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RIGIDITY THEOREMS FOR COMPACT HYPERSURFACES

IN LOCALLY SYMMETRIC RIEMANNIAN MANIFOLDS

SHICHENG ZHANG

(Communicated by Lei Ni)

Abstract. In this paper, we prove some rigidity theorems for compact hyper-
surfaces without the constancy condition on the mean curvature or the scalar
curvature in locally symmetric Riemannian manifolds.

1. Introduction

When the ambient manifolds possess very nice symmetry, for example the sphere,
many results have been obtained in the study of the minimal hypersurface and
hypersurface with constant mean curvature or constant scalar curvature in these
ambient manifolds. (One can see [1]-[7]). Recently, Q.M. Cheng and H. Nakagawa
[8] independently proved the optimal rigidity theorem for hypersurface of constant
mean curvature in a sphere.

In order to study hypersurface with constant scalar curvature, Cheng and Yau
[9] introduced a new self-adjoint differential operator � acting on C2-functions
defined on Riemannian manifolds. As a by-product of this approach they were able
to classify closed hypersurface Mn with constant normalized scalar curvature R
satisfying R ≥ c and non-negative sectional curvatures immersed in complete and
simply connected (n+ 1)-dimensional Riemannian manifolds of constant sectional
curvature c, which will be denoted by Qn+1(c) and are also known as space forms.

By using the Cheng-Yau technique, X. Liu and H. Li [7] also obtained some
rigidity theorems for hypersurface with constant scalar curvature. Therefore, it
is important and natural to extend the Riemannian space forms to the locally
symmetric Riemannian manifolds.

Let the ambient manifold Nn+1 be a locally symmetric Riemannian manifold
with sectional curvature KN and Mn be an n-dimensional complete hypersurface
with constant mean curvature H in Nn+1. When 1

2 < δ ≤ KN ≤ 1 (δ is a constant)
at all points x ∈ Mn and the squared norm of the second fundamental form S

satisfies S < n + n3H2

2(n−1) − n(n−2)
2(n−1)

√
n2H4 + 4(n− 1)H2, S. Shu [10] and S. Ding

[11] have obtained that the hypersurface Mn is a totally umbilical hypersurface,
respectively. H.W. Xu [12] has also obtained the same result when Mn is an
n-dimensional closed minimal hypersurface with constant mean curvature H in
Nn+1 and sectional curvature KN satisfying the condition δ ≤ KN ≤ 1 at all
points x ∈ Mn and the squared norm of the second fundamental form S satisfies
S ≤ (2δ − 1)n.
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In [13], Q. Wang and C. Xia proved that Mn is isometric to a Riemannian prod-

uct S1(
√
1− c2)×Sn−1(c) with c2 ≤ (n−1)/n if the fundamental group π1(M

n) of

Mn is infinite and that S ≤ n+n3H2/(2(n− 1))−n(n− 2)|H|
√
n2H2 + 4(n− 1)/

(2(n− 1)). Here, motivated by the works described above, our aim is to study the
closed hypersurfaces without the constancy condition on the mean curvature or the
scalar curvature.

In this paper, let the ambient manifold Nn+1 be an (n+1)-dimensional simply
locally symmetric Riemannian manifold with δ pinched curvature, i.e. 1

2 < δ ≤
KN ≤ 1. From (2.4), we denote

n(n− 1)P = n2H2 − S = n(n− 1)r −
n∑

i,j=1

Kijij ,(1.1)

where r is normalized scalar curvature of Mn. Here, our aim is to study the closed
hypersurfaces in Nn+1 without the constancy condition on the mean curvature or
the scalar curvature. We prove some rigidity theorems for the Riemannian product
S1(

√
1− c2)× Sn−1(c). Namely, we have the following theorems.

Theorem 1.1. Let Mn be an n-dimensional compact hypersurface in a locally sym-
metric Riemannian manifold Nn+1. Assume that the fundamental group π1(M

n) of
Mn is infinite and that the squared norm of the second fundamental form satisfies
S ≤ α(n, r). Then S is constant, S = α(n, r) and Mn is isometric to a Riemannian

product S1(
√
1− c2)× Sn−1(c), where α(n, r) = (n− 1)nP+2δ

n−2 + n−2
nP+2δ .

Remark 1.1. If δ = 1, i.e. the locally symmetric Riemannian manifold Nn+1 is the
unit sphere Sn+1(1), our Theorem 1.1 reduces to Theorem 1.3 in [14].

Theorem 1.2. Let Mn be an n-dimensional compact hypersurface in a locally sym-
metric Riemannian manifold Nn+1. Assume that the fundamental group π1(M

n)
of Mn is infinite and that the squared norm of the second fundamental form and
mean curvature satisfy S ≤ α(n,H). Then S is constant, S = α(n,H) and Mn

is isometric to a Riemannian product S1(
√
1− c2) × Sn−1(c), where α(n,H) =

nδ + n3H2

2(n−1) −
n(n−2)
2(n−1)

√
n2H4 + 4(n− 1)H2δ.

Remark 1.2. When the manifold Nn+1 is the unit sphere Sn+1(1), our Theorem
1.2 reduces to Theorem 1.1 in [13].

Theorem 1.3. Let Mn be an n-dimensional compact hypersurface in a locally sym-
metric Riemannian manifold Nn+1. Assume that the fundamental group π1(M

n)
of Mn is infinite and that the squared norm of the second fundamental form satis-
fies S ≤ 2

√
n− 1δ. Then S is constant, S = 2

√
n− 1δ and Mn is isometric to a

Riemannian product S1(
√
1− c2)× Sn−1(c).

Corollary 1.4. Let Mn be an n-dimensional compact hypersurface in Sn+1(1).
Assume that the fundamental group π1(M

n) of Mn is infinite and that the squared
norm of the second fundamental form satisfies S ≤ 2

√
n− 1. Then S is constant,

S = 2
√
n− 1 and Mn is isometric to a Riemannian product S1(

√
1− c2)×Sn−1(c).

2. Preliminaries

If Mn is a hypersurface in Nn+1, let {e1, e2, · · · , en+1} be a local frame of
orthonormal vector fields in Nn+1 such that, restricted to Mn, the vectors
{e1, e2, · · · , en} are tangent to Mn, and the vector en+1 is normal to Mn.
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Let {ω1, ω2, · · · , ωn+1} be its dual frame field. We use the following convention
on the range of indices:

1 ≤ A,B,C, · · · ≤ n+ 1, 1 ≤ i, j, k, · · · ≤ n.

Then the structure equations of Nn+1 are given by

dωA =
n+1∑
B=1

ωAB ∧ ωB , ωAB + ωBA = 0,

dωAB =

n+1∑
C=1

ωAC ∧ ωCB − 1

2

n+1∑
C,D=1

RABCDωC ∧ ωD,

whereRABCD denotes the components of the Riemannian curvature tensor ofNn+1.
Let M be an arbitrary hypersurface of Nn+1. The structure equations of Mn are
given by

dωij = −
∑
k

ωik ∧ ωkj +
1

2

∑
k,l

Rijklω
k ∧ ωl,(2.1)

Rijkl = Kijkl + hikhjl − hilhjk,(2.2)

where Rijkl denotes the components of the Riemannian curvature tensor of Mn;

Rij =

n∑
k=1

Kkikj + nHhij −
n∑

k=1

hikhkj ,(2.3)

n(n− 1)r =

n∑
i,j=1

Kijji + (nH)2 − S,(2.4)

where Rij and n(n − 1)r are components of the Ricci curvature tensor and the
scalar curvature of Mn, respectively, and S =

∑n
ij=1(hij)

2 is the squared norm of
the second fundamental form of Mn.

The following lemmas are needed in the proof of Theorems 1.1, 1.2, and 1.3.

Lemma 2.1 ([15]). If the Ricci curvature of a compact Riemannian manifold is
non-negative and positive at a point, then the manifold carries a metric of positive
Ricci curvature.

Lemma 2.2 ([16]). Let A = (aij) be a symmetric n × n matrix (n ≥ 2), and set
A1 = trA and A2 =

∑
i,j(aij)

2. Then we have

(2.5)∑
i

(ain)
2−A1ann≤

1

n2
[n(n−1)A2+(n−2)

√
n−1|A1|

√
nA2−(A1)2−2(n−1)(A1)

2].

Equality holds if and only if either n = 2 or n > 2 and (aij) is of the form⎛
⎜⎜⎜⎝

a 0
. . .

a
0 A1 − (n− 1)a

⎞
⎟⎟⎟⎠

with (na−A1)A1 ≥ 0.
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We can assume without loss of generality that at any fixed point p, e1, · · · , en is
a local orthonormal frame field, and from Gauss’ equation it follows that the Ricci
curvature Rij of Mn is

Rij =
n∑

k=1

Kikjk + nHhij −
n∑

k=1

hikhkj ,

then we have

Rii =
n∑

k=1

Kikik + nHhii −
∑
i

(hik)
2,

Rij = 0 i �= j.

From Lemma 2.2, we have

Rii ≥ (n− 1)δ− 1

n2
[n(n− 1)S+n(n− 2)

√
n− 1|H|

√
nS − n2H2 − 2n2(n− 1)H2]

= (n− 1)δ − n− 1

n
S − n− 2√

n

√
n− 1

n
|H|

√
S − nH2 + 2n2(n− 1)H2

≥ n− 1

n

(
nδ + 2nH2 − S − n(n− 2)√

n(n− 1)
|H|

√
S − nH2

)
.

3. Proof of the theorems

Proof of Theorem 1.1. It is a direct check that our assumption condition, i.e.

S ≤ (n− 1)
nP + 2δ

n− 2
+

n− 2

nP + 2δ
,

is equivalent to

(n− 2)2

n2
{(n(n− 1)P + S)(S − nP )} ≤

(
nδ + 2(n− 1)P − n− 2

n
S

)2

.

From (2.4), then S−nH2 = n−1
n (S−nP ), we have S−nP ≥ 0 and n(n−1)P+S ≥ 0.

So, we get

n− 2

n

√
(n(n− 1)P + S)(S − nP ) ≤ nδ + 2(n− 1)P − n− 2

n
S.

Hence, we obtain

nδ − nH2 + (S − nH2)− n(n− 2)√
n(n− 1)

|H|
√

S − nH2

= nδ + 2(n− 1)P +
n− 2

n
S − n− 2

n

√
(n(n− 1)P + S)(S − nP ).(3.1)

This implies that

(3.2) (S − nH2)

[
nδ − (S − nH2)− n|H| n− 2√

n(n− 1)

√
S − nH2 + nH2

]
≥ 0.

From (2.6), we have Rii ≥ 0. In particular, from the assertions above, we know
that if S < α(n, r) holds, then Rii > 0. This implies that, by Lemma 2.1, Mn

carries a metric of positive Ricci curvature. According to Bonnet-Myer’s theorem
[17], we know that the fundamental group is finite. This is impossible because Mn

has infinite fundamental group.
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From Lemma 2.2, we can assume without loss of generality that at any fixed
point p ∈ M , Rnn = 0. Therefore, from Lemma 2.2, all of the above inequalities
should be equalities at p and S = α(n, r). That is, we have Kijij = δ, Nn+1 is
of constant sectional curvature δ, and hij = 0 if i �= j, h11 = · · · = hn−1n−1 and
hnn = nH − (n − 1)h11. Hence, we conclude that Mn has two distinct principal
curvatures, one of which is simple. Let {e1, · · · , en} be a local orthonormal frame
field such that hij = λiδij , where λi’s are the principal curvature on Mn. Without
loss of generality, we can assume that λ1 = · · · = λn−1 = λ, λn = μ. From

Rnn = (n− 1)δ + (λ1 + · · ·+ λn−1 + λn)λn − λ2
n = (n− 1)(δ + λμ) = 0,

we have δ + λμ = 0. From (2.4), we have

μ =
nP

2λ
− n− 2

2
λ.

Hence, we get

λ2 =
nP + 2δ

n− 2
and μ2 =

n− 2

nP + 2δ
.

Similarly as in the proof of the Theorem [14], we consider the integral submanifold
of the corresponding distribution of the space of principal vectors corresponding
to the principal curvature λ. Since the multiplicity of the principal curvature λ is
greater than 1, we know that the principal curvature λ is constant on this integral
submanifold. From λ2 = nP+2δ

n−2 and μ2 = n−2
nP+2δ , we have that the scalar curvature

n(n − 1)r and the principal curvature μ are constant. Thus, we obtain that Mn

is the isoparametric hypersurface of the sphere Nn+1 with two distinct principal
curvatures. Therefore, S = (n − 1)nP+2δ

n−2 + n−2
nP+2δ , and we conclude that Mn is

isometric to the Riemannian product S1(
√
1− c2) × Sn−1(c). This completes the

proof of Theorem 1.1. �

Proof of Theorem 1.2. Let

A =
√
S − nH2 +

n(n− 2)|H|
2
√
n(n− 1)

+

[
n3H2

4(n− 1)
+ nδ

] 1
2

,

B = −
√
S − nH2 − n(n− 2)|H|

2
√
n(n− 1)

+

[
n3H2

4(n− 1)
+ nδ

] 1
2

.

By hypothesis

S ≤ nδ +
n3H2

2(n− 1)
− n(n− 2)|H|

2(n− 1)

√
n2H4 + 4(n− 1)δ.

This implies that

S − nH2 ≤
([

n3H2

4(n− 1)
+ nδ

] 1
2

− n(n− 2)|H|
2
√
n(n− 1)

)2

,

which jointly with
√
S − nH2 ≥ 0 and [ n3H2

4(n−1) + nδ]
1
2 > n(n−2)|H|

2
√

n(n−1)
implies that

√
S − nH2 ≤

[
n3H2

4(n− 1)
+ nδ

] 1
2

− n(n− 2)|H|
2
√
n(n− 1)

,
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which implies that

B = −
√
S − nH2 − n(n− 2)|H|

2
√
n(n− 1)

+

[
n3H2

4(n− 1)
+ nδ

] 1
2

≥ 0.

We get

nδ − (S − nH2)− n|H| n− 2√
n(n− 1)

√
S − nH2 + nH2 = A ·B ≥ 0.(3.3)

From (2.6) and (3.3), we have Rii ≥ 0. In particular, from the assertions above,
we know that if S < α(n,H) holds, then Rii > 0. This implies that, by Lemma
2.1, Mn carries a metric of positive Ricci curvature. According to Bonnet-Myer’s
theorem [17], we know that the fundamental group is finite. This is impossible
because Mn has infinite fundamental group.

From Lemma 2.2, we can assume without loss of generality that at any fixed
point p ∈ M , Rnn = 0. Therefore, from Lemma 2.2, all of the above inequalities
should be equalities at p and S = α(n, r). That is, we have Kijij = δ, Nn+1 is
of constant sectional curvature δ, and hij = 0 if i �= j, h11 = · · · = hn−1n−1 and
hnn = nH − (n − 1)h11. Hence, we conclude that Mn has two distinct principal
curvatures, one of which is simple. Let {e1, · · · , en} be a local orthonormal frame
field such that hij = λiδij , where the λi’s are principal curvature on Mn. Without
loss of generality, we can assume λ1 = · · · = λn−1 = λ, λn = μ. From

Rnn = (n− 1)δ + (λ1 + · · ·+ λn−1 + λn)λn − λ2
n = (n− 1)(δ + λμ) = 0,

we have δ + λμ = 0. On the other hand, nH = (n− 1)λ+ μ.
Similarly as in the proof of Theorem 1.1, we consider the integral submanifold

of the corresponding distribution of the space of principal vectors corresponding
to the principal curvature λ. Since the multiplicity of the principal curvature λ is
greater than 1, we know that the principal curvature λ is constant on this integral
submanifold. Thus, we obtain that Mn is the isoparametric hypersurface of the
sphere Nn+1 with two distinct principal curvatures. Therefore, we conclude that
Mn is isometric to the Riemannian product S1(

√
1− c2)×Sn−1(c). This completes

the proof of Theorem 1.2. �

Proof of Theorem 1.3. For a real number d = n+2
√
n−1

n−2

√
n > 0, we have

2|H||φ| ≤ dH2 +
1

d
|φ|2.(3.4)

From (2.6) and (3.4), we obtain

Rii ≥
n− 1

n

(
nδ + 2nH2 − S − n(n− 2)√

n(n− 1)
|H|

√
S − nH2

)

=
n− 1

n

[
nδ + nH2

(
2− (n− 2)d

2
√
n(n− 1)

+
n(n− 2)

2
√
n(n− 1)d

)

− S

(
1 +

n(n− 2)

2
√
n(n− 1)d

)]

≥ n− 1

n
(nδ − n

2
√
n− 1

S).

(3.5)
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From the assumption S ≤ 2
√
n− 1δ and (3.5), we have Rii ≥ 0. In particular,

from the assertions above, we know that if S < 2
√
n− 1δ holds, then Rii > 0.

This implies that, by Lemma 2.1, Mn carries a metric of positive Ricci curvature.
According to Bonnet-Myer’s theorem [17], we know that the fundamental group is
finite. This is impossible because Mn has infinite fundamental group.

From Lemma 2.2, similarly as in the proof of Theorem 1.1, we get S = 2
√
n− 1δ.

That is, we have Kijij = δ, Nn+1 is of constant sectional curvature δ, and hij = 0 if
i �= j, h11 = · · · = hn−1n−1 and hnn = nH−(n−1)h11. Hence, we conclude thatMn

has two distinct principal curvatures, one of which is simple. Let {e1, · · · , en} be
a local orthonormal frame field such that hij = λiδij , where the λi’s are principal
curvature on Mn. Without loss of generality, we can assume that λ1 = · · · =
λn−1 = λ, λn = μ. From

Rnn = (n− 1)δ + (λ1 + · · ·+ λn−1 + λn)λn − λ2
n = (n− 1)(δ + λμ) = 0,

we have δ + λμ = 0. On the other hand, S = 2
√
n− 1δ = (n− 1)λ2 + μ2. Hence,

we get

λ2 =
δ√

n− 1
and μ2 =

√
n− 1δ.

Thus, we obtain that Mn is the isoparametric hypersurface of the sphere Nn+1

with two distinct principal curvatures. Therefore, we conclude that Mn is isometric
to the Riemannian product S1(

√
1− c2) × Sn−1(c). This completes the proof of

Theorem 1.3. �
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