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ABSTRACT. We are concerned with the existence of multiple periodic solutions
for differential equations involving Fisher-Kolmogorov perturbations of the
relativistic operator of the form
— [¢@)]" = Au(1 = [u]?),
as well as for difference equations, of type
—Afp(Au(n — 1)) = Au(n)(1 — [u(n)[?);

here ¢ > 0 is fixed, A is the forward difference operator, A\ > 0 is a real

parameter and
Yy
o) = ——L— (e (-L1).
Vi-y
The approach is variational and relies on critical point theory for convex, lower
semicontinuous perturbations of C1-functionals.

1. INTRODUCTION

This paper is concerned with problems involving Fisher-Kolmogorov nonlineari-
ties of the type:

(1.1) = [p(u)]
respectively,
(1.2) —=Afp(Au(n —1))] = Mu(n)(1 = |u(n)]?), un)=uln+T) (n€Z),
where ¢ > 0 is fixed, Au(n) = u(n + 1) — u(n) is the usual forward difference
operator, A > 0 is a real parameter and
Y
oY) = —~— (ye (-L1).

Vi-y
Notice that besides the trivial solution, problems (1)) and ([2)) always have the
pair of constant solutions © = 1 and these are the only constant nontrivial so-

lutions of (LI)) and (L2). Here we are interested in the multiplicity of pairs of
nonconstant solutions of (LI) and (L2).

/

= ML~ [u]?), u(0) —u(T) = 0= u'(0) — (),
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The typical example which involves the above type of nonlinearities was origi-
nally motivated by models in biological population dynamics and led to the scalar
reaction-diffusion equation

ou  O%u
ot 0x?

referred to as the classical Fisher-Kolmogorov (FK) equation ([14], [15], [18]). In
the last years interest has turned to higher-order equations of type

=u(l —u?),

u® — pu” = u(l —u?),

which corresponds, if p > 0, to the extended Fisher-Kolmogorov (EFK) equations;
these are models for phase transitions and other bistable phenomena. In this direc-
tion we refer the reader to [11], [12], [2I] - [24], [28] where existence of solutions was
studied by a variety of methods such as topological shooting methods, phase-plane
analysis and variational methods. Also, a difference equation related to the FK
equation was considered in [I], [10].

A multiplicity result as the one in this paper (Theorem [2]) was obtained in
[11], [12], [28] for EFK equations. We notice also the paper [8], where a multiplicity
result is given for periodic problems involving the discrete p-Laplacian operator.

On the other hand, in recent years special attention was paid to various qualita-
tive aspects for boundary value problems involving the so-called relativistic opera-
tor: u — [¢(u')]. Among others and far from being exhausted, related to existence
and multiplicity of periodic solutions for such problems, we refer the reader to [3]
- |51, [7, [@, [16], respectively to [2], [I7], [19], [20] for discrete versions.

It is the aim of this paper to obtain multiplicity of nonconstant solutions for
problems (LI) and (L2). First, let us note that both of them can be seen as
eigenvalue problems. In this view, we prove in Theorem 2] (resp. Theorem [3.1))
that (LI) (resp. ([2))) has a prescribed number of distinct pairs of nonconstant
solutions for large enough values of the parameter A\. On the other hand, for any
A > 0 fixed, we obtain that a prescribed number of distinct pairs of nonconstant
solutions can be obtained for ([I1l), provided that the period T is sufficiently large
(Theorem 2.1)). Our approach is a variational one and relies on a generalization of
a result for smooth functionals due to Clark [I3] to convex, lower semicontinuous
perturbations of C'-functionals.

Before concluding this introductory part, we briefly recall some topics in the
frame of Szulkin’s critical point theory [27], which will be needed in the sequel.

Let (Y,] - ||) be a real Banach space and let Z : Y — (—o00, +00] be a functional
of the type

(1.3) I=F+1,
where F € CY(Y,R) and ¢ : Y — (—o0, +00] is convex, lower semicontinuous and
proper (i.e., D(¢) :={u €Y : ¢¥(u) < 400} # 0). A point u € Y is said to be a
eritical point of T if uw € D(1)) and satisfies the inequality
(F'(u),v —u) + ¥(v) —¢p(u) 20 Vv e D).
A sequence {u,} C D(¢) is called a (PS)-sequence if Z(u,) — ¢ € R and
(F'(un), v = up) +9(v) = p(un) > —enllv —un| Vv e D),

where €, — 0. The functional 7 is said to satisfy the (PS) condition if any (PS)-
sequence has a convergent subsequence in Y.
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Let 3 be the collection of all symmetric subsets of Y\ {0} which are closed in
Y. A nonempty set A € X is said to have genus k (denoted v(A) = k) if k is the
smallest integer with the property that there exists an odd continuous mapping
h: A — R¥\ {0}. If such an integer does not exist, y(A) = +oo. For properties
and more details of the notion of genus we refer the reader to [25,26]. Let I' C 2¥
be the collection of all nonempty compact symmetric subsets of Y, considered with
the Hausdorff-Pompeiu distance and

Tji=c{Ael: 0¢ A, v(A) >j}

(cl is the closure in T'). The following is a generalization of the result for smooth
functions in [25] Theorem 5.19] to functionals of type (I3) and it is proved in
[27, Theorem 4.3].

Theorem 1.1. Let T be of type (L3) with F and ¢ even. Also, suppose that T is
bounded from below, satisfies the (PS) condition and Z(0) = 0. If

Cm = Inf supZ(v) <0
m Aermveg () <0,

then the functional Z has at least m distinct pairs of nontrivial critical points.

2. THE DIFFERENTIAL PROBLEM (1))

Using the ideas from [4], we introduce a variational formulation for problem
(TI)). With this aim let C' := C[0,T] be endowed with the usual supremum norm
| - [l and Whoe := W1(0,T). For each v € C' we set T := 5 fOTv(t)dt and we
write v(t) = v+ 0(t), where © = 0. If v € W1, then @ vanishes at some tq € (0,7)
and so

T
[0(t)] = [0(t) = o(to)| < /O [0 (s)lds < T[|v"]|oo-
Next, denoting
K:={veWh>® : ||v[le <1, v(0) =v(T)},

it is clear that

(2.1) I9lcc <T VwveK.
Also, it is not difficult to show that (see [4, Lemma 4])
(2.2) ()P > [0]P — pT[P~* YveK, Vte[0,T]and p > 1.

From [6] we know that the even functional ¥ : C' — (—o0, +0],

T
/ 1-—v1-v? ifveK,
0

Y(v) =
400 otherwise,

is proper, convex and lower semicontinuous on C and it is easy to see that
T
(2.3) U(v) §/ [v'|? YwveK.
0

Next, let Gy : C' — R be defined by

T
B |u|q+2 ’LL2
gk(")”/o {q+2 - 2}
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Notice that Gy is even, of class C' on C and its derivative is given by

T
(G4 (u), v) :A/O (ul? = v, wveC.

Then the energy functional I : C — (—oo,+00] associated to problem () is
given by
Ix=V +G\
and it has the structure required by Szulkin’s critical point theory.
Recall, by a solution of ([[I)) we mean a function u € C*[0,T], with ||v/[s < 1
and ¢(u') differentiable, which satisfies (IT]).
From Proposition 2 in [4], one has the following:

Proposition 2.1. Ifu € K is a critical point of Iy, then u is a solution of problem
(CID.

Lemma 2.1. I is bounded from below and satisfies the (PS) condition.

Proof. Let w € K = D(¥). From (2] we have

T ,2 T (= ~\2 3
T T
/“_:/ Gy T e
o 2 Jo 2 2 "2

Also, on account of (Z2]) we obtain

T T2
> _q+2—)\T2_q+1—)\/ —.
6:(0) > =51 g 5
It follows
AT T T3
. > > la+2 21—1q+1 _ 2 12 M
24) I 2 Gaw) > Sl - AT - Sl - 2

which clearly shows that Iy is bounded from below. To see that I satisfies the
(PS) condition, let {u,} C K = D(¥) be a (PS)-sequence. We write (Z4) with
Uy, instead of w and, from the fact that {I)(u,)} is bounded, we get that {w,} is
bounded. Then, Lemma 3 ii) in [4] ensures that {u,} has a convergent subsequence
in C. O

Theorem 2.1. If A > 47?m3/T? for some m € N, m > 2, then problem (1)) has
at least m — 1 distinct pairs of nonconstant solutions.

Proof. Using that u = %1 is the only pair of nontrivial constant solutions for (L),
it suffices to prove that (LI)) has at least m distinct pairs of nontrivial solutions.
From Theorem [Tl Proposition 2.1l and Lemma [2.7] this can be reduced to showing
that there is some A,, € I',, C 2 such that

(2.5) sup Iy(v) <0.

vEA,

With this aim, we consider the finite dimensional space

X = span {sin W—x,sin 27r_a:, ...,sin w}
T T T
equipped with the norm
Hoqsinﬂ—i—---—i—o<msinmmvH2 =al+---+a?
T T lx,,
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Since the norms || - ||x,, and || - ||p«+2 are equivalent on X,,, there exists a positive
constant ¢(m) such that

(2.6) [0 a2 < e(m)|v]|x,,-
Next, as in e.g. [24], [28], we introduce the subset A,, of C' by
= . kmz 9 9 9
Ap = Qg Sin —— aj +--+a,=pp (CXn),
k=1

where, since A > 4w%m?®/T?, the positive number p can be chosen < 2/v/A and such
that

mPr®  XT - A(e(m))?*?
T 1 q+2

p? <.

It is easy to see that the odd mapping H : A,, — S™ ! (m — 1 dimension unit
sphere in the Euclidean space R™) defined by

m k .
H aksin—mc = (%,...,—a )
k=1 r P P

is a homeomorphism between A,, and S™~!. According to [26, Corrolary 5.5],
v(A;,) =m and so, 4, € Ty,
Let v € A,,. Clearly, v(0) = U(T) and we have

u km kmx M ~—
!
'] < Za’“?COST _TZ\QH
k=1 k=1
1/2
m3/ 2 [ & 9 m3/%x
(2.7) < T ;ak =7 P

Therefore, as T > 2mm+/m/A > 7m*/%p, one has [|[v'||s < 1, meaning that v € K.
On the other hand, we compute
T
k
/ sin? 28
0
T
2

k=1 1
28) _ —Zak/ ( 2k7rx)

Then, using (Z3), 26) - (Z8)), we estimate I as follows:

m m
T, T kmx
v a7 sm— g oy
0 0 P
P

T lat2 T, 2 T A 2 T
v v e(m
hl) = \I](U)—i_)\/o Llﬁ _A/O 2 S/0 ‘7)/|2+ ( (qup2) 4 p2
w2 N A(e(m)1p
< o |miT B _
< { T 1 012 ] (< 0— from the choice of p),

which shows that (Z3]) holds true. O
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3. THE DIFFERENCE PROBLEM ([.2)

Analogously to the previous section, we first give the variational formulation for
problem ([2)). Let Hr be the space of all T-periodic Z-sequences in R, i.e., of
mappings u : Z — R such that u(n) = u(n+T) for all n € Z. On Hy we shall refer
to the following two (equivalent) norms:

1/2

T T
lull = { D lu(i)? and  Jullgsz = | D Ju(5) "
j=1 j=1

_1_
q+2

Also, for each u € Hp we set

_ 1 . . _
U= TZ’U,(]), U= u — .

J=1
Let the closed convex subset K of Hp be defined by
K:={u€ Hr: |Au|e <1},
where |Au|o = max;=1,_._ 7 |Au(j)|. We introduce the (even) functions

T
> o[Au(y)]  ifucek,
W(u) =4 j=1

400 otherwise,

where ®(y) =1 — /1 —19y? (y € [-1,1]), respectively

T Flu(l2 (i)

j=1
Then the functional I, : Hr — (—o00, +00] associated to problem ([2]) will be given
by

L =Y+G,

and it is not difficult to see that it has the structure required by Szulkin’s critical
point theory, the derivative of G, being given by

T
(Gh(u),0) =AY ([ = Du(i)o(j), (w0 € Hr).
j=1
A solution of problem ([2)) is an element v € Hp such that |Au(n)| < 1, for all
n € Z, which satisfies the equation in (L2).
Proposition 3.1. Any critical point of I is a solution of problem (2.

Proof. For any e € Hy, on account of Lemmas 5 and 6 in [19], problem
(3.1) Afp(Au(n —1))|=u+e(n), un)=un+7T) (neZ)

has a unique solution u., which is also a solution of the variational inequality

T
(32) " {Av()] - Au()] + (T~ 1) + e()(0(f) — u()} = 0¥ v e K.
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We show that wu, is actually the unique solution of ([B.2). With this aim, let J :
K — R be defined by

T 2
a0 = Y- { 0l8uti + 5 + el }.

=2 =2

If u is a solution of ([B.2)), then the inequality % — u? > u(v — @) plugged in (3.2))
implies that

T 72 w2

> {olaeti - #fau)] + 5 +eiil) - 5 — et} 20 v ek

j=1
which shows that J has a minimum at u. Then the uniqueness of u. as a solution

of B2) follows by the strict convexity of .J.
Next, let w be a critical point of Iy. Then, for all v € K, one has

Z {2[Av(j)] = @[Aw(f)] + A (lw(H)|? — 1) w(5)(v(j) —w(j))} =0,
which can be written
>_{@Av(j)] = @Aw(i)] +W(v(j) = w(i)}

T

+Z A (lw(@I* = 1) w(g) = @] (v(f) —w(j)) = 0,

for all v € K. Hence, w is a solution of the variational inequality
T
(3:3) > _{®[Av())] — 2[Aw())] + WO - W) + e () (v(j) —w(j)} >0 YveK,
j=1

with e,, € Hp given by e, (n) = A (Jw(n)|? — 1) w(n) —w (n € Z).
Therefore, by (B3] and the uniqueness of the solution of ([B.2]), one can see that
actually w solves problem (2]). O

Lemma 3.1. I is bounded from below and satisfies the (PS) condition.

Proof. Let uw € K = D(®). By the equivalence of the norms in Hr, there exists a
positive constant Cy such that

lullf42 > Cullull**.

Then, we have
ACq
4 I >G >
(34 A1) > Gafu) = 25

which clearly shows that I, is bounded from below. Now, if {uy} is a sequence in
K such that {I)(ug)} is bounded, then one has from (B4 that {us} is bounded in
Hyp and hence it contains a convergent subsequence.

A
el ¥2 = 3 llull®

Theorem 3.1. If A > 8mT for some m € N with 2 < m < T, then problem (2]
has at least m — 1 distinct pairs of nonconstant solutions.
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Proof. Similar to the proof of Theorem 2.1, since u = +1 is the only pair of non-
trivial constant solutions for ([2)), it is sufficient to show that (L2) has at least
m distinct pairs of nontrivial solutions. By virtue of Theorem [Tl Proposition 311
and Lemma 3.1l we have to prove that there is some A,, € I',, € 287 such that

(3.5) sup I, (v) <O0.
vEA,

For this, let w', w?, ..., w” be an orthonormal basis in the space Hy endowed with

the Euclidean norm || - ||. We consider the set

Am = {Zakw": a?+-~-+a3n:p2}
k=1

where, since A > 8mT, the positive number p can be chosen < 1/(24/m) and such
that

A ATYmat?
amT — 2 4 22V 0 g,
2 q+2

Since the mapping H : A,,, = S™~! defined by

m
H Zakwk —<ﬂ,...,a—m>
—1 P P

is an odd homeomorphism between A,, and S™~! then we have v(4,,) = m.
Hence, A,, € T',,.
Now, let v =Y";" arwk € A,,. Then, for each j = 1,...,T, we obtain

Aol < S Jonk G4 )+ S ot ()] <23 o
k=1 ) » k=1 k=1
(3.6) < 2%(2&%) =2pv/m
k=1

and since p < 1/(24/m), one has |Av|s < 1, which shows that v € K. On the other
hand, we have

T m
(3.7) v(§)? = ol> =D ai = p?
j=1 k=1
and
T T m q+2 m q+2
PO (Z |ak||w’“(j>|> <T (Z |ak|w’“|>
j=1 j=1 \k=1 k=1
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Then, using (3.0) - (3), it follows

P A o
_ N\ 1g+2 2
Lv) = ¥()+ 2 Z I =5 ZU(J)
j=1 j=1
T +2
a2 AT (pym)* Ap?
< A 2, 2 WV 28
< Slaif+ R -
A ATVmat?
< p*lamT — S + 7mpq (< 0— from the choice of p).
2 q+2
Therefore, (.3 holds true and the proof is complete. |
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