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VANISHING VISCOSITY LIMITS

FOR THE 3D NAVIER-STOKES EQUATIONS

WITH A SLIP BOUNDARY CONDITION

XIN ZHONG

(Communicated by Joachim Krieger)

Abstract. The solvability and vanishing viscosity limit for three dimensional
incompressible Navier-Stokes equations with a slip boundary condition were
obtained. The proof of these results is based on standard energy estimates.

1. Introduction

Let Ω ⊂ R
3 be a bounded simply connected domain. We study the solvability

and vanishing viscosity limit of the incompressible Navier-Stokes equations:

∂tu
ε − εΔuε +ωωωε × uε +∇pε =0 in Ω× (0, T ),(1.1)

divuε =0 in Ω× (0, T ),(1.2)

∇× uε =ωωωε in Ω× (0, T ),(1.3)

with slip boundary conditions:

(1.4) uε · n = 0, ωωωε · n = 0, Δuε · n = 0 on ∂Ω× (0, T ),

where n is the unit outer normal vector of the boundary ∂Ω, and the initial condi-
tion:

(1.5) uε(x, t = 0) = u0(x) in Ω.

Here and below ∇× denotes the curl operator. The unknowns uε(t, x) and pε(t, x)
stand for the velocity field and the scalar pressure, respectively. u0(x) is a given
initial velocity. The corresponding problem for the Euler equations reads

∂tu+ωωω × u+∇p = 0 in Ω× (0, T ),(1.6)

divu = 0 in Ω× (0, T ),(1.7)

u · n = 0 on ∂Ω× (0, T ),(1.8)

u(x, 0) = u0(x) in Ω.

Vanishing viscosity limits for the Navier-Stokes equations give rise to many in-
teresting problems. In the absence of physical boundaries, the ideal flow as a limit
of Navier-Stokes flow was studied in [1, 13, 14, 16, 20, 21, 25]. However, due to the
possible formation of boundary layers, it becomes an outstanding challenging prob-
lem in the presence of physical boundaries; see survey papers [12, 15, 18, 22] and
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references therein. Therefore, one may expect that appropriate boundary condi-
tions should be introduced to supplement the system of equations (1.1)-(1.3) in
order to handle the problem of vanishing viscous limit. The basic spatial boundary
condition for the velocity uε, expressing the impermeability of ∂Ω, says that the
normal component of uε is zero, i.e., (1.4)1. One can preserve this impermeabil-
ity condition as a constraint for uε; then we need two more boundary conditions:
different tangential behavior can be observed along the boundary, related to the
velocity or to the vorticity.

In 1823, Navier [24] suggested another type of complementary boundary condi-
tions, based on a proportionality between the tangential components of the normal
dynamic tensor and the velocity

(1.9) 2ε[D(uε) · n]τττ + αuε
τττ = 0 on ∂Ω× (0, T ),

where α ≥ 0 is a material constant (the friction coefficient), vτττ stands for the
tangential components of vector field v, while D(uε) = 1

2 (∇uε + (∇uε)�) denotes
the deformation tensor. Taking advantage of the vorticity vector field ωωωε = ∇×uε

and using classical identities, one can observe that, in the case of a flat boundary
and if α = 0, the conditions (1.4)1 and (1.9) are equivalent to

uε · n = 0, ωωωε × n = 0 on ∂Ω× (0, T ).

Under these conditions, Xiao and Xin [28] first studied the vanishing viscosity
problem for the Navier-Stokes equations (1.1)-(1.3), and they obtained the uniform
H2-convergence theory with the optimal convergence rate. Later, Beirão da Veiga
and Crispo [3, 4] obtained the corresponding Lp-theory and the W k,p-convergence
theory respectively. In [5], they pointed out that in general it is impossible to have
the H2-convergence for general 3D domains; see also [29].

In a recent paper [30], Xiao and Xin introduced a new slip boundary condition

(1.10) uε · n = 0, ωωωε · n = 0, n×Δuε = 0 on ∂Ω× (0, T ).

The authors obtained the following estimate on the rate of convergence:

‖uε − u‖21 + ε‖uε − u‖22 + ε

∫ T

0

(
‖uε − u‖22 + ε‖uε − u‖23

)
dt ≤ Cε2−s

for any s > 0 and ε > 0 small enough. Actually, (1.10)3 expresses that the tan-
gential components of the viscous force on the boundary is zero. Thus a natural
question arises: whether (1.10)3 can be replaced by normal components. The main
purpose of this paper, inspired by the work [30], is to establish the H1-convergence
theory for the solutions to the Navier-Stokes equations (1.1)-(1.3) with the slip
boundary conditions (1.4) in general 3D domains to the solution of the inviscid
problem (1.6)-(1.8) with a rate O(ε1−s) for any s > 0.

About the recent development of the vanishing viscous limit for incompressible
Navier-Stokes equations with Navier-type boundary conditions, there are several
nice survey articles, such as [2, 7].

Before stating our main results, let us introduce some notation in this paper. A
generic positive constant is denoted as C, which may possibly change from one line
to another. Vector or tensor fields will be denoted with boldface characters.

For functional spaces, Lp(Ω), 1 ≤ p ≤ ∞, denotes the usual Lebesgue spaces on
Ω and ‖ · ‖0,p denotes its Lp norm. Hm(Ω) denotes the standard Hilbert space,
and ‖ · ‖m (in short, ‖ · ‖ if m = 0) denotes its norm. E′ stands for the dual space
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of Banach space E, and we denote by 〈·, ·〉 the duality pairing between E′ and
E. (·, ·) denotes the L2 inner product. If not stated explicitly otherwise, we do
not distinguish between the spaces of vector and scalar valued functions; e.g. both
Hm(Ω) and Hm(Ω;R3) are denoted Hm(Ω).

Since a rigorous analysis of the Stokes problem requires special function spaces
involving the divergence and curl of vector fields, we introduce the following spaces:

H =
{
u ∈ L2(Ω) : divu = 0 in Ω,u · n = 0 on ∂Ω

}
,

G =
{
u ∈ H1(Ω) : ∇× u · n = 0 on ∂Ω

}
,

V = G ∩H,

W =
{
u ∈ H2(Ω) : ∇× (∇× u) · n = 0 on ∂Ω

}
.

Our results are the following:

Theorem 1.1. Let Ω ⊂ R
3 be a bounded simply connected domain with C2,1 bound-

ary ∂Ω. Suppose u0 ∈ V . Then there is a time T ∗ = T ∗(u0) > 0 such that the
problem (1.1)-(1.4) with initial data u0 has a unique strong solution uε(t) on the
interval [0, T ∗) satisfying

uε ∈ L2(0, T ∗;W ) ∩ C([0, T ∗);V ),(1.11)

(uε)
′ ∈ L2(0, T ∗;H),(1.12)

‖uε‖1 → ∞ as t → T ∗ if T ∗ < ∞.(1.13)

Furthermore, the following identity holds:

(1.14)
d

dt
‖ωωωε‖2+2ε‖∇×ωωωε‖2+2ε

∫
∂Ω

(∇×ωωωε×n) ·ωωωεdσ = 2

∫
Ω

(ωωωε ·∇)uε ·ωωωεdx.

Theorem 1.2. Let Ω ⊂ R
3 be a bounded simply connected domain with C2,1 bound-

ary ∂Ω. Let u0 ∈ W ∩H3(Ω) be a divergence-free vector field tangential to ∂Ω and
such that

(1.15) ωωω0 = ∇× u0 = 0 on ∂Ω.

Let u(t) ∈ C([0, T ];H3(Ω)) be the unique solution of the Euler equations (1.6)-
(1.8) with initial data u0 and defined in some interval [0, T ]. Let uε(t) be a strong
solution of the Navier-Stokes equations (1.1)-(1.4) with the same initial data u0.
Then, there is T0 > 0 such that

‖uε − u‖21 + ε

∫ T1

0

‖uε − u‖22dt ≤ Cε2−s on [0, T0](1.16)

for ε > 0 small enough and for any s > 0.

Remark 1.1. It is worth mentioning that there is no need to require u0 to satisfy
∇× u0 = 0 on ∂Ω for the existence of smooth solutions to the Euler equations.

Remark 1.2. As is known, the boundary condition for the vorticity in general cannot
be enforced for the Euler equations. It is shown in [5, 6] that the solution to the
Euler equations (1.6)-(1.8) cannot satisfy the extra condition ωωω × n = 0 on the
boundary in general and would satisfy ωωω × n = 0 on ∂Ω only if ωωω · n = 0 on ∂Ω.

Remark 1.3. It seems the condition ωωω0|∂Ω = 0 is more artificial than of practical
use. The choice of this extra condition on the initial data is due to some lack of
persistence property (see [6]), which can be solved by adding this extra condition
(see [8, 10, 29]).
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Our approach is an elementary energy estimate for the difference of the solu-
tions between the Navier-Stokes equations and the Euler equations. To this end,
we should show local well-posedness of the Navier-Stokes equations (1.1)-(1.5). Fol-
lowing the ideas of Xiao and Xin [28–30], we first investigate the properties of the
(unbounded) Stokes operator. This makes it possible to establish the existence of a
basis of eigenfunctions for the Stokes problem that we use to construct the Galerkin
approximations for the Navier-Stokes equations (1.1)-(1.5). Moreover, some suit-
able integrating by part formulas in terms of the vorticity are successfully used to
get the rate of convergence.

The rest of the paper is organized as follows. In Section 2, we collect some
well-known results. The properties of the Stokes operator are studied in detail in
Section 3. Finally, we give the proofs of our main results in Sections 4 and 5.

2. Preliminaries

Our purpose here is to recall some well-known results, which we shall use later
on.

Lemma 2.1. Let Ω ⊂ R
3 be a bounded simply connected domain with Cm,1 bound-

ary, and let m ≥ 1 be an integer. Then for any u ∈ L2(Ω) such that

divu ∈ Hm−1(Ω), curlu ∈ Hm−1(Ω), u · n ∈ Hm− 1
2 (∂Ω),

we have u ∈ Hm(Ω). Moreover, there exists a positive constant C = C(m,Ω) such
that

‖u‖m ≤ C
(
‖∇ × u‖m−1 + ‖ divu‖m−1 + ‖u‖+ |u · n|m− 1

2 ,∂Ω

)
.

Proof. See [27, Proposition 1.4, p. 317]. �
Lemma 2.2. Let Ω ⊂ R

3 be a bounded simply connected domain with C2,1 boundary
∂Ω. Then there exists C > 0 such that for all u ∈ H2(Ω) ∩ V , we have

‖u‖1 ≤ C‖∇ × u‖,
‖u‖2 ≤ C‖∇ × u‖1 ≤ C‖∇ × (∇× u)‖.

Proof. Since Ω is simply connected, by [17, Proposition 3.1, p. 44], one has for
u ∈ H1(Ω) ∩H,

‖u‖1 ≤ C‖∇ × u‖.
This, together with Lemma 2.1, implies that for u ∈ H2(Ω) ∩ V ,

‖u‖2 ≤ C‖∇ × u‖1 ≤ C‖∇ × (∇× u)‖,
where in the last inequality we have used div(∇× u) = 0 and (∇× u) · n = 0. �

The following divergence theorem is useful in the sequel.

Theorem 2.1. Let Ω ⊂ R
3 be a Lipschitz domain. If φφφ ∈ H1(Ω) and v ∈ L2(Ω)

such that ∇× v ∈ L2(Ω), then we have the Green’s formula:∫
Ω

(∇× v) · φφφdx =

∫
Ω

v · (∇× φφφ)dx+

∫
∂Ω

(v × n) ·φφφdσ.

Proof. See [17, Theorem 2.11, p. 34]. �
The following theorem ensures the existence of a smooth solution to the Euler

equations (1.6)-(1.8).
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Theorem 2.2. Let Ω ⊂ R
3 be a bounded simply connected domain with C2,1 bound-

ary ∂Ω. Let u0 ∈ H3(Ω) ∩H satisfy ωωω0 = ∇× u0 = 0 on ∂Ω. Then there is a T0

and a unique vector-valued function

u(t) ∈ C([0, T0];H
3(Ω))

satisfying (1.6)-(1.8) and u(0) = u0. Moreover,

(2.1) ωωω(t) = ∇× u(t) = 0 on ∂Ω for any t ∈ [0, T0].

Proof. For the proof of the existence of solutions, we refer the reader to [11, 26].
For the evolution property (2.1) of vorticity, see [10, Lemma 3.3]. �

3. The Stokes operator

Consider the following Stokes problem:

au−Δu+∇p = f in Ω,(3.1)

divu = 0 in Ω,(3.2)

u · n = 0, ∇× u · n = 0, ∇× (∇× u) · n = 0 on ∂Ω.(3.3)

We define the Stokes operator A from V to V ′ by
(3.4)

〈Au,φφφ〉V ′ ,V =

∫
Ω

[au · φφφ+ (∇× u) · (∇× φφφ)] dx+

∫
∂Ω

(∇×u×n) ·φφφdσ, u, φφφ ∈ V.

By the trace theorem and Cauchy-Schwartz inequality, we derive for u ∈ V ,∣∣∣∣
∫
∂Ω

(∇× u× n) · udσ
∣∣∣∣ ≤ |∇ × u× n|− 1

2 ,∂Ω
|u| 1

2 ,∂Ω
≤ ‖∇× u‖‖u‖1

≤ ‖∇ × u‖2
2

+
‖u‖21
2

.

Hence, if a > 0 is large enough, it follows from the Lax-Milgram theorem that the
operator A is an isomorphism from V onto V ′.

We can now consider A as an unbounded operator in H with domain

D(A) = {u ∈ V : Au ∈ H}.

The Stokes operator (A,D(A)) enjoys several important properties.

Lemma 3.1. The operator (A,D(A)) is a closed operator in H.

Proof. It is sufficient to show that (A,D(A)) has a closed graph in H × H. Let
{un} be a sequence of elements of D(A) which converges in H towards an element
u ∈ H, and meanwhile {Aun} converges in H towards a certain g. Since g ∈ H,
there exists a unique v ∈ D(A) such that Av = g. Then it must show that v = u.

The convergence inH implies convergence in V ′; therefore we deduce that {Aun}
converges towards Av in V ′. However, A is an isomorphism from V onto V ′, and
hence {un} converges towards v in V . The convergence in V implies the convergence
in H; thus we have shown that v = u. �

Lemma 3.2. The operator A is an isomorphism from D(A) onto H. Its inverse
A−1 is a compact operator on H.
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Proof. From the theory of unbounded operators, Lemma 3.1 implies that D(A),
equipped with the scalar product

(u,v)D(A) = (u,v)H + (Au, Av)H , u, v ∈ D(A),

is a Hilbert space and the operator A is an isomorphism from D(A) onto H. Fur-
thermore, for all u ∈ D(A), we have

‖u‖V ≤ C‖Au‖V ′ ≤ C‖Au‖H ≤ C‖u‖D(A),

which shows that the canonical embedding from D(A) to V is continuous. Finally,
due to Sobolev’s embedding theorem, the embedding from V to H is compact. We
see that the embedding fromD(A) toH is compact. By the knowledge of functional
analysis, A−1 is compact on H. �

Lemma 3.3. The Stokes operator (A,D(A)) is a self-adjoint operator in H.

Proof. If we denote by A∗ the adjoint operator of A, we should show that

D(A∗) = D(A) and Au = A∗u, ∀u ∈ D(A).

First, by definition, for all u,v ∈ D(A), we have

(Au,v)H = 〈Au,v〉V ′ ,V =

∫
Ω

[au ·v+(∇×u) · (∇×v)]dx+

∫
∂Ω

(∇×v×n) ·udσ,

and therefore it is clear that

(3.5) (Au,v)H = (u, Av)H , ∀u,v ∈ D(A).

This implies, in particular, that D(A) ⊂ D(A∗) and that for all u ∈ D(A), A∗u =
Au.

We now need to prove D(A∗) ⊂ D(A). Let u ∈ D(A∗). By definition, there
exists g = A∗u ∈ H such that for all v ∈ D(A), we have

(Av,u)H = (v,g)H .

However, A is bijective from D(A) onto H, and thus there exists ũ ∈ D(A) such
that g = Aũ. Let us show that u = ũ. To this end, let w ∈ H; then there exists
w̃ ∈ D(A) such that Aw̃ = w. We then obtain

(3.6) (w,u− ũ)H = (Aw̃,u)H − (Aw̃, ũ)H .

From the definition of the adjoint, we have

(Aw̃,u)H = (w̃, A∗u)H ,

and from (3.5), since ũ ∈ D(A), we get

(Aw̃, ũ)H = (w̃, Aũ)H .

By definition of ũ, we have Aũ = A∗ũ, and hence (3.6) becomes

(w,u− ũ)H = 0,

and this holds for all w ∈ H, which shows that u = ũ and, in particular, that
u ∈ D(A). �
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Lemma 3.4. Let Ω ⊂ R
3 be a bounded simply connected domain with C1,1 boundary

∂Ω. Then we have

D(A) = V ∩H2(Ω).

Moreover,

Au = au+ P(−Δu), ∀u ∈ D(A),

where P is the Leray projection.

Proof. Let us first show that V ∩H2(Ω) ⊂ D(A). Let u ∈ V ∩H2(Ω). Then a priori
Au is an element of V ′. For divergence-free vector v ∈ D(Ω) ⊂ H, we integrate by
parts and use the Leray projection P to obtain

〈Au,v〉V ′,V =

∫
Ω

[au · v + (∇× u) · (∇× v)] dx+

∫
∂Ω

(∇× u× n) · vdσ

=

∫
Ω

(au−Δu) · vdx = (au−Δu,v)L2

= (au+ P(−Δu),v)H = 〈au+ P(−Δu),v〉V ′,V .

By a density argument, this shows that Au = au + P(−Δu) ∈ H and hence that
u ∈ D(A).

It remains to show that D(A) ⊂ V ∩H2(Ω). Let u ∈ D(A), that is, such that
f = Au ∈ H. We can now write for all v ∈ D(Ω),

(f ,v)L2 = (f ,v)H = 〈Au,v〉V ′,V

=

∫
Ω

[au · v + (∇× u) · (∇× v)] dx+

∫
∂Ω

(∇× u× n) · vdσ

= 〈au−Δu,v〉D′,D.

Hence au − Δu − f is an element of D′(Ω) such that for all v ∈ D(Ω), we have
〈au−Δu− f ,v〉D′,D = 0. By de Rham’s theorem, there exists p ∈ D(Ω) such that

au−Δu+∇p = f .

Since f ∈ H ⊂ L2(Ω), the regularity theory of the Stokes problem implies that
u ∈ H2(Ω).

This finishes the proof of Lemma 3.4. �

With Lemmas 3.1, 3.2, 3.3, and 3.4 in hand, we can therefore construct a spectral
decomposition of the Stokes operator A. More precisely, we have the following
result.

Theorem 3.1. Let Ω ⊂ R
3 be a bounded simply connected domain with C2,1 bound-

ary ∂Ω. There exists an increasing sequence of positive real numbers {λk}, which
tends to +∞, and a sequence of functions {wk} which is orthonormal in H, or-
thogonal in V and in V ∩H2(Ω), forming a complete family in H, orthogonal in V
and in V ∩H2(Ω), and a sequence of functions {pk} in L2(Ω) satisfying⎧⎨

⎩
awk −Δwk +∇pk = λkwk in Ω,

divwk = 0 in Ω,
wk · n = 0, ∇×wk · n = 0, ∇× (∇×wk) · n = 0 on ∂Ω.
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4. Local well-posedness of Navier-Stokes equations

In this section, we investigate the local well-posedness of a strong solution of the
Navier-Stokes equations by using the Faedo-Galerkin approximate method.

Proof of Theorem 1.1. Taking the divergence operator on both sides of (1.1), we
obtain

−Δpε = div(ωωωε × uε) in Ω.

Since uε · n = 0 and Δuε · n = 0 on the boundary ∂Ω, it follows that

∂pε

∂n
= (uε ×ωωωε) · n in ∂Ω.

From the standard Laplace-Neumann theory, pε can be uniquely determined by
uε ∈ H2(Ω). Hence in what follows we focus only on the existence of uε.

Let u0 ∈ V and uε
m be the Galerkin approximate solutions. Set ωωωε

m = ∇× uε
m.

Note that the energy identity

(4.1)
1

2

d

dt
‖ωωωε

m‖2+ε‖∇×ωωωε
m‖2+ε

∫
∂Ω

(∇×ωωωε
m×n) ·ωωωε

mdσ =

∫
Ω

(ωωωε
m ·∇)uε

m ·ωωωε
mdx

is valid for approximate solutions {ωωωε
m}. By the trace theorem, the boundary

integral can be majorized:∣∣∣∣
∫
∂Ω

(∇×ωωωε
m × n) ·ωωωε

mdσ

∣∣∣∣ ≤ C‖∇ ×ωωωε
m‖‖ωωωε

m‖1.(4.2)

By Hölder’s inequality, we get∣∣∣∣
∫
Ω

(ωωωε
m · ∇)uε

m ·ωωωε
mdx

∣∣∣∣ ≤ ‖ωωωε
m‖0,6‖ωωωε

m‖‖ωωωε
m‖0,3.(4.3)

Applying Sobolev inequalities and the interpolation theorem, the right-hand side
of (4.3) can be bounded by

C‖ωωωε
m‖1‖uε

m‖1‖ωωωε
m‖

1
2
1 ‖ωωωε

m‖ 1
2 = C‖ωωωε

m‖ 1
2 ‖uε

m‖1‖ωωωε
m‖

3
2
1 .(4.4)

It follows from (4.1)-(4.4) and Lemmas 2.1, 2.2 that

d

dt
‖uε

m‖21 + ε‖uε
m‖22 ≤ C‖uε

m‖
3
2
1 .

Consequently, there is a time T0 = T0(u0) > 0 such that, for any fixed T ∈
(0, T0),

{uε
m} is bounded in L∞(0, T ;H1(Ω)),(4.5)

{uε
m} is bounded in L2(0, T ;H2(Ω)).(4.6)

This, together with (1.1), implies that

{(uε
m)

′} is bounded in L2(0, T ;L2(Ω)).(4.7)

Then the standard compactness arguments show that there exists a subsequence
of uε

m, denoted still by uε
m, and a uε such that

uε
m → uε weak-star in L∞(0, T ;H1(Ω)),(4.8)

uε
m → uε weakly in L2(0, T ;H2(Ω)),(4.9)

uε
m → uε strongly in L2(0, T ;H1(Ω)).(4.10)
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Passing to the limit shows that uε is a weak solution such that

uε ∈ L∞(0, T ;H1(Ω)) ∩ L2(0, T ;H2(Ω)).

Furthermore, standard arguments based on (4.7)-(4.10) show that

(uε)′ ∈ L2(0, T ;L2(Ω)) and uε ∈ C([0, T ];H1(Ω)).

Hence, uε is a strong solution. Now, let uε and vε be two strong solutions. Then
wε = uε − vε satisfies the equation

(4.11) ∂tw
ε − εΔwε +B(uε)−B(vε) = 0,

where B(uε) = (∇× uε)× uε +∇pε, pε is determined by uε. Note that

(4.12) ‖v × u‖ ≤ C‖v‖‖u‖L∞ ≤ C‖v‖‖u‖
1
2
1 ‖u‖

1
2
2 , ∀ u ∈ H2(Ω).

Taking the inner product of (4.11) with wε and using (4.12), we find that

d

dt
‖wε‖2 ≤ C(T )‖wε‖2.

Then, uε = vε follows from wε(0) = 0 and Gronwall’s lemma. Hence, by the
standard continuation method, we can conclude Theorem 1.1. �

5. Convergence of the solutions

We now turn to the purpose of this paper to establish the convergence with a
rate for the solutions uε to u.

Proof of Theorem 1.2. Note that uε − u satisfies

(5.1) ∂t(u
ε − u)− εΔ(uε − u) +∇(pε − p) +ΦΦΦ = εΔu,

where

ΦΦΦ = (ωωωε −ωωω)× (uε − u) +ωωω × (uε − u) + (ωωωε −ωωω)× u.

Due to div(uε − u) = 0, direct computation yields

−Δ(uε − u) = ∇× (ωωωε −ωωω).

Multiplying (5.1) by ∇×(ωωωε−ωωω) and integrating by parts, the following identity
holds:

(5.2)
d

dt
‖ωωωε−ωωω‖2+2ε‖∇×(ωωωε−ωωω)‖2+2(ΦΦΦ,∇×(ωωωε−ωωω)) = 2ε(Δu,∇×(ωωωε−ωωω)).

Note that

(ΦΦΦ,∇× (ωωωε −ωωω)) =

∫
Ω

(ωωωε −ωωω)× (uε − u) · (∇× (ωωωε −ωωω))dx

+

∫
Ω

ωωω × (uε − u) · (∇× (ωωωε −ωωω))dx

+

∫
Ω

(ωωωε −ωωω)× u · (∇× (ωωωε −ωωω))dx

� I1 + I2 + I3.(5.3)

Now we estimate the terms on the right-hand side of (5.3).
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By Theorem 2.1, it holds that

I1 =

∫
Ω

(ωωωε −ωωω)× (uε − u) · (∇× (ωωωε −ωωω))dx

=

∫
∂Ω

(ωωωε −ωωω)× (uε − u) · ((ωωωε −ωωω)× n)ds

+

∫
Ω

∇× ((ωωωε −ωωω)× (uε − u)) · (ωωωε −ωωω)dx

� I11 + I12.(5.4)

According to properties of solutions of Navier-Stokes and Euler equations, one sees
that (uε −u) ·n = 0, ωωωε ·n = 0, ωωω = 0 on ∂Ω. That is, the normal components of
(uε −u) and (ωωωε −ωωω) are both zero; hence (uε −u) and (ωωωε −ωωω) are both tangent
vectors on ∂Ω, and so (ωωωε −ωωω)× (uε −u) is normal, while (ωωωε −ωωω)×n is tangent.
Thus

(ωωωε −ωωω)× (uε − u) · ((ωωωε −ωωω)× n) = 0 on ∂Ω.

This implies that

(5.5) I11 = 0.

Because div(ωωωε −ωωω) = div(uε − u) = 0 and for any vector fields a, b,

(5.6) ∇× (a× b) = b · ∇a− a · ∇b+ a divb− b div a,

one has

I12 =

∫
Ω

[(uε − u) · ∇(ωωωε −ωωω)− (ωωωε −ωωω) · ∇(uε − u)] · (ωωωε −ωωω)dx

= −
∫
Ω

(ωωωε −ωωω) · ∇(uε − u) · (ωωωε −ωωω)dx.

Hence, by Hölder’s inequality, we get

|I12| ≤ ‖ωωωε −ωωω‖0,6‖∇(uε − u)‖‖ωωωε −ωωω‖0,3.

Note that ‖∇(uε − u)‖ ≤ C‖ωωωε − ωωω‖, H
1
2 (Ω) ↪→ L3(Ω) and [L2(Ω), H1(Ω)] 1

2
=

H
1
2 (Ω), so it holds that

(5.7) |I12| ≤ C‖ωωωε −ωωω‖1‖ωωωε −ωωω‖‖ωωωε −ωωω‖ 1
2 ‖ωωωε −ωωω‖

1
2
1 = C‖ωωωε −ωωω‖

3
2
1 ‖ωωωε −ωωω‖ 3

2 .

Substituting (5.5), (5.7) into (5.4), we obtain

|I1| ≤ C‖ωωωε −ωωω‖
3
2
1 ‖ωωωε −ωωω‖ 3

2 .

Then, by Young’s inequality, it follows that

(5.8) |I1| ≤
ε

6
‖ωωωε −ωωω‖21 + Cε−3‖ωωωε −ωωω‖6.

The second term I2 can be estimated similarly:

I2 =

∫
Ω

ωωω × (uε − u) · (∇× (ωωωε −ωωω))dx

=

∫
∂Ω

ωωω × (uε − u) · ((ωωωε −ωωω)× n)ds+

∫
Ω

∇× (ωωω × (uε − u)) · (ωωωε −ωωω)dx

� I21 + I22.
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On the one hand, ωωω = 0 and (uε − u) · n = 0 on ∂Ω; hence ωωω and (uε − u) are
both tangent vectors on ∂Ω, and so ωωω × (uε − u) is normal, while (ωωωε −ωωω)× n is
tangent. Thus

ωωω × (uε − u) · ((ωωωε −ωωω)× n) = 0 on ∂Ω,

which implies that

I21 = 0.

On the other hand, by (5.6) and Hölder’s inequality, we get

I22 =

∫
Ω

[(uε − u) · ∇ωωω −ωωω · ∇(uε − u)] · (ωωωε −ωωω)dx

≤ ‖uε − u‖0,∞‖∇ωωω‖‖ωωωε −ωωω‖+ ‖ωωω‖0,∞‖∇(uε − u)‖‖ωωωε −ωωω‖.
Since u is the smooth solution to the Euler equations (so ‖u‖3 ≤ C on [0, T ]), by
Sobolev embedding H3(Ω) ↪→ W 1,∞(Ω), one derives

I22 ≤ C‖uε − u‖0,∞‖ωωωε −ωωω‖+ C‖ωωωε −ωωω‖2 ≤ C(‖ωωωε −ωωω‖+ ‖ωωωε −ωωω‖2),
where in the last inequality we have used Theorem 1 in [23], which ensures that uε

is uniformly bounded. Thus,

I2 ≤ C(‖ωωωε −ωωω‖+ ‖ωωωε −ωωω‖2).(5.9)

We can also bound the third term I3 as I1, I2:

I3 =

∫
Ω

(ωωωε −ωωω)× u · (∇× (ωωωε −ωωω))dx

=

∫
∂Ω

(ωωωε −ωωω)× u · ((ωωωε −ωωω)× n)ds+

∫
Ω

∇× (ωωωε −ωωω)× u · (ωωωε −ωωω)dx.

The same reason as I11 leads to∫
∂Ω

(ωωωε −ωωω)× u · ((ωωωε −ωωω)× n)ds = 0.

Consequently,

I3 =

∫
Ω

∇× (ωωωε −ωωω)× u · (ωωωε −ωωω)dx

=

∫
Ω

[u · ∇(ωωωε −ωωω)− (ωωωε −ωωω) · ∇u] · (ωωωε −ωωω)dx.

Due to div(ωωωε −ωωω) = 0, then integration by parts, one sees that∫
Ω

u · ∇(ωωωε −ωωω) · (ωωωε −ωωω)dx = 0.

Hence, by Sobolev embedding H3(Ω) ↪→ W 1,∞(Ω), we get

(5.10) I3 ≤ ‖ωωωε −ωωω‖‖∇u‖0,∞‖ωωωε −ωωω‖ ≤ C‖ωωωε −ωωω‖2.
Hence, from (5.8)-(5.10) we obtain

|(ΦΦΦ,∇× (ωωωε −ωωω))| ≤ ε

2
‖ωωωε −ωωω‖21 + Cε−3‖ωωωε −ωωω‖6 + C(‖ωωωε −ωωω‖2 + ‖ωωωε −ωωω‖).

(5.11)

Note that

ε(Δu,∇× (ωωωε −ωωω)) = ε(Δωωω,ωωωε −ωωω)− ε

∫
∂Ω

n× (ωωωε −ωωω) · (∇×ωωω)dσ.
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By Hölder’s inequality, it holds that

|ε(Δωωω,ωωωε −ωωω)| ≤ ε‖Δωωω‖‖ωωωε −ωωω‖ = Cε‖ωωωε −ωωω‖.
Moreover, it follows from the trace theorem and the interpolation theorem that∣∣∣∣
∫
∂Ω

n× (ωωωε −ωωω) · (∇×ωωω)dσ

∣∣∣∣ ≤ C‖ωωωε −ωωω‖s‖∇ ×ωωω‖1 ≤ C‖ωωωε −ωωω‖1−s‖ωωωε −ωωω‖s1

for any 0 < s ≤ 1. Then the Young inequality yields that

ε

∣∣∣∣
∫
∂Ω

n× (ωωωε −ωωω) · (∇×ωωω)dσ

∣∣∣∣ ≤ ε

2
‖ωωωε −ωωω‖21 + C(‖ωωωε −ωωω‖2 + ε2−s).

Therefore,

|ε(Δu,∇× (ωωωε −ωωω))| ≤ Cε‖ωωωε −ωωω‖+ ε

2
‖ωωωε −ωωω‖21 + C(‖ωωωε −ωωω‖2 + ε2−s).

(5.12)

Fixing ε0 > 0, we can choose ε ∈ (0, ε0) such that

ε‖ωωωε −ωωω‖+ ‖ωωωε −ωωω‖ ≤ ε−3‖ωωωε −ωωω‖6.(5.13)

Thus, one gets from (5.2), (5.11)-(5.13) that

(5.14)
d

dt
‖ωωωε −ωωω‖2 + ε‖ωωωε −ωωω‖21 ≤ C

(
‖ωωωε −ωωω‖2 + ε−3‖ωωωε −ωωω‖6 + ε2−s

)
.

Setting

y(t) = ‖ωωωε −ωωω‖2 + ε

∫ t

0

‖ωωωε −ωωω‖21dτ,

we get

‖ωωωε −ωωω‖2 ≤ y(t),

y′(t) =
d

dt
‖ωωωε −ωωω‖2 + ε‖ωωωε −ωωω‖21.

Hence

y′(t) ≤ C(y(t) + ε−3y3(t) + ε2−s).

Hence, we have to study the Cauchy problem{
Y ′(t) = C(Y (t) + ε−3Y 3(t) + ε2−s),
Y (0) = 0.

Next, with some manipulations we can obtain that y(t) ≤ Y (t), where{
Y ′(t) = C(ε−3Y 3(t) + ε2−s) ≤ C(ε−1Y (t) + ε

2−s
3 )3,

Y (0) = 0.

By Bihari’s inequality (see [9]), one obtains that

Y (t) ≤ Cε2−s

on the interval [0, T0] for 0 < s < 1
2 and small enough ε, where T0 = T (ε0, s) is

independent of ε ∈ (0, ε0). Hence, this shows that

‖ωωωε −ωωω‖2 + ε

∫ T

0

‖ωωωε −ωωω‖21dt ≤ Cε2−s.

This finishes the proof of Theorem 1.2. �
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