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ABSTRACT. In this article, we prove a geometric inequality for star-shaped and
mean-convex hypersurfaces in hyperbolic space by inverse mean curvature flow.
This inequality can be considered as a generalization of Willmore inequality
for a closed surface in hyperbolic 3-space.

1. INTRODUCTION

The classical isoperimetric inequality and its generalization, the Alexandrov-
Fenchel inequalities, play an important role in different branches of geometry. Let
Q C R™ be a smooth bounded domain with boundary Y. Then the classical isoperi-
metric inequality is

n-1 1 n—1
(1.1) X Zn wr Q]
and equality in (IT)) holds if and only if Q is a geodesic ball.
For k € {1,--- ,n—1}, we denote by py, the normalized k-th order mean curvature

of ¥, and set py = 1 by convention. The celebrated Alexandrov-Fenchel inequalities
[TL2,15] for convex hypersurface ¥"~! C R" are

n—1—k

1 1 "1
Wn—-1 Jx Wn—-1 Jx

and equality in (L2)) holds if and only if ¥ is a geodesic sphere.

Since the isoperimetric inequality holds for non-convex domains, it is natural
to extend the original Alexandrov-Fenchel inequality to non-convex domains; see
[7H9L20L2T1[281[31], etc. We should also mention that the Willmore inequality, which
is a weaker form of Alexandrov-Fenchel inequality, has been established for closed
surfaces in R?; see e.g. [T0,26L30]. More precisely, for any closed surface ¥ C R?,
the Willmore inequality is

(1.3) / pidp > wy = 4,
b

(1.2)

and equality in (3] holds if and only if X is a geodesic sphere.

It is interesting to establish the Alexandrov-Fenchel inequalities for hypersurfaces
in hyperbolic space; see [,[16]. Recently, the following hyperbolic Alexandrov-
Fenchel inequalities were obtained by Ge-Wang-Wu [I7,[18] and Wang-Xia [32].
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Theorem A ([I7[I8/B2]). Let &k € {1,---,n — 1}. Any horospherical convex
hypersurface ¥ C H" satisfies

k
2(n—1-k)] 2

2 (
) ()
1.4 / dy > wp_ (— + | —
( ) Epk H ! Wn—1 Wn—1

FEquality in (L) holds if and only if ¥ is a geodesic sphere.

Inequality (4 was proved in [I7] for k¥ = 4 and in [I8] for general even k. For
k=1, (I4) was proved in [I8] with a help of a result of Cheng and Zhou [12]. For
general integer k, (L)) was proved in [32].

For k = 2, inequality (L4) was proved by Li-Wei-Xiong [25] under a weaker
condition that ¥ is star-shaped and 2-convex (i.e., p2 > 0). More precisely,

Theorem B ([25]). Any star-shaped and 2-convex hypersurface & C H™ (n > 3)
satisfies

2

(15) [ podu = TR 4 5
b
Equality in [L3) holds if and only if ¥ is a geodesic sphere.

The Willmore inequality (L3]) has also been generalized to closed surface ¥ C H?;
see e.g. [TIL27,29,33).

Theorem C ([I127,29,33]). Any closed surface ¥ C H? satisfies
(1.6) JICER )
b

Equality in ([LL6l) holds if and only if ¥ is a geodesic sphere.

To generalize the hyperbolic Willmore inequality to higher dimension, the posi-
tivity of the functional [ (p? —1)dpu has already been known. This follows from the
optimal Reilly inequality for submanifolds of hyperbolic space, which was achieved
by El Soufi and Ilias [14].

Theorem D ([I4]). Let (M™,g) (m > 2) be a compact and connected Riemannian
manifold isometrically immersed in H™ by ¢. Then

(1.7) A1 (M) (H? = 1)dp,

m
S -
IM| Jar
where A1 (M) is the first non-zero eigenvalue of Laplacian of (M,g) and H is the
mean curvature vector of M. Furthermore, equality in (L) holds if and only if

(M) is minimally immersed in a geodesic sphere of radius sinh™(, /MTM))’

Inspired by these previous results, we prove the Willmore inequality for star-
shaped and mean-convex (i.e., p1 > 0) hypersurfaces in hyperbolic space.

Theorem 1. Any star-shaped and mean-conver hypersurface ¥ C H"™ (n > 3)
satisfies

2 n-—3
(18) / (0 = Vdp > w50,

FEquality in (LX) holds if and only if ¥ is a geodesic sphere.
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We expect that the inequality (L&) will be useful in defining the Hawking mass
for hypersurfaces in H". In [24], the Hawking mass for a closed embedded surface
¥ in H? is defined as

ma(%) = @ {1— - [t- 1)du} .

We now give the outline of the proof of Theorem [Il In fact, we prove it in a
more general setting. Motivated by [6,[I3L25], we adopt the inverse curvature flow

(ICF)

atX = ;1/161/
(n—1)p),
in our proof. When k£ = 1, this flow is just inverse mean curvature flow, which
has been used by Huisken and Ilmanen [22/23] to prove the Riemannian Penrose
inequality in general relativity. We start from a given star-shaped and k-convex
hypersurface ¥ in hyperbolic space and evolve it by ICF. By the convergence results
of Gerhardt [19], this flow exists for all time, and the evolving hypersurface ¥; with
Y9 = ¥ remains star-shaped and k-convex for all ¢ > 0.

We next consider the quantity

Qult) =[5+ / @* — 1)dp.
N

We study the limit of Qg(¢) as ¢ — oo. Notice that the roundness estimate for 3,
is not strong enough to calculate the limit of Qg (t). However, similar to [6L25], we
are able to give a positive lower bound for the limit of Q(t), which will be used
to establish the monotonicity of Qx(t). Finally, we prove that for k = 1,2, Qx(t) is
monotone decreasing under ICF. From this, Theorem [I] follows immediately.

2. PRELIMINARIES
In this article, we consider the hyperbolic space H” = Rt x S"~! equipped with
the metric
G = dr® + sinh® rggn-1,
where ggn—1 is the standard round metric on the unit sphere S*~!. Let ¥ C H" be a

closed hypersurface with its unit outward normal vector v. The second fundamental
form h of ¥ is defined by

h(X,Y)= (Vxv,Y)

for any X,Y € TX. The principal curvature K = (K1, - ,Knp—1) comprises the
eigenvalues of h with respect to the induced metric g on X. For k € {1,--- ,n—1},
the normalized k-th elementary symmetric polynomial of k is defined as

pi(K) == (nll) Z Kiy * - Kig s

11 <dp < - <ig

which can also be viewed as a function of the second fundamental form hf = g% hy.
For simplicity, we write py for pr(x). The following lemma can be regarded as a
normalized version of Lemma 2 in [25].
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Lemma 2. Let (Ty_1)" := i gnd (h?)] = hfh%. Then we have

o
> (Tua)lhs =kpr, Y (Te-1)]05 = kpra,
4,5 ]
D (Te1)] () =(n — Vpipr—1 — (n = 1 = k)prs1.
4,J

Moreover, if k € I‘;, we have the following Newton-MacLaurin inequalities:
(2.1) pkrflé)kﬂrl <1, P1Pk—1
Py Pk
and equality holds in [Z1)) at a given point if and only if ¥ is umbilical at this point.
We now consider the inverse curvature flow (ICF)
1
——v
1/k"
(n— 1)pk/
where ¥; = X(¢,-) is a family of hypersurfaces in H”, v is the unit outward normal

to 3y = X (¢,-). Let duy be its area element on X;. By the divergence free property
of Ty_1, we list the following evolution equations.

Lemma 3. Under ICF (22), we have

ot (3]
Py,

1 )
Opp = — —— V'
n—1

(2.3) :
- W[(n = Dpipr — (n =1 = k)prgr — kpr—1],
n—1)p,
p
Py

In [19], Gerhardt investigated the inverse curvature flow of star-shaped hyper-
surfaces in hyperbolic space and proved the following long-time existence and con-
vergence result.

Theorem 4 ([19]). If the initial hypersurface is star-shaped and k-convez, then
the solution for inverse curvature flow [Z2)) exists for all time t and preserves the
condition of star-shapedness and k-convexity. Moreover, the hypersurfaces become
strictly convexr exponentially fast and more and more totally umbilical in the sense

of
|hi —6l| < Ce™ 71, t>0;

i.e., the principal curvatures are uniformly bounded and converge exponentially fast
to one.

3. THE ASYMPTOTIC BEHAVIOR OF MONOTONE QUANTITY

We define the quantity

Qult) = |25 / 2"~ 1)du,
PP
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where || is the area of ¥;. In this section, we estimate the lower bound of the
limit of Q(t). First of all, we recall Lemma 7 of [25], which is an application of
the sharp Sobolev inequality on S*~! due to Beckner [3].

Lemma 5. For every positive function f on S"~', we have

3 dvolgn—1 +
sn—1 n 1 sn—1

> wp ) /S B P dvolgn— )

Moreover, equality in BI) holds if and only if f is a constant.
Proposition 6. Under ICF ([22)), we have

5|V f|2dvolgn—

n—3

(3.1)

_2
(3.2) lim inf Qi (t) > w1

Proof. Recall that star-shaped hypersurfaces can be written as graphs of function
r=r(t,0), 0 € S""1. Denote \(r) = sinh(r); then X' (r) = cosh(r). We next define
a function ¢(#) = ®(r(6)), where ®(r) is a positive function satisfying ® = §. Let
0 = {Gj}, j=1,---,n—1, be a coordinate system on S"~! and ¢;, p;; be the
covariant derivatives of ¢ with respect to the metric ggn-1. Define

v=1/1+|Ve,._..

gno1 = O0(e"7T).

From [19], we know that
(3:3) A=0(emT), Ve
Since M = v/1 + A2, we have

sn-1 + |V2<p

1 4
(3.4 X—A(1+§A2+O@‘%U).
From (33)), we also have
1 1 ¢
(3.5) —=1-5|Vel + O(e™ 7).

In terms of ¢, we can express the metric and the second fundamental form of ¥ as
9ij =N (04 + pi)),
hij = \Jii = %

where 0;; = gsn-1(0pi, Dps). Denote a; = Y, 0™*py; and note that >, a; = Agn-1¢.
By (B3, the principal curvatures of ; take the following form

Then we have

MYk NN Ageeip o
Pr = (ﬁ) n-1 (ﬁ) vA +0le).

By using [8.4) and [B.3]), we get

k k|Ve
pk@*ﬁ‘ 2

. k' Agn at
sn—1\ Sn-1¢ At
) n—1 A +0(em™ ).
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Hence, we have

2 ASnflgﬁ

—1 +O(e »-T).

2/k 1
i 1= 55 = [Veldo -

On the other hand,

\det g = [/\"71 + O(e(zjﬁ )} V/det ggn-1.

So we have

(n—5)t

/ (0" = 1)dp :/ A — Ddvolgnr + O(e 1)
>t §n—1

:/S . (A’nfs — Anil‘v@|§n—l) drUOlSnfl

2 n—>5)t
- / AnizASnfl gﬁd’l}OlSnfl —+ O(e(n—sl) )
n— 1 S§n—1
:/ ()\ﬂ*3 - )‘nil‘v@@n—l) d’UOZSn—1
§n—1

2 —2 n—5)t

M/ )\n_3<v}\,vg0>§7zfld’l)01§n—1 —|— O(e( 751) )
n—1 gn—1

Since VA = ANV, it follows that [VA—X V|, < O(eiﬁ). We deduce that

(n—5)t

(3.6) / (0" —1)du :/ <>\"3 + ”—_?’A”EWA?) dvolgn+ + O(eF=1").
poR §n—1 n 1

Moreover,

n—3
n— n=T1 (n—5)t
= g </ )\n_ldUOlgn—1> +O(e n*lf).
Sn—l

Using Lemma [B we achieve

|24

.. _n=3 2/k 1
htlglogfmt\ n—l/E(pk —Ddp > wp”7.

t

4. MONOTONICITY
In this section, we show that for kK = 1,2, the quantity Q(¢) is monotone
decreasing under ICF (22]).

Proposition 7. Under ICF ([22)), the quantity Qi (t) is monotone decreasing for
k=1,2. Moreover, %Qk(t) = 0 at some time t if and only if X is totally umbilical.
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Proof. Under ICF (2.2), by ([2.3]) we have

a
dt

2 2.4 2 _1
= / ZPE Owpr + (P — )p1p, “dp
=

Bk

(pf — Ddp
2 2-1g v (pt
T T k1) Jy Pr v {(T’“*l)ivj(pk )} o
_ / A [(n = Dpipx — (n =1 = k)pryr — kpe—1] dp
s, k(n—1)
+ / (pk — Dpipy, " dp
PN

9 9 1 o
-~ (2 / i (The1)iVi eV prdy
) k pp

_1 2z 2 1 (pri1 2 14
+/ [mpk g 1)+ Ep/g ( + —p1> ———pF  (Pr1 — Pr—1) | dp
pa Pk n—1

Since (Tj— 1)‘ is positive definite if pr > 0, we get I < 0 for £k = 1,2. To handle
the second term, we analyze it for k=1,2 separately By the Newton MacLaurin

inequality, if py > 0, then p; > p3 > --- > pf > 0.
(i) If k =1, then

2
- [ [@% )2 - (g - 1)} au
=, TL—].
B 2n —4 9 Nn—3
—/Zt {n_lpz—pl—n_l]du

n—3
< / (P — Ddp.
¢

n—1

(ii) If k =2, then

p 2 1
II:/ PPy (p2—1)+p2 2o ) - ——py 2 (ps —p1) | dps
5, D2 n—1

n—3 -1
= —p1)d
n_l/ztpg (p3 — p1)dp

-3
< / (p2 — L)dp.
¢

n—1

Combining with Proposition [, we know that the quantity
2/k
/ (/" — 1)y
¢

is positive under ICF ([22)). By (Z4) we get

d

= TR = [
@l = /E 1/k
t Dy
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Therefore, for k = 1,2, we have

d
%Qk(t) <0.

If the equality holds, then the Newton-MacLaurin inequalities assure equalities
everywhere on X;. Therefore ¥; is totally umbilical. O

Now we complete the proof of Theorem [Tl
Proof of Theorem[Il. For k = 1,2, since Q(¢) is monotone decreasing, we have
2
Qr(0) = liminf Qx(t) > w; 7.
— 00

This implies that Yo = ¥ satisfies

2 n—3

2/k e
/E P2* — V)dp > T TR

Now if we assume that equality in (L8]) is attained, then Q () is a constant. Then
Proposition [7] indicates that X, is totally umbilical and therefore a geodesic sphere.
If ¥ is a geodesic sphere of radius r, then |¥| = w,_; sinh" 'r and p; = cothr.
Hence, we have

(pi/* = 1)dp = inh™ ! r(coth? _ Ty

P, — 1)dp = wp—1sin r(coth®r — 1) = w21 X[ 1.
b

Therefore, equality in (L8) holds on a geodesic sphere. This completes the proof

of Theorem [I1 O

Remark 8. In fact, for k = 1 we prove Theorem [II and for & = 2 we recover
Theorem B proved by Li-Wei-Xiong [25].

It is natural to put forward the following question.

Question. For k € {3,--- ,n— 1}, let ¥ C H® (n > k + 1) be a star-shaped and
k-convex hypersurface. Then

2

(4.1) JCARE =D
Equality in (41) holds if and only if ¥ is a geodesic sphere.
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