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L,+ Lo AND L,NL, ARE NOT ISOMORPHIC
FOR ALL 1 <p<oo, p#2

SERGEY V. ASTASHKIN AND LECH MALIGRANDA

(Communicated by Thomas Schlumprecht)

ABSTRACT. We prove the result stated in the title. It comes as a consequence
of the fact that the space Ly N Loo, 1 < p < 00, p # 2, does not contain a
complemented subspace isomorphic to L,. In particular, as a subproduct, we
show that L, N Lo contains a complemented subspace isomorphic to 2 if and
only if p = 2.

1. PRELIMINARIES AND MAIN RESULT

Isomorphic classification of symmetric spaces is an important problem related
to the study of symmetric structures in arbitrary Banach spaces. This research
was initiated in the seminal work of Johnson, Maurey, Schechtman and Tzafriri [9].
Somewhat later it was extended by Kalton to lattice structures [10].

In particular, in [9] (see also [12], Section 2.f]) it was shown that the space LoNL,
for 2 < p < oo (resp. Ly + L, for 1 < p < 2) is isomorphic to L,. A detailed
investigation of various properties of separable sums and intersections of L,-spaces
(i.e., with p < oo) was undertaken by Dilworth in the papers [5] and [6]. In
contrast to that, we focus here on the problem if the nonseparable spaces L, + L
and L, N L, 1 < p < o0, are isomorphic or not.

In this paper we use the standard notation from the theory of symmetric spaces
(cf. [3], [11] and [12]). For 1 < p < oo the space L, + Lo consists of all sums of
p-integrable and bounded measurable functions on (0, co) with the norm defined by

T = inf u v .
lelleysrn = oint (s, + le)

The L, N Lo consists of all bounded p-integrable functions on (0, co) with the norm

> 1/p
el nn = max el el } = { ([ et ar) ™ esssuploto}.
0 t>

Both L, + Lo and L, N L for all 1 < p < oo are nonseparable Banach spaces (cf.
[11, p. 79] for p = 1). The norm in L, + L satisfies the following sharp estimates:

! 1/p 1 1/p
1) (] artra)” <ty <20 ( [ ot or dr)
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(cf. [ p. 109], [13] p. 176] and with details in [I4, Theorem 1]). Moreover, in the
case when p = 1 we have

1
T / (b dt
0

(see [3, pp. 74-75] and [I1], p. 78]. Here, z*(t) denotes the decreasing rearrangement
of |z(u)|, that is,

z*(t) = inf{r > 0: m({u > 0: |z(u)| > 7}) < t}

(if E C R is a measurable set, then m(F) is its Lebesgue measure). Note that every
measurable function and its decreasing rearrangement are equimeasurable, which
means that
m{u>0:|z(w)| >7}) =m({t >0: 2*(t) > 71})
for all 7 > 0.
Denote by LY and (L, + Lo )% 1 < p < oo, the closure of L N Ly in Lo, and
in L, + Leo, respectively. Clearly, (L, + Loo)? = L, + LY. Note that

(2) Lo+ L% ={zx€L,+ Le:a*(t) = 0ast— oo}

and
(Ly + L2)* = L1 N L,

i.e., L1 N Ly is a dual space (cf. [II, pp. 79-80] and [3 pp. 76-77]). Also, L, N L
and L, + Lo, 1 < p < 00, are dual spaces because

(Lg+L1)"=L,NLs and (LyNL1)"=Ly+ Lo,

where 1/p+1/q = 1.
Now, we state the main result of this paper.

Theorem 1. For every 1 < p < 0o,p # 2, the spaces L, + Loo and L, N Lo are
not isomorphic.

Clearly, the space L, + Lo, contains the complemented subspace (L, + L) ‘ 0.1]
isomorphic to L,[0,1] for every 1 < p < co. As a bounded projection we can take
the operator Px := xx[o,1] because from (1) it follows

1 1/p L 1/p
I1Poll, = loxoule, = ([ lora) " < ([ ar@rat)” < fels, e
0 0

In the next two sections we show that L, N Lo, for p € [1,2) U (2,00) does not
contain a complemented subspace isomorphic to L,[0, 1], which gives our claim. At
the same time, L, N Lo, 1 < p < 0o, contains a subspace isomorphic to Lo, and
hence a subspace isomorphic to L,[0, 1].

The spaces L, + Lo and L. are not isomorphic since L, + L., contains a
complemented subspace isomorphic to L, and L, is a prime space (this follows
from the Lindenstrauss and Pelczytiski results — see [1, Theorems 5.6.5 and 4.3.10]).
Similarly, the spaces L, N Lo and L are not isomorphic because L, N L, contains
a complemented subspace isomorphic to £, (take, for instance, the span of the
sequence {X[n—1n)tne1 0 Lp N Leo)-

If {x,}22, is a sequence from a Banach space X, by [z,] we denote its closed
linear span in X. As usual, the Rademacher functions on [0,1] are defined as
follows: 74 (t) = sign(sin 2F7t), k € N, ¢ € [0, 1].
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2. L1 N Ls, DOES NOT CONTAIN A COMPLEMENTED SUBSPACE ISOMORPHIC TO L

Our proof of Theorem [I] in the case p = 1 will be based on an application of
the Hagler-Stegall theorem proved in [8] (see Theorem 1). To state it we need the
following definition.

The space (@, ¢% ). 1 < p < oo, is the Banach space of all sequences
{302y, (), € i, n=1,2,..., such that

. >0 v 1p )P >0 2\ /P
Heils= (o heDialf,) ™ = (3 max lei) <o
n= n=

Theorem 2 (Hagler-Stegall). Let X be a Banach space. Then its dual X* contains
a complemented subspace isomorphic to Ly if and only if X contains a subspace
isomorphic to (Bo—, (™), -

n=1"o0

Note that (L +Lgo)|[0 .

copy of L1[0,1], and so of ¢;. Moreover, its subspace

(3) {ZCkX[k—l,lc]5 ek —0as k— oo}

k=1

= L]0, 1], and hence L; + L%, contains a complemented

is isomorphic to ¢g and so, by the Sobczyk theorem (cf. [I Theorem 2.5.8)), is
complemented in the separable space L; + L2 . Therefore, the latter space contains
uniformly complemented copies of 2 ,n € N. However, we have

Theorem 3. The space L1 + LY, does not contain any subspace isomorphic to the

space (B, £5)e

Proof. On the contrary, assume that L; + L2 contains a subspace isomorphic to
(B, %), Let a,n € Nk = 1,2,...,n, form the sequence from L; + L%
equivalent to the unit vector basis of (@n 1(&) ¢,- This means that there is a

constant C' > 0 such that for all az eR

.....

,,,,,,

n=1k=1

In particular, for any n € N, every subset A C {1,2,...,n} and all e, = £1,k € A,

we have
(4) H ’;461&2‘ e /0 (kz: Ek.’[k> )ds < C,

and for all 1 < k(n) < n,n € N the sequence {xk }n 1 is equivalent in Ly + Lo
to the unit vector basis of ¢4, i.e., for all a, € R

oo 1 oo N 0o
(5) c! Z la,| < /0 (Z anxg(n)) (s)ds < C’Z |an -
n=1 n=1 n=1

Moreover, we can assume that ||z} p,+r,, =1foralln e Nk =1,2,...,n, ie.,

1
(6) /(xg)*(s)dSZ1,neN,k=1,2,...,n
0
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First, we show that for every d > 0 there is M = M(J) € N such that for all
n € N and any E C (0,00) with m(E) < 1 we have

(7) card{k = 1,2,...,n: / |z} (s)|ds > 6} < M.
E

Indeed, assuming the contrary, for some §y > 0 we can find n; 1, E; C (0, 00), m(E;)
<1,i=1,2,..., such that

card{k =1,2,...,n;: / |z} (s)|ds > 6o} — oo.
E;

Denoting A; :={k =1,2,.. fE |z (s)|ds > 0o}, for all € = +1 we have

1 *
(8) H Z ERxy :/ ( Z gkxzi) (s)ds 2/ ‘ Z akxzi(s)‘ ds.
keA; Fatloo 0 “kea; B pea,

Moreover, by the Fubini theorem, Khintchine’s inequality in L; (cf. [18]) and the

Minkowski inequality, we obtain
/ / ’Zrk ) ( ‘dtds

[ 5 e

> —= / Z |y (s ) ds

keA;

<k§ /|x |ds )1/2

v/ cardA;.

),k € A; such that

\/_
Therefore, for each i € N there are signs ey (4

do
er(t)x (s ‘ s > —+/cardA;.
/1 ’k; 8 V2

Combining this with (8) we obtain that

| > extiay

i
Li+Lo
heA, 1+ L \/§

cardA4;,1=1,2,....

Since cardA; — oo as i — oo, the latter inequality contradicts (@). Thus, (7)) is
proved.
Now, we claim that for all 6 > 0 and n € N

card{k =1,2,...,n: thereis F' C [0,00) such that m(F) < ﬁ
9) and [, a7 (s)| ds > 5} <M

where M depending on 4§ is taken from ().
Indeed, otherwise, we can find ' > 0,n9 € N and I C {1,2,...,n0}, card] =
My + 1, My = M(do), such that for every k € I there is Fy, C (0, 00) with

and / |20 (s)|ds > &'
Fy,

m(Fk) S
0
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Setting £ = U,y Fr, we see that m(E) < >, ., m(Fy) < 1. Moreover, by the
definition of I and F,

card{k = 1,2, .. / |20 (s)]ds > &'} > card] > My,

which is impossible because of ().

Now, we construct a special sequence of pairwise disjoint functions, which is
equivalent in L; + LY to the unit vector basis in ;. By (), for arbitrary §; > 0
there is My = M;(61) € N such that for all n € N

1
card{k = 1,2,...,n: / |z}t (s)|ds > 61} < M.
0

Therefore, taking ny > 2M7, we can find k1 = 1,2,...,n; satisfying

1
/0 lz)! (s)] ds < &1
and, by ([@), such that from F C (0, 00) with m(F) <

/|x s)|ds < 1.

Moreover, recalling () we have (x}!)*(t) — 0 as t — oo. Therefore, since
lel € Ly + Lo and any measurable function is equimeasurable with its decreasing
rearrangement, there exists m; € N such that chleX[ml,oo)HLﬁLoo < §1. Then,
setting y1 := ' X[1,m,], we have

1 .
T it follows that

lzp! = yillL,+1. < 261

Next, by (@), for arbitrary o > 0 there is Ms = Ms(d2) € N such that for alln € N
and j =1,2,...,my

J
card{k =1,2,...,n: / |2z (s)|ds > 62} < Ms.
j—1

Let no € N be such that ny > Mymy + Ms + M;. Then, by the preceding inequality
and (@), there is 1 < kg < ng such that for all j =1,2,...,m; we have

J
(10) / |z}2 (5)| ds < 0,
j—1
and from F' C (0,00) with m(F) < 57 +1,z = 1,2, it follows that
/ 222 ()| ds < 6.
Note that (I0) implies f;"* (s)|ds < mqda, whence

||xk22X[07m1] HL1+L(X> < m152.

As above, by (@), there is mo > mj such that ||IZ§X[m2,oo)||L1+Loo < m6s.
Thus, putting y2 := .2 X(m, m,], We have

|72 = y2llz, 4L < 2mada.
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Continuing this process, for any d3 > 0, by (@), we can find M3 € N such that for
allneNand j=1,2,...,mo it holds

card{k =1,2,...,n: /] |zp(s)|ds > 63} < M.
j—1
So, again, applying (@) and taking ns > jmgM;H—Ml + Mo+ Mz we find 1 < k3 < ng
such that )
/J |x2§’(s)|ds <d3, j=1,2,...,mo,
and o
[l ds <

whenever m(F) < 77,4 = 1,2,3. This implies that [** 232 (s)| ds < mads, and
so

s X(0,ma) | L1+ Lo < 203
Choosing m3 >ma s0 that |02 X (1 00) [ L11L. <203 and setting Y3 : =T X (m,.ma]
we obtain

232 — yallL, +L. < 2mads.
As a result, we get the increasing sequences n;, m;, k; of natural numbers, 1 < k; <
ni,i = 1,2,... and the sequence {y;} of pairwise disjoint functions from L; + LY,
such that

lzn! = Yill L+ Lo < 2mi—16,
where mg := 1. Noting that the sequence of positive reals {9;}5°; can be chosen in
such a way that the numbers m;_1d; would be arbitrarily small, we can assume, by
the principle of small perturbations (cf. [I, Theorem 1.3.10]) and by inequalities
@), that {y;} is equivalent in Ly + Lo to the unit vector basis of ¢;. Moreover, by

construction, for all j =1,2,...and i =1,2,3,...,7 we have
1
(11) /F ly;(s)] ds < §; whenever m(F') < M1

Let 1 <1 < m be arbitrary. Since y;,7 = 1,2, ... are disjoint functions, then

I D 3 B SO S RCLEES of EIE

where E; are disjoint sets from (0,00) such that > ., m(E;) < 1. Clearly, for a
fixed [ we have

ko(m) :=card{i e N: [ <i<m and m(E;) >
Hence, by (IT), (I2) and (@),
|2u]
i=l
So, assuming that m > (M; + 1)/d; + [, we obtain
i=l

Since §; — 0 as | — oo, the latter inequality contradicts the fact that {y;} is
equivalent in L1 + L, to the unit vector basis of ¢;. The proof is complete. O

1
< M; + 1.
Ml—l-l}_ et

Db < k?o(m) + (m -1 — k:o(m))él

< 26 —1).
Li+ Lo - l(m )
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Remark 1. Since L, is of cotype max(p,2) for every 1 < p < oo the result of
Theorem 3] can be generalized as follows: The space L, + LY, does not contain any
subspace isomorphic to the space (.-, ¢ )¢, for any 1 < p < oo.

n=1"oo

Proof of Theorem [l for p = 1. By the Hagler-Stegall Theorem [ (see also [17]),
Theorem ] and the fact that Ly N Lo, = (L; + LY%)*, we obtain that (in con-
trast to L1 + L) the space Ly N Ly does not contain a complemented subspace
isomorphic to L1[0, 1], which gives our claim. O

Since L1 N Lo is a dual space (see Section 1), in the case when p = 1 Theorem [I]
is also an immediate consequence of the following result, which was communicated
to us by W. B. Johnson and which is included here with his kind permission.

Theorem 4. The space L1 + Lo, is not isomorphic to a dual space.

Proof. To the contrary, let L; + Lo, be isomorphic to a dual space. Then, by
[8, Theorem 1], together with a complemented copy of L; it contains also a com-
plemented subspace isomorphic to C[0,1]*. Hence, in view of the classical Riesz
representation theorem L + L., contains a complemented subspace F' isomorphic
to ¢1(A), where A is uncountable.

Let {fa}aca C F be a system equivalent to the unit vector basis in ¢1(A). Then
fa = ga + ha with g4 € L1, hy € Lo, 0 € A. Since L is a separable space and
A is uncountable, there are sequences {a,}>2; C A and {3,}22, C A such that
ag # B for all k,m € N and

(13) 90, — 98,

It is easy to see that the sequence {ga, +ha, —98, —hgs, }or, is equivalent in L+ L
to the unit vector basis in /1 and is complemented in F', and so in Ly + L,. Let
us note that

L, —+ 0asn — oo.

1(9a, + ha,, — 95, — Pg,) = (ha,, =l )Ly +L00 < 90, — 98, |2, 7 €N

Therefore, by ([I3) and the principle of small perturbations, passing to a subse-
quence, we obtain that the sequence {hq, —hg, }52; C Lo is equivalent in Ly + Lo
to the unit vector basis in #; and also spans in L + L., a complemented subspace.

It is easy to see that this sequence has the same properties also in the space L.
This is a contradiction. O

3. L,N Ly FOR p # 2 DOES NOT CONTAIN A COMPLEMENTED SUBSPACE
ISOMORPHIC TO {5

The well-known Raynaud’s result (cf. [I5, Theorem 4]) presents the conditions
under which a separable symmetric space (on [0, 1] or on (0,00)) contains a com-
plemented subspace isomorphic to £5. The following theorem can be regarded as
its extension to a special class of nonseparable spaces.

Theorem 5. Let 1 < p < oco. The following conditions are equivalent:

(i) L, N Loo contains a complemented subspace lattice-isomorphic to lo;

(1) L, N Lo contains a complemented subspace isomorphic to la;

(1ii) p = 2.
Proof. Implication (i) = (ii) is obvious. Moreover, if p = 2, then clearly the
sequence {X[n—1,n) o1 18 equivalent in Ly N Lo to the unit vector basis of £ and
spans a complemented subspace. So, (i4i) implies (7).
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Let us prove that from (¢%) it follows (é73). On the contrary, let {z,} C L, N Ly
be a sequence equivalent in L, N Lo, to the unit vector basis of £5 so that [z,] is a
complemented subspace of L, N L.

First, let us show that there is not a > 0 such that for all ¢, € R,k =1,2,...

o0 o0
H E CkTKX]0,a = H E Ckfk’ .
Ly LyNLoo
k=1 k=1
Indeed, the latter equivalence implies
(o] o0
CkTrX]o, = H Cka‘ = ||(Ck)|les-
|Z axoall, = [ X, , ., =0l

Since L, N Lo [0,a] = Loo[0, a, we see that the sequence {x,X[0,q)} spans in both
spaces L1[0,a] and Ly [0,a] the same infinite-dimensional space. However, by the
well-known Grothendieck’s theorem (cf. [7, Theorem 1]; see also [16] p. 117]) it is
impossible. As a result, we can find a sequence {f,} C [z&], [|fullL,nL. = 1,n =
1,2,..., such that for every a > 0

/ |fn(t)| dt — 0 as n — co.
0

Hence, f,, 3 0 (convergence in Lebesgue measure m) on any interval [0,a]. Since
[x] spans £, then passing to a subsequence if it is necessary (and keeping the same
notation), we can assume that f, — 0 weakly in L,N L. Therefore, combining the
Bessaga-Pelczyniski Selection Principle (cf. [I, Theorem 1.3.10]) and the principle of
small perturbations (cf. [I, Theorem 1.3.10]), we can select a further subsequence,
which is equivalent to the sequence {zx} in L, N Lo (and so to the unit vector
basis in ¢5) and which spans a complemented subspace in L, N L. Let it be
denoted still by {f,}22 ;. Now, we will select a special subsequence from {f,},
which is equivalent to a sequence of functions whose supports intersect only over
some subset of (0,00) with Lebesgue measure at most 1.

Let {€,}22, be an arbitrary (by now) decreasing sequence of positive reals,
1 < 1. Since f,, 23 0 on [0, 1], there is n; € N such that

(14) m({t € [0,1]: | fa, (1)] > 1)) < £1.

Moreover, the fact that || fn, X(m,c0)llz, — 0 as m — oo allows us to find m; € N,
for which

(15) ||fn1X[m1,oo)HLp < 5%'
Clearly, from (I3 it follows that

(16) m({t € [m1,00): | fn, ()] > e2}) < ea.
Denoting

A1 = {t S [O, 1]2 |fn1 (t)| > 61}, Blo = {t S [ml,oo): |fn1 (t)| > 82}
and
g1 ‘= f’ﬂl (XAl + XB? + X[l,ml]) ’

from ([d)), (I5) and ([d6) we have

| for — 91llL,nL. < €1+ max(es,e3) < 261,
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Further, since f, — 0 on [0, m1], there exists ng > ni,ns € N such that
5
(17) mi{t € [0.m1): Fu(®)] > 2}) <o

Again, using the fact that || fn, X (m,c0)llz, — 0 as m — oo, we can choose my > m;
in such a way that

(18) FoaXmaey I, < &2

and also

(19) m(Bi) < €3, where Bj := B N [ma, 00).
From (I8)), obviously, it follows that

(20) m({t € [ma,00): |fn, ()| > e3}) < e3.
Setting

Ag:i={t € [0,m1]: | fn, ()| > 52m1_1/p}, BY := {t € [mg,00): | fn,(t)] > €3}
and
g2 := fn, (XA2 + Xxpy + X[ml,mz]) ;
by ([IT), (I8) and 20), we get

-1
I frs — 92llL,nL.. < max(eam, /

P ) + max(e3,€3) < 2¢,.

Let’s do one more step. Since f, — 0 on [0, m2], there exists ng > ng,n3 € N such
that

(21) m({t € [0.ma]: [ fay (B)] > €3y ")) < ea.
As above, we can choose m3 > mo with the properties

(22) | frs Xima,oo) 12, < €3,

(23) m(B}) < 4, where B} := BY N [m3, 00),
and

(24) m(Bj) < €4, where By := BY N [ms3, 00).
From (22)) we infer that

(25) m({t € [m3,00): |fn, (t)| > €4}) < 4.

Finally, putting
Ag = {t € [0,ma]: | fns (£)| > sgmgl/p}, BY := {t € [m3,00): | fns ()] > €4}
and
g3 ‘= fn3 (XA3 + XBg + X{mg,ms]) ’
by ZI), 22)) and (28]), we have

I frs — 93llL,nLe < max(53m;1/p,53) + max(ey,e7) < 2€3.

Continuing in the same way, we get the increasing sequences of natural numbers
{nw}, {mx}, the sequences of sets {Ax}72 1, {B}}20, k = 1,2,... and the sequence
of functions



2190 SERGEY V. ASTASHKIN AND LECH MALIGRANDA

(where my = 1), satisfying the properties

(26) m(A;C) Sak,kal,Z,...,

(27) m(BL) < eppivt, k=1,2,...,i=0,1,2,...,
(see ([9), [23) and 24)) and

Il fr — 9kllL,npe <26, k=1,2,....

In particular, by the last inequality, choosing sufficiently small 5, k = 1,2,...,
and applying once more the principle of small perturbations [I Theorem 1.3.10],
we may assume that the sequence {gi} is equivalent to {f,,} (and so to the unit
vector basis of ¢3) and the subspace [gx] is complemented in L, N L. Thus, for
some C > 0 and all (c) € ¢a,

<C .
pon Sl

2 el < || X auor]
k=1

Now, denote

Cq:= UAZ‘UB?,CQ Z:UAiUB(l)UBg,Cg = UAZUBllUBgUBg,
=1 =2 =3

o0
. C=JAUB{?UBI?U...UB] ,UB) {UBY,....
i=j

Setting C := U(;il C; and applying (26) and 7)), we have

(29) m(C) <3 m(C;) < (Zgi +jgj) <1
j=1 j=1 " i=j
whenever i, k = 1,2, ..., are sufficiently small. Putting

D1 = [1,m1]\(UAl),D2:[ml,mg}\(UAZUB(l)),
=2 =3
Dy = [mg,mg]\(UAiUB%UBS),...,
=4
D; = [mj_1,mj]\ [j A;UB{PUBJ P UL LUB; ,UBY | ,...,
i=j+1

and recalling the definition of g,k = 1,2, ..., we infer that
gk = uk + vg, where ug 1= gpxc, and v 1= grXp,, k=1,2,....
Note that ((Jpe; Ck) N (U, Dk) = @, whence (28) can be rewritten as follows:

o
E Ck Uk
k=1

1 oo
(30) 5 CHl(er)le, < max (H kz_jlckuk] ) < Cll(en) e

LpnLeo LpNLoo

Moreover, the subspace [u] is also complemented in L, N Lo, and, by (29), we have

(31) m( G supp uk) <1l

k=1
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Now, suppose that liminfy o [[ur||z,nz.. = 0. Then passing to a subsequence
(and keeping the same notation), by (B0, we obtain

1 (oo}
32 — < H H <C .
(32) 50 l(ew)llex < ;;Ckvk T [1(ck)lle,
Since v, k = 1,2, ..., are pairwise disjoint, we have

[ee] [ee]
max (|2 cwvn]| || S enen
LyNLo 1 1 Loo
> 1/p
max ( (3 Jexlloell?, ) sup lenllionle. | -
o1 keN

First, let us assume that 1 < p < 2. If limsup,_,, [|[vx]|z, > 0, then selecting a
further subsequence (and again keeping notation), we obtain the inequality

s s 1/p
Hzckvk‘ ZC(Z|Ck|p) ;
L,NL
k=1

pNLoo
which contradicts the right-hand estimate in ([B2]). So, limg_o0 ||V, = 0, and
then from ([B3)) for some subsequence of {v;} (we still keep notation) we have

(34) 1> enn
k=1

and now the left-hand side of ([B2) fails. Thus, if 1 < p < 2, inequality (32]) does
not hold.
Let p > 2. Clearly, from [B3)) it follows that

< ")
@ S, 2 (S

and so the left-hand side estimate in ([82) cannot be true. Thus, (B2 fails for every
p € [1,2) U(2,00), and as a result we get

0o
H > cron
k=1

3
Ly

(33)

X

< C1 sup ek,
LPmLoc keN

lim inf HU]CHLPQLOO > 0.
k—o0

Now, if 1 < p < 2, then, as above, limy_, [[vx][z, = 0, and we come (for some
subsequence of {vy}) to inequality ([34]). Clearly,

(36) H Z ckuk‘
k=1

and from B4) and @B0) it follows that for some C' > 0 and all (¢) € 2 we have

> csup|cgl,
LyNLos keN

< Cll(er)lles-

LpNLe

(37) el < || 3 e
k=1

Therefore, the subspace [ug] is isomorphic in L, N Lo, to lo.



2192 SERGEY V. ASTASHKIN AND LECH MALIGRANDA

We show that the last claim holds also in the case p > 2. On the contrary, assume
that the left-hand side of ([B7) fails (note that the opposite side of [37) follows from
(30)). In other words, assume that there is a sequence (c¢})32, € lo,n = 1,2,.
such that ||(c})|le, = 1 for all n € N and

oo
n
Cc uk’
|22 ],
k=1

Then, by ([B6), we have supcy |cp| = 0 as n — oo. Therefore, since

Z|Ck|p <( SUP|CH Z|Ck|2 SUP|Ck|)

we have >~ [c}[P — 0 as n — oo. Combining this together with (B5), we obtain

oo
|3 e
L
k=1

and so the left-hand estimate in (B0) does not hold. This contradiction shows
that B1) is valid for every p € [1,2) U (2,00). Thus, the subspace [ux] is comple-
mented in L, N Lo, and isomorphic to ¢>. As an immediate consequence of that,
we infer that [ug] is a complemented subspace of the space L, N Lo (E), where
E =~ supp ur, = Uze; Ck. Since by BI) m(E) < 1, it follows that L, N L (E)
is isometric to Loo(E). As a result we come to a contradiction, because Lo, does
not contain any complemented reflexive subspace (cf. [I, Theorem 5.6.5]). O

— 0 asn — oo.

pMN Lo

— 0 asn — oo,

pMNloo

Proof of Theorem [l for p € (1,2) U (2,00). Clearly, if 1 < p < oo, then L, (and
hence L, + Lo,) contains a complemented copy of f» (for instance, the span of
the Rademacher sequence). Therefore, by applying Theorem [5 we complete the
proof. O

Note that if X is a symmetric space on (0, c0), then X 4+ L, contains a comple-
mented space isomorphic to X[0,1] = {x € X : suppz C [0,1]} since

lzxollx < Cx |lz]|x4L., for z € X + Lo,

where Cx < max(2 ||xjo,yllx,1). In fact, for # € X + Lo, using estimate (4.2)
from [I1l p. 91], we obtain

> > inf +
lzllx+00 > ||~"L’X[o,1]||X+Loo = Ag[lo’l](HIXAHX ||IX[0,1]\A||LDQ)
in x + x T .
= 4 XAl X 2||X[0,1]H X[0,1\Allx) = c X[0,1]11x

So, an inspection of the proofs of Theorems [0l and [Il (in the case when p € (1,2) U
(2,00)) shows that the following more general result is true.

Theorem 6. Suppose X is a separable symmetric space on (0,00) satisfying either
the upper p-estimate for p > 2 or lower g-estimate for q < 2. Then the space
X N Ly does not contain any complemented subspace isomorphic to {s.

If, in addition, the space X|[0,1] contains a complemented subspace isomorphic
to £y, then the spaces X N Lo, and X + Lo are not isomorphic.
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4. CONCLUDING REMARKS RELATED TO THE SPACES Lg + Lo, AND Lo N L

We do not know whether the spaces Lo + Lo, and Ly N Ly, are isomorphic or
not.

Problem 1. Are the spaces Lo + Ly and Ly N Ly, isomorphic?
We end the paper with the following remarks related to the above problem.

Remark 2. The predual spaces L1 N Ly and Ly + Ly for Lo + Lo, and Lo N Ly,
respectively, are not isomorphic.

In fact, Ly N Ly is a separable dual space since (Ly + L%)* = Ly N Ly (cf.
[5l, Proposition 2(a)]). Therefore, the space L1[0,1] cannot be embedded in this
space (cf. [l p. 147]) but Ly + Lo has a complemented subspace isomorphic to
L1[0,1], which completes our observation.

Remark 3. Either of the spaces Ly + Loo and Lo N Ly is isomorphic to a (un-
complemented) subspace of £+, and hence Ly + L is isomorphic to a subspace of
Ly N Ly and vice versa.

To see this, for instance, for Lo + L, it is sufficient to take arbitrary dense
sequence of the unit ball of the space Ly N Lo, say, {¢,}52, and to set

Tx = (/ x(t)on(t) dt)oo ) for all # € Ly + L.
0

n=

It is easy to see that this mapping defines an isometrical embedding of Lo + Lo
into £.
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