ∂ + im ∂). We distinguish four possible cases.

(1) It holds ∂αp,q = ∂αp,q = 0. Then, by setting α1 := αp,q and α2 := αp,q, we
get two non-trivial (conjugate-)Dolbeault classes 0 �= [α1] ∈ Hp,q

∂
(X) and

0 �= [α2] ∈ Hp,q
∂ (X).

(2) It holds ∂αp,q = 0 and ∂αp,q �= 0. By setting α2 := αp,q, we get a non-trivial
conjugate-Dolbeault class 0 �= [α2] ∈ Hp,q

∂ (X). Consider now γp,q+1 :=

∂αp,q. Notice that ∂γp,q+1 = ∂∂αp,q = 0. We distinguish two cases.
(a) The form γp,q+1 is not ∂-exact. In this case, set α1 := γp,q+1, get-

ting a non-trivial class in conjugate-Dolbeault cohomology 0 �= [α1] ∈
Hp,q+1

∂ (X).
(b) The form γp,q+1 is ∂-exact. Let αp−1,q+1 be such that γp,q+1 =

∂αp−1,q+1. (See Figure 1.) Notice that, without loss of general-

ity, we may assume 0 �= [αp−1,q+1] ∈ Hp−1,q+1
A (X). Indeed, first

notice that ∂∂αp−1,q+1 = −∂γp,q+1 = −∂∂αp,q = 0. Moreover,
αp−1,q+1 is not ∂-exact, otherwise γp,q+1 = ∂αp−1,q+1 is zero. Fi-
nally, if αp−1,q+1 is ∂-exact, let us say αp−1,q+1 = ∂βp−1,q, then, up to
consider [αp,q] = [αp,q + ∂βp−1,q] ∈ Hp,q

A (X), we are in case (1), since
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p− 1 p

q

q + 1

αp,q

γp,q+1
αp−1,q+1

Figure 1. Case (2.b) in the Proof of Theorem 2.1.

∂(αp,q + ∂βp−1,q) = ∂(αp,q + ∂βp−1,q) = 0. Moreover, if αp−1,q+1 =
∂λp−2,q+1 + ∂μp−1,q, then, up to consider [αp−1,q+1] = [αp−1,q+1 −
∂λp−2,q+1] ∈ Hp−1,q+1

A (X) we still have ∂
(
αp−1,q+1 − ∂λp−2,q+1

)
=

∂αp−1,q+1 = γp,q+1 but now αp−1,q+1−∂λp−2,q+1 is ∂-exact so we are
in case (1) as noticed above.
Now, we still distinguish two cases. If ∂αp−1,q+1 = 0, then set α1 :=
αp−1,q+1 and consider 0 �= [α1]∈Hp−1,q+1

∂
(X). Otherwise, let γp−1,q+2

:= ∂αp−1,q+1, and go on again with the two cases (2.a) and (2.b).
Note that this process allows one to find a non-trivial class, either in
Dolbeault cohomology at total degree k or in conjugate-Dolbeault coho-
mology at total degree k + 1, in a finite number of steps. This num-
ber is at most the length of the anti-diagonal zigzag at degree k, namely,
min{k + 1, (2n− k) + 1}.

(3) There holds ∂αp,q �= 0 and ∂αp,q = 0. This case is analogous to the case
(2), by symmetry.

(4) There holds ∂αp,q �= 0 and ∂αp,q �= 0. Set γp,q+1 := ∂αp,q, and proceed as
in (2), distinguishing between cases (2.a) and (2.b) to get a non-trivial class
either in Dolbeault cohomology at total degree k or in conjugate-Dolbeault
cohomology at total degree k + 1. Consider then γp+1,q := ∂αp,q , and
proceed as in (3), by symmetry, distinguishing between two cases to get a
non-trivial class either in conjugate-Dolbeault cohomology at total degree
k or in Dolbeault cohomology at total degree k + 1.

Summarizing, we have that any of the classes given by [αp+j,q−j ] ∈ Hp+j,q−j
A (X),

which are at most min{k + 1, (2n− k) + 1} many, yields two non-trivial classes in
either Dolbeault or conjugate-Dolbeault, either at degree k or at degree k + 1.
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In other words, consider the space of zigzags, namely,

Z :=

⎧⎨
⎩
{[
αp+j+δ,q−j

]}
j∈Z,δ∈{0,1} ∈

⊕
j∈Z

(
Hp+j,q−j

A (X)⊕Hp+j+1,q−j
BC (X)

)⎫⎬
⎭ ,

where αp+j,q−j and αp+j+1,q−j := γp+j+1,q−j are constructed as above and ex-
tended with 0. Note that we can choose a basis B for this linear space with the
property that its elements have linear-independent ends (that is, the first and last
non-zero classes, [α1] and [α2] respectively) in the sum of Dolbeault and conjugate-
Dolbeault cohomologies.

At the end, we get

hk
A ≤ min{k + 1, (2n− k) + 1} ·

(
hk
∂
+ hk+1

∂

)

≤ (n+ 1) ·
(
hk
∂
+ hk+1

∂

)
,

proving the statement. �

3. A quantitative characterization of the ∂∂-Lemma

As a consequence of Theorem 2.1 and by [6, Theorem A], we get the following
bounds: for any k ∈ Z,

2hk
∂

≤ hk
A + hk

BC ≤ (n+ 1) ·
(
hk−1

∂
+ 2hk

∂
+ hk+1

∂

)
,

−2(n+ 1) ·
(
hk−1

∂
+ hk

∂

)
≤ hk

A − hk
BC ≤ 2(n+ 1) ·

(
hk
∂
+ hk+1

∂

)
.

By [6, Theorem B], the quantity hk
BC + hk

A yields a characterization of the ∂∂-

Lemma. In this section, we provide a characterization of the ∂∂-Lemma in terms
of the quantity hk

BC − hk
A.

We prove the following result.

Theorem 3.1. A compact complex manifold X satisfies the ∂∂-Lemma if and only
if, for any k ∈ Z, there holds

∑
p+q=k

(dimC Hp,q
BC(X)− dimC Hp,q

A (X)) = 0 .

Proof. The “only if” part being trivial, we need just to prove that the numerical
equality hk

BC = hk
A for any k ∈ Z yields the ∂∂-Lemma.

Consider the J. Varouchas [25] exact sequences. We recall the following defini-
tions:

A•,• :=
im ∂ ∩ im ∂

im ∂∂
, B•,• :=

ker ∂ ∩ im ∂

im ∂∂
, C•,• :=

ker ∂∂

ker ∂ + im ∂
,

D•,• :=
im ∂ ∩ ker ∂

im ∂∂
, E•,• :=

ker ∂∂

ker ∂ + im ∂
, F •,• :=

ker ∂∂

ker ∂ + ker ∂
.
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Then, by [25, Section 3.1], one has that the following sequences of finite-dimensional
vector spaces are exact:

0 → A•,• → B•,• → H•,•
∂

(X) → H•,•
A (X) → C•,• → 0 ,

0 → D•,• → H•,•
BC(X) → H•,•

∂
(X) → E•,• → F •,• → 0 .

We denote by small romanic letters, ap,q := dimCAp,q, . . . , fp,q := dimC F p,q, the
dimensions of the corresponding groups. Moreover, we denote ak :=

∑
p+q=k a

p,q,

. . . , fk :=
∑

p+q=k f
p,q . By conjugation and by the isomorphisms ∂ : E•,• �→ B•+1,•

and ∂ : C•,• �→ D•,•+1, we have, in particular,

dk = bk , ek = ck , ck = bk+1 .

From the exact sequences above, for any k ∈ Z, we have

hk
BC − hk

A = dk − ek + fk − ck + bk − ak

= 2bk − 2ck + fk − ak

= 2bk − 2bk+1 + fk − ak .

By the hypothesis that the left-hand side is zero, we get

2bk+1 = 2bk + fk − ak ,

whence (note that b0 = 0)

bk+1 =
1

2

k∑
�=0

(
f � − a�

)
.

We argue now by induction on k ∈ N to prove that ak = 0 and bk = 0. This
is enough to prove that X satisfies the ∂∂-Lemma: indeed, also ck = bk+1 = 0
for any k ∈ Z; whence we get that H•,•

∂
(X) → H•,•

A (X) is an isomorphism; and

therefore, by [12, Lemma 5.15], we get the thesis. For k = 0, we have 0 ≤ a1 ≤ b1 ≤
1
2

(
f0 − a0

)
= 0. We suppose by induction that a� = 0 = b� for any � ∈ {0, . . . , k}.

By the exactness of E•,• → F •,• → 0, we have f � ≤ e� = c� = b�+1 for any
� ∈ Z. In particular, also f � = 0 for any � ∈ {0, . . . , k − 1}. We then have

0 ≤ ak+1 ≤ bk+1 = 1
2

∑k
�=0

(
f � − a�

)
= 1

2f
k ≤ 1

2b
k+1 whence also ak+1 = bk+1 = 0,

proving the claim. �

4. Examples

In Table 1, we summarize, for k ∈ Z, the quantities

Sk := min{k + 1, (2n− k) + 1} ·
(
hk
∂
+ hk+1

∂

)
− hk

A ∈ N

and
Nk := hk

A − hk
BC ∈ Z

on some explicit examples. We also report the quantity

Δk := hk
A + hk

BC − 2bk ∈ N .

More precisely, we consider the Iwasawa manifold and its small deformations, for
which the Bott-Chern cohomology is computed in [2, 19], some compact complex
surfaces using the results in [4], and the Nakamura manifolds of completely-solvable,
respectively holomorphically-parallelizable type, and some small deformations of it,
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as studied in [5]. In fact, for suitable compact quotients of nilpotent or solvable
Lie groups, the Bott-Chern cohomology can be computed by restricting to a finite-
dimensional sub-complex of the complex of forms. Similar results can be obtained
for small deformations.

Remark 4.1. In particular, notice that the value of Sk may be zero: so the inequality
in (2.1) is sharp.

Table 1. The degrees Sk, Nk, and Δk on some non-Kähler examples.

manifold S1 N1 Δ1 S2 N2 Δ2 S3 N3 Δ3 S4 N4 Δ4 S5 N5 Δ5

Inoue SM 0 2 0 2 0 2 4 −2 0 − − − − − −
primary Kodaira 10 2 0 16 0 2 6 −2 0 − − − − − −
secondary Kodaira 0 2 0 2 0 2 4 −2 0 − − − − − −
Inoue S± 0 2 0 2 0 2 4 −2 0 − − − − − −
Calabi-Eckmann S

1 × S
3 0 2 0 2 0 2 4 −2 0 − − − − − −

Iwasawa and deformations (i) 26 2 2 63 2 6 86 0 8 38 −2 6 8 −2 2
Iwasawa deformations (ii.a) 20 2 2 52 3 3 70 0 8 31 −3 3 6 −2 2
Iwasawa deformations (ii.b) 20 2 2 53 2 2 70 0 8 31 −2 2 6 −2 2
Iwasawa deformations (iii.a) 18 2 2 43 5 1 58 0 8 30 −5 1 6 −2 2
Iwasawa deformations (iii.b) 18 2 2 44 4 0 58 0 8 30 −4 0 6 −2 2

Nakamura completely-solvable (i) 32 8 8 88 4 20 120 0 24 50 −4 20 12 −8 8
Nakamura completely-solvable (ii) 16 0 0 48 4 4 64 0 8 22 −4 4 4 0 0
Nakamura completely-solvable (iii) 12 0 0 34 0 0 44 0 0 16 0 0 4 0 0
Nakamura holomorphically-parallelizable (a) 32 8 8 88 4 20 120 0 24 50 −4 20 12 −8 8
Nakamura holomorphically-parallelizable (b) 16 4 4 38 0 8 52 0 8 26 0 8 8 −4 4

5. A qualitative characterization of the ∂∂-Lemma

In this section, we are ultimately aimed at understanding the algebraic structure
induced on the Bott-Chern cohomology by the structure of the space of differential
forms. Initially motivated by understanding whether it is possible to mimic the
Sullivan theory of formality [20] in the context of Bott-Chern cohomology (see
some first attempts in [8, 21]) we introduce and study a “qualitative property”,
which is proven to characterize the ∂∂-Lemma. This is a consequence of the results
in the previous sections.

Note that the triple Aeppli-Bott-Chern Massey products introduced in [8] take
values in the Aeppli cohomology groups starting from Bott-Chern classes. Re-
call that, in the Sullivan theory of formality for the de Rham cohomology [12, 20]
(compare also the Neisendorfer and Taylor theory of Dolbeault-formality for the
Dolbeault cohomology [17]), the Massey products are related with the A∞-algebra
structure induced on any deformation retract by the Homotopy Transfer Princi-
ple [16]. In view of understanding a possible analogue notion of A∞-algebra in
the context of the Bott-Chern cohomology, one would first attempt to construct
higher-order Massey products. When using the definition in [8], this requires one
to look at Aeppli classes as Bott-Chern classes. This suggests we should investigate
compact complex manifolds satisfying the following “qualitative” property.

Definition 5.1. A compact complex manifold X is said to satisfy the qualitative
Kodaira-Spencer-Schweitzer property if the natural pairing

H•,•
BC(X)×H•,•

BC(X) → C , ([α], [β]) �→
∫
X

α ∧ β,

induced by the wedge product and by the pairing with the fundamental class of X
is non-degenerate.
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We have in fact that this property characterizes the ∂∂-Lemma.

Theorem 5.2. Let X be a compact complex manifold. Then X satisfies the qualita-
tive Kodaira-Spencer-Schweitzer property if and only if X satisfies the ∂∂-Lemma.

Proof. For the “only if” part: by the hypothesis, we get that the Bott-Chern co-
homology is isomorphic to its dual, which is in turn (non-naturally) isomorphic to
the Aeppli cohomology by [19]. Therefore the statement follows from Theorem 3.1.

For the “if” part: fix a Hermitian metric g on X. Consider ∗ the C-linear
Hodge-star-operator associated to g, and let Δ̃BC and Δ̃A denote the Bott-Chern,
respectively Aeppli Laplacians [15, 19] with respect to g. Let [αhBC

]BC be a Bott-

Chern cohomology class, where αhBC
is the Δ̃BC -harmonic representative. Con-

sider the Aeppli cohomology class [∗αhBC
]A. By the ∂∂-Lemma, the natural map

H•,•
BC(X) → H•,•

A (X) is surjective [12, Lemma 5.15], whence there exist γ and η

forms such that ∗αhBC
+∂γ+∂η ∈ ker ∂∩ker ∂. Therefore we have the Bott-Chern

cohomology class [∗αhBC
+ ∂γ + ∂η]BC . We have

(
[αhBC

]BC , [∗αhBC
+ ∂γ + ∂η]BC

)
=

∫
X

αhBC
∧
(
∗αhBC

+ ∂γ + ∂η
)

=

∫
X

αhBC
∧ ∗αhBC

,

proving the statement. �

Remark 5.3. For a non-Kähler example of compact complex manifolds satisfying the
Kodaira-Spencer-Schweitzer qualitative property, consider the completely-solvable
Nakamura manifold in case (iii) in [5, Example 2.17]; see [5, Table 3].

6. An algebraic generalization with application to compact

symplectic manifolds

6.1. Algebraic upper bound. We note that the upper bound in Theorem 2.1
can be slightly generalized to a more general context, similar to what was done in
[7] for the inequality à la Frölicher.

Theorem 6.1. Let
(
B•,•, ∂, ∂

)
be a (possibly unbounded) double complex of K-

vector spaces. Suppose that there exists N ∈ N, and there exists � ∈ {0, . . . , N},
such that for any q ∈ Z, there holds Bp,q = {0} for p �∈ {� · q, . . . , � · q +N}. Then,
for any k ∈ Z,

∑
p+q=k

dimK Hp,q
A (B•,•)(6.1)

≤ (N + 1) ·

⎛
⎝ ∑

p+q=k

(
dimK Hp,q

∂ (B•,•) + dimK Hp,q

∂
(B•,•)

)

+
∑

p+q=k+1

(
dimK Hp,q

∂ (B•,•) + dimK Hp,q

∂
(B•,•)

)⎞⎠ ,



COHOMOLOGICAL PROPERTIES OF NON-KÄHLER MANIFOLDS 283

and ∑
p+q=k

dimK Hp,q
BC(B

•,•)(6.2)

≤ (N + 1) ·

⎛
⎝ ∑

p+q=k

(
dimK Hp,q

∂ (B•,•) + dimK Hp,q

∂
(B•,•)

)

+
∑

p+q=k−1

(
dimK Hp,q

∂ (B•,•) + dimK Hp,q

∂
(B•,•)

)⎞⎠ .

The proof goes exactly as in Theorem 2.1. Note that we have to assume that there
is a vertical strip of finite uniform width and shifted in the horizontal non-negative
direction such that the double complex has support in this strip. In particular, this
implies that the Frölicher spectral sequences associated to the natural filtrations
of the double complex degenerate in a finite number of steps, depending on N .
Note also that the conjugate-Dolbeault cohomology H•,•

∂ (B•,•) and the Dolbeault
cohomology H•,•

∂
(B•,•) are no longer isomorphic, whence we need to consider both

of them in the right-hand side of the inequalities (6.1) and (6.2).

6.2. Upper bound for symplectic Bott-Chern cohomology. As a conse-
quence, we can apply the above result to symplectic geometry. Let X be a compact
manifold of dimension 2n endowed with a symplectic structure ω. Consider the ex-
terior differential d and the symplectic co-differential dΛ := [d,−ιω−1 ]. They satisfy
[d, dΛ] = 0. Then, as in [10, 11], define the double complex(

B•1,•2 := ∧•1−•2X ⊗ β•2 , d⊗ id, dΛ ⊗ β
)
,

where β is a generator of the infinite cyclic commutative group βZ. Note that, for
any q ∈ Z, we have

Bp,q = {0} for p �∈ {q, . . . , q + 2n} ,

hence there exists a vertical strip as in the statement of Theorem 6.2 of width
N + 1 with N := 2n such that the double complex B•,• has support in this strip.
The Bott-Chern and Aeppli cohomologies of B•,• are related to the symplectic
cohomologies

H•
d+dΛ(X) :=

ker d ∩ ker dΛ

im ddΛ
and H•

ddΛ(X) :=
ker ddΛ

im d+ im dΛ

introduced and studied by L.-S. Tseng and S.-T. Yau [23, 24]: more precisely,

H•1,•2

BC (B•,•) = H•1−•2

d+dΛ (X)⊗β•2 and H•1,•2

A (B•,•) = H•1−•2

ddΛ (X)⊗β•2 .

The conjugate-Dolbeault and Dolbeault cohomologies of B•,• are both related to
the de Rham cohomology of X.

In [7, Theorem 4.4], it is proven that, for any k ∈ Z, the inequality

dimRHk
d+dΛ(X) + dimR Hk

ddΛ(X) ≥ 2 dimR Hk
dR(X;R) ,

and that the equality holds for any k ∈ Z if and only if X satisfies the Hard
Lefschetz Condition, equivalently, the ddΛ-Lemma.
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By applying Theorem 6.1, we get the following upper bound. (Note also that,
with the same trick, analogous results can be obtained for generalized-complex
structures in the sense of N. Hitchin [14].)

Theorem 6.2. Let X be a compact differentiable manifold of dimension 2n en-
dowed with a symplectic structure ω. Then, for any k ∈ Z/2Z,∑

h=kmod 2

dimR Hh
d+dΛ(X) ≤ 2(2n+ 1) ·

∑
h∈Z

dimR Hh
dR(X;R) ,

and ∑
h=kmod 2

dimR Hh
ddΛ(X) ≤ 2(2n+ 1) ·

∑
h∈Z

dimR Hh
dR(X;R) .

Remark 6.3. Note that Theorem 3.1 does not admit a generalization to symplectic
manifolds. In fact, for any compact symplectic manifold X, for any k ∈ Z, it holds
dimR Hk

d+dΛ(X) = dimR Hk
ddΛ(X) by [23, Proposition 3.24], as a consequence of

the validity of the Hard Lefschetz Condition on symplectic Bott-Chern and Aeppli
cohomologies.
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Dipartimento di Matematica, Università di Pisa, largo Bruno Pontecorvo 5, 56127

Pisa, Italy

E-mail address: tardini@mail.dm.unipi.it

http://www.ams.org/mathscinet-getitem?mr=0382702
http://www.ams.org/mathscinet-getitem?mr=0073262
http://www.ams.org/mathscinet-getitem?mr=2013140
http://www.ams.org/mathscinet-getitem?mr=0115189
http://www.ams.org/mathscinet-getitem?mr=2533303
http://www.ams.org/mathscinet-getitem?mr=511405
http://www.ams.org/mathscinet-getitem?mr=0646078
http://www.ams.org/mathscinet-getitem?mr=2669712
http://www.ams.org/mathscinet-getitem?mr=2981843
http://www.ams.org/mathscinet-getitem?mr=2981844
http://www.ams.org/mathscinet-getitem?mr=874775

	Introduction
	1. Preliminaries and notation
	2. An upper bound on the dimension of Bott-Chern cohomology  for compact complex manifolds
	3. A quantitative characterization of the ∂\overline∂-Lemma
	4. Examples
	5. A qualitative characterization of the ∂\overline∂-Lemma
	6. An algebraic generalization with application to compact symplectic manifolds
	6.1. Algebraic upper bound
	6.2. Upper bound for symplectic Bott-Chern cohomology

	Acknowledgments
	References

