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CONTINUITY OF THE SOLUTION

TO THE Lp MINKOWSKI PROBLEM

GUANGXIAN ZHU

(Communicated by Michael Wolf)

Abstract. For p > 1 with p �= n, it is proved that the weak convergence of
Lp surface area measures implies the convergence of the corresponding convex
bodies in the Hausdorff metric and that the solution to the Lp Minkowski
problem is continuous with respect to p.

1. Introduction

A convex body in n-dimensional Euclidean space, Rn, is a compact convex set
with non-empty interior. One of the fundamental concepts in convex geometry is the
Lp surface area measure introduced by Lutwak [25]. Let p ∈ R and K be a convex
body that contains the origin in its interior; then the Lp surface area measure,
Sp(K, ·), of K is the Borel measure on Sn−1 defined for each Borel ω ⊂ Sn−1 by

Sp(K,ω) =

∫
x∈ν−1

K (ω)

(x · νK(x))1−pdHn−1(x),

where νK : ∂′K → Sn−1 is the Gauss map of K, defined on ∂′K, the set of points
of ∂K that have a unique outer unit normal, and Hn−1 is an (n − 1)-dimensional
Hausdorff measure.

The Lp surface area measure of a convex body K is an important generalization
of the classical surface area measure, S1(K, ·) (also denoted by SK), of K. In recent
years, the Lp surface area measure was studied in, e.g., [3–5,9,11–15,17–19,22–28,
30].

Let K,Ki be convex bodies that contain the origin in their interiors. It is well
known that if Ki converges to K in the Hausdorff metric, then Sp(Ki, ·) converges
weakly to Sp(K, ·). The opposite question is of great interest: Assume that Sp(Ki, ·)
converges weakly to Sp(K, ·). Does Ki converge to K in Hausdorff metric? While
it is well known that the answer to this question is affirmative when p = 1 (up to
translation), it is not necessarily positive for all p ∈ R. For example, let p = n, K1

be an origin-symmetric convex body and Ki =
1
iK1; then Sn(Ki, ·) = Sn(K, ·) for

all i but Ki converges to the origin.
It is the first aim of this paper to give an affirmative answer to this question for

all p > 1 with p �= n. To this end, let Kn
o denote the set of convex bodies in R

n

that contain the origin in their interiors.
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Theorem 1.1. Let p ∈ (1, n) ∪ (n,∞) and K,Ki ∈ Kn
o . If Sp(Ki, ·) converges

weakly to Sp(K, ·), then Ki converges to K in the Hausdorff metric.

Remark. The statement of Theorem 1.1 is well known for the case p = 1, which is
closely related to the classical Minkowski problem and has many important appli-
cations. For references, see the book of Schneider [29].

In [25], Lutwak posed the following Lp version of the classical Minkowski prob-
lem.

Lp Minkowski problem: For fixed p, what are necessary and sufficient condi-
tions for a finite Borel measure μ on Sn−1 so that μ is the Lp surface area measure
of a convex body in R

n?
Today, the Lp Minkowski problem is a core problem in convex geometric analysis

and was studied by, e.g., Lutwak [25], Lutwak and Oliker [26], Lutwak, Yang and
Zhang [28], Chou and Wang [6], Guan and Lin [10], Haberl, Lutwak, Yang and
Zhang [11], Böröczky, Lutwak, Yang and Zhang [4, 5], Stancu [31, 32], Huang, Liu
and Xu [18], Lu and Wang [21], Böröczky, Hegedűs and Zhu [3], Jian, Lu and Zhu
[20], and Zhu [34–37]. The solutions of the Lp Minkowski problem have important
applications to affine isoperimetric inequalities, see, e.g., Zhang [33], Lutwak, Yang
and Zhang [27], Cianchi, Lutwak, Yang and Zhang [7], Haberl and Schuster [14,15],
Haberl, Schuster and Xiao [16]. The solutions to the Lp Minkowski problem are
also related to some important flows, see, e.g., Andrews [1, 2] and Stancu [31, 32].

Clearly, Theorem 1.1 is closely related to the Lp Minkowski problem and can be
restated as follows:

Theorem 1.2. Suppose that p ∈ (1, n)∪(n,+∞) and that μi, μ are Borel measures
on Sn−1. If Ki ∈ Kn

o is the solution to the Lp Minkowski problem associated with
μi and K ∈ Kn

o is the solution to the Lp Minkowski problem associated with μ, then
Ki converges to K in the Hausdorff metric as μi converges weakly to μ.

In [25], Lutwak proved that if μ is an even measure on Sn−1 that is not concen-
trated on a closed hemisphere, then the Lp Minkowski problem associated with μ
has a unique solution for each p > 1 with p �= n (see also, e.g., Hug, Lutwak, Yang
and Zhang [19] for the non-symmetric case). It is therefore natural to ask whether
the solution to the Lp Minkowski problem associated with a fixed μ is continuous
with respect to p.

It is the second aim of this paper to prove the continuity of the solution to the
Lp Minkowski problem for p > 1 with p �= n.

Theorem 1.3. Suppose that p, q ∈ (1, n) ∪ (n,∞) and that μ is a Borel measure
on Sn−1. If Kp ∈ Kn

o is the solution to the Lp Minkowski problem associated with
μ and Kq ∈ Kn

o is the solution to the Lq Minkowski problem associated with μ, then
Kq converges to Kp in the Hausdorff metric as q → p.

2. Preliminaries

In this section, we list basic facts about convex bodies. Some general references
regarding convex bodies are, e.g., [8, 29].

The sets appearing in this paper are subsets of Euclidean n-space R
n. For

x, y ∈ R
n, we will write x · y for the standard inner product. Let Bn be the unit

ball of Rn, and Sn−1 be the unit sphere. Let Kn denote the set of convex bodies
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in R
n and let Kn

o denote the set of convex bodies that contain the origin in their
interiors.

The support function hK : Rn → R of a compact convex set K is defined, for
x ∈ R

n, by
h(K,x) = max{x · y : y ∈ K}.

Obviously, if c > 0, x ∈ R
n and K ∈ Kn, then

hcK(x) = hK(cx) = chK(x).

The Hausdorff distance between two compact sets K,L in R
n can be defined by

δ(K,L) = max
u∈Sn−1

|hK(u)− hL(u)|.

For p > 1, the Lp mixed volume Vp(K,L) of the convex bodies K,L ∈ Kn
o was

defined in [25] by Lutwak by

Vp(K,L) =
1

n

∫
Sn−1

hL(u)
pdSp(K,u).

Obviously,

V (K) = Vp(K,K) =
1

n

∫
Sn−1

hKdSK .

The following Lp mixed volume inequality established by Lutwak [25] is a fun-
damental inequality in the Lp Brunn-Minkowski theory: Let p > 1 and K,L ∈ Kn

o ,
then

(2.1) Vp(K,L)n ≥ V (K)n−pV (L)p,

with equality if and only if K and L are dilates.

3. Proof of Theorem 1.1

Let α+ = max{0, α} for α ∈ R.

Lemma 3.1. If p > 1, K,Ki ∈ Kn
o and Sp(Ki, ·) converges to Sp(K, ·) weakly, then

fi(u) =

∫
Sn−1

(u · v)p+dSp(Ki, v)

converges to

f(u) =

∫
Sn−1

(u · v)p+dSp(K, v)

uniformly on Sn−1.

Proof. Clearly, fi(u)
1
p and f(u)

1
p are support functions of convex bodies. For sup-

port functions on Sn−1, pointwise and uniform convergence are equivalent (see, e.g.,

Schneider [29] p. 54). Hence, by assumption, fi(u)
1
p converges to f(u)

1
p uniformly

on Sn−1. Therefore, fi(u) converges to f(u) uniformly. �
The following two lemmas from [19] will be needed.

Lemma 3.2. Let p > 1, K ′ ∈ Kn be a convex body with o ∈ K ′ and let μ be a Borel
measure on Sn−1 such that V (K ′)hp−1

K′ μ = SK′ . Assume that for some constant
c0 > 0, ∫

Sn−1

(u · v)p+dμ(v) ≥
n

cp0
for all u ∈ Sn−1. Then K ′ ⊂ c0B

n.
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Lemma 3.3. If μ is a finite Borel measure on Sn−1 that is not concentrated on a
closed hemisphere of Sn−1, then for any p > 1 with p �= n, there exists a unique
convex body K ∈ Kn with o ∈ K such that

hp−1
K μ = SK .

Moreover, there exists a unique convex body K ′ in R
n with o ∈ K ′ such that

V (K ′)hp−1
K′ μ = SK′ ,

with

(3.1) K ′ = V (K)−
1
pK.

We need one more auxiliary result.

Lemma 3.4. If p > 1 with p �= n, K,Ki ∈ Kn
o and Sp(Ki, ·) converges to Sp(K, ·)

weakly, then Ki is bounded, and there exist 0 < c1 < c2 and N0 ∈ N such that

c1 < V (Ki) < c2

for all i ≥ N0.

Proof. By replacing K by Ki and L by Bn in the Lp mixed volume inequality (2.1),
we obtain

Sp(Ki)
n ≥ V (Ki)

n−pωp
n,

where

Sp(Ki) =

∫
Sn−1

dSp(Ki, u).

From this and the fact that Sp(Ki) converges to Sp(K), we infer:
(a). when 1 < p < n, V (Ki) has a positive upper bound;
(b). when p > n, V (Ki) has a positive lower bound.
Since fi(u) =

∫
Sn−1(u ·v)p+dSp(Ki, v) converges to f(u) =

∫
Sn−1(u ·v)p+dSp(K, v)

uniformly and
∫
Sn−1(u · v)p+dSp(K, v) has a positive lower bound on Sn−1, there

exists an N0 ∈ N such that
∫
Sn−1(u · v)p+dSp(Ki, v) has a positive lower bound for

i ≥ N0. Thus, there exists a c0 > 0 such that

(3.2)

∫
Sn−1

(u · v)p+dSp(Ki, v) ≥
n

cp0

for all u ∈ Sn−1 and i ≥ N0. Let μi = Sp(Ki, ·). By Lemma 3.2, Lemma 3.3 and
(3.2), there exist K ′

i ∈ Kn with o ∈ K ′
i such that

V (K ′
i)h

p−1
K′

i
Sp(Ki, ·) = S(K ′

i, ·)

and K ′
i ⊂ c0B

n for all i ≥ N0. By Lemma 3.3,

K ′
i = V (Ki)

− 1
pKi.

Thus,

V (Ki)
p−n
p = V (K ′

i) ≤ cn0ωn,

for all i ≥ N0. It follows that
(c). when 1 < p < n, V (Ki) has a positive lower bound;
(d). when p > n, V (Ki) has a positive upper bound.
By (a)-(d), there exist 0 < c1 < c2 and N0 ∈ N such that

(3.3) c1 < V (Ki) < c2,

for all i ≥ N0.
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Let Ri := max{hKi
(v) : v ∈ Sn−1} and vi ∈ Sn−1 so that Ri = hKi

(vi). Since
the segment Ri[o, vi] ⊂ Ki, Ri(v · vi)+ ≤ hKi

(v) for all v ∈ Sn−1. From this, (3.2)
and (3.3), it follows that when i ≥ N0,

Rp
i

n

cp0
≤ Rp

i

∫
Sn−1

(v · vi)p+dSp(Ki, v)

≤
∫
Sn−1

hKi
(v)pdSp(Ki, v)

= nV (Ki)

≤ nc2.

Therefore, Ki is bounded. �
We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. Suppose that Theorem 1.1 is not correct. Then there exists
a subsequence Kij of Ki and a real ε0 > 0 such that

max
u∈Sn−1

|hK(u)− hKij
(u)| ≥ ε0

for all ij .
By Lemma 3.4, Ki is bounded and so Kij is as well. The Blaschke selection

theorem now yields a subsequence Kijk
of Kij that converges to some compact

convex set K0, with o ∈ K. By Lemma 3.4, there exist N0 ∈ N and c1 > 0 such
that V (Ki) ≥ c1 for all i > N0. Thus, K0 is a convex body with K0 �= K.

Let μ = Sp(K, ·). From the fact that

h1−p
Kijk

SKijk
→ μ

weakly, we infer that hp−1
Kijk

μ and SKijk
converge to the same measure S(K0, ·).

Thus,
hp−1
K0

μ = SK0
.

On the other hand, hp−1
K μ = SK . From Lemma 3.3 and the uniqueness of the solu-

tion of the Lp Minkowski problem, it follows that K = K0. This is a contradiction.
Therefore, Ki converges to K. �

4. Proof of Theorem 1.2

Lemma 4.1. Let p, pi ∈ (1, n) ∪ (n,∞) with pi → p and let μ be a Borel measure
on the unit sphere that is not concentrated on a closed hemisphere. If K (with o
is an interior of K) is the solution to the Lp Minkowski problem associated with μ
and Ki (with o is an interior of Ki) is the solution to the Lpi

Minkowski problem
associated with μ, then Ki is bounded and there exist 0 < c3 < c4 and N0 ∈ N such
that when i ≥ N0,

c3 < V (Ki) < c4.

Proof. By the Lp mixed volume inequality and the fact that |μ| = Sp(K),

|μ|n ≥ V (Ki)
n−piωpi

n .

From this and the fact that p, pi ∈ (1, n)∪ (n,∞) with pi → p, it follows that there
exists N1 ∈ N such that:

(e). when 1 < p < n and i ≥ N1, V (Ki) has a positive upper bound;
(f). when p > n and i ≥ N1, V (Ki) has a positive lower bound.
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Since μ is not concentrated on a closed hemisphere of Sn−1 and p, pi ∈ (1, n) ∪
(n,∞) with pi → p, there exist N2 ∈ N, c0, a0 > 0 and p0 > p > p1 > 1 such that
when i ≥ N2,

p0 ≥ pi ≥ p1,∫
Sn−1

(u · v)p0

+ dμ(v) ≥ n

cp0

0

,

for all u ∈ Sn−1, and

(c0 + a0)
pi ≥ cp0

0 .

From this, the fact that p0 ≥ pi > 1 for i ≥ N2 and the fact that (u ·v)pi

+ ≥ (u ·v)p0

+ ,
we obtain ∫

Sn−1

(u · v)pi

+ dμ(v) ≥
∫
Sn−1

(u · v)p0

+ dμ(v)

≥ n

cp0

0

≥ n

(c0 + a0)pi

for all u ∈ Sn−1 and n ≥ N2. Thus, Lemma 3.2 and Lemma 3.3 yield

(4.1) K ′
i = V (Ki)

− 1
pKi ⊂ (c0 + a0)B

n.

Consequently,

V (Ki)
pi−n

pi = V (K ′
i) ≤ (c0 + a0)

nωn.

From this and the fact that pi → p, we conclude that there exists N3 ∈ N such
that:

(g). when 1 < p < n and i ≥ N3, V (Ki) has a positive lower bound;
(h). when p > n and i ≥ N3, V (Ki) has a positive upper bound.
By (e)-(h), there exist 0 < c3 < c4 and N0 ∈ N (N0 ≥ max{N1, N2, N3}) such

that

c3 < V (Ki) < c4,

for all i ≥ N0. From this and (4.1), we infer

Ki ⊂ c
1
p

4 (c0 + a0)B
n,

for all i ≥ N0. Therefore, Ki is bounded. �

We can now complete the proof of Theorem 1.2.

Proof of Theorem 1.2. We only need to prove that if pi ∈ (1, n) ∪ (n,∞) with
pi → p, K is the solution to the Lp Minkowski problem associated with μ and Ki

is the solution to the Lpi
Minkowski problem associated with μ, then Ki converges

to K.
Suppose that this does not hold. Then there exists a subsequence Kij of Ki and

a real ε0 > 0 such that

(4.2) max
u∈Sn−1

|hK(u)− hKij
(u)| ≥ ε0

for all ij . By Lemma 4.1 and the Blaschke selection theorem, there exists a subse-
quence, Kijk

, of Kij and a convex body K0 with o ∈ K0 such that Kijk
converges
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to K0. Thus, SKijk
converges to SK0

weakly. Since Kijk
is the solution to the Lpijk

Minkowski problem associated with μ, we have

SKijk
= hp−1

Kijk

μ

for all ijk . By letting k → +∞,

SK0
= hp−1

K0
μ.

From this, Lemma 3.3 and the uniqueness of the solution to the Lp Minkowski
problem, we obtain K = K0. However, by (4.2), K �= K0. This is a contradiction.
Therefore, Ki converges to K. �
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