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Abstract. A projected Gromov-Witten variety is the union of all rational
curves of fixed degree that meet two opposite Schubert varieties in a homo-
geneous space X = G/P . When X is cominuscule we prove that the map
from a related Gromov-Witten variety is cohomologically trivial. This implies

that all (3-point, genus zero) K-theoretic Gromov-Witten invariants of X are
determined by projected Gromov-Witten varieties, which extends an earlier
result of Knutson, Lam, and Speyer, and provides an alternative version of
the ‘quantum equals classical’ theorem. Our proof uses that any projected
Gromov-Witten variety in a cominuscule space is also a projected Richardson
variety.

1. Introduction

Let X = G/P be a homogeneous space defined by a simple complex Lie group
G and a parabolic subgroup P . Given an effective degree d ∈ H2(X;Z), the
Kontsevich moduli space Md = M0,3(X, d) parametrizes the set of 3-pointed sta-
ble maps to X of degree d and genus zero. Let evi : Md → X be the i-th
evaluation map. Given two opposite Schubert varieties Xu and Xv in X, let
Md(Xu, X

v) = ev−1
1 (Xu) ∩ ev−1

2 (Xv) ⊂ Md denote the Gromov-Witten variety
of stable maps that send the first marked point to Xu and the second marked point
to Xv. It was proved in [7] that Md(Xu, X

v) is either empty or unirational with
rational singularities. The image Γd(Xu, X

v) = ev3(Md(Xu, X
v)) ⊂ X is called

a projected Gromov-Witten variety. This variety Γd(Xu, X
v) is the union of all

connected rational curves of degree d in X that meet both of the Schubert varieties
Xu and Xv.

Gromov-Witten varieties are closely related to the (ordinary and K-theoretic)
Gromov-Witten invariants. These invariants are defined by

Id([OXu
], [OXv ], σ) = χ

Md
(ev∗1[OXu

] · ev∗2[OXv ] · ev∗3(σ)) ,
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where σ ∈ K(X) is any K-theory class and χ
Md

: K(Md) → Z is the sheaf Euler
characteristic map. It follows from Sierra’s sheaf-theoretic version of Kleiman’s
transversality theorem [27] that ev∗1[OXu

] · ev∗2[OXv ] = [OMd(Xu,Xv)] ∈ K(Md); see
[10, §4]. In particular, any 2-point Gromov-Witten invariant of X is determined
by Id([OXu

], [OXv ], 1) = χ
Md

([OMd(Xu,Xv)]), and so is equal to zero or one by the

geometric properties of Gromov-Witten varieties proved in [7]. More generally, the
projection formula implies that the 3-point Gromov-Witten invariants of X are
given by

Id([OXu
], [OXv ], σ) = χX ((ev3)∗[OMd(Xu,Xv)] · σ) .

It is therefore natural to study the cohomological properties of the restricted eval-
uation map

(1) ev3 : Md(Xu, X
v) → Γd(Xu, X

v) .

In this paper we study the projected Gromov-Witten varieties when X is a
cominuscule variety, i.e. a Grassmannian of type A, a Lagrangian Grassmannian,
a maximal orthogonal Grassmannian, a quadric hypersurface, or one of two ex-
ceptional varieties called the Cayley plane and the Freudenthal variety. Our main
result states that, when X is cominuscule, the restricted evaluation map (1) is co-
homologically trivial, which means that the pushforward of the structure sheaf of
Md(Xu, X

v) is the structure sheaf of Γd(Xu, X
v) and the higher direct images of

the first sheaf are zero. This result implies that the (small) quantum cohomol-
ogy ring QH(X) and the quantum K-theory ring QK(X) are determined by the
projected Gromov-Witten varieties in X. More precisely, the K-theoretic (3-point
genus zero) Gromov-Witten invariants of X satisfy the identity

(2) Id([OXu
], [OXv ], σ) = χX ([OΓd(Xu,Xv)] · σ) .

Knutson, Lam, and Speyer have earlier proved this identity for cohomological
Gromov-Witten invariants of Grassmannians of type A [20]. We apply our identity
to compute the square of a point in the quantum K-theory ring of any cominuscule
variety.

The identity (2) can be interpreted as an alternative version of the ‘quantum
equals classical’ theorem for cominuscule Gromov-Witten invariants, which was
proved in various generalities in the papers [9, 10, 12, 13]. It has the advantage of
being completely uniform. In particular, it avoids a special case of the original
version that concerns the degree d = 3 for the Cayley plane E6/P6 [13]. In addition
it reveals that certain (equivariant) K-theoretic Gromov-Witten invariants have
alternating signs (see Corollary 4.3 and Remark 4.4), generalizing results of Buch
[5], Brion [4], and Anderson, Griffeth and Miller [1].

If d = 0, the Gromov-Witten variety Md(Xu, X
v) is an intersection Xu ∩Xv of

opposite Schubert varieties in X, also called a Richardson variety. Let B ⊂ P be a
Borel subgroup, set F = G/B, and let ρ : F → X be the projection. If R ⊂ F is any
Richardson variety, then the image ρ(R) ⊂ X is called a projected Richardson vari-
ety. Projected Richardson varieties have been studied by Lusztig [24] and Rietsch
[26] in the context of total positivity. For arbitrary homogeneous spaces X = G/P
it was proved by Billey and Coskun [2] and by Knutson, Lam, and Speyer [21] that
any projected Richardson variety ρ(R) is Cohen-Macaulay with rational singulari-
ties, and the restricted map ρ : R → ρ(R) is cohomologically trivial. He and Lam
have recently related the K-theory classes of projected Richardson varieties to the
K-homology of the affine Grassmannian [18].
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The results of this paper show that the restricted evaluation map ev3 and the
map ρ have similar properties when X is a cominuscule variety. We already men-
tioned cohomological triviality. In addition, if X is cominuscule, then any projected
Gromov-Witten variety in X is also a projected Richardson variety. This result is
derived from the main construction used to prove the K-theoretic version of the
‘quantum equals classical’ theorem in [10,13]. In type A this analysis shows that any
variety Γd(Xu, X

v) is the image of a Richardson variety in a three-step flag man-
ifold obtained from the Richardson variety of kernel-span pairs of rational curves
passing through Xu and Xv; see Section 5, and also [6, 9, 20]. In most cases we
can derive the cohomological triviality of the map ev3 : Md(Xu, X

v) → Γd(Xu, X
v)

from the cohomological triviality of a projection ρ : R → ρ(R) = Γd(Xu, X
v) of

a Richardson variety R. However, a separate argument is needed when X is the
Cayley plane E6/P6 and d = 3, as in this case the analogue of the three-step flag
manifold constructed in [13] fails to be a homogeneous space. In this case we obtain
our result by proving that the general fibers of the restricted evaluation map are
rationally connected.

This paper is organized as follows. In Section 2 we briefly discuss cohomologically
trivial maps and state some useful results. Section 3 explains our notation for
Schubert varieties and proves two results about intersections of Schubert varieties
in special position. In Section 4 we define projected Gromov-Witten varieties and
state our main result as well as some consequences. Section 5 recalls the ‘quantum
equals classical’ theorem for cominuscule varieties and uses it to prove our main
result whenever X is not the Cayley plane or d �= 3. This section also explains
how to compute the dimension of a projected Gromov-Witten variety and gives
an example of a projected Richardson variety in a cominuscule space that is not a
projected Gromov-Witten variety. Finally, Section 6 proves the main theorem for
the Cayley plane, and Section 7 gives the formula for the square of a point in the
quantum K-theory ring.

2. Cohomologically trivial maps

In this section we state some facts about cohomologically trivial maps which are
required in later sections.

Definition 2.1. A morphism f : X → Y of schemes is cohomologically trivial if
we have f∗OX = OY and Rif∗OX = 0 for i > 0.

Notice that if f : X → Y is proper and cohomologically trivial, then we have
f∗[OX ] = [OY ] ∈ K◦(Y ) in the Grothendieck group of coherent sheaves on Y .
All the cohomologically trivial maps encountered in this paper are also proper. It
would be interesting to know if cohomological triviality implies properness.

An irreducible complex variety X has rational singularities if there exists a

cohomologically trivial resolution of singularities π : X̃ → X, i.e. X̃ is a non-
singular variety and π is a proper birational and cohomologically trivial morphism.
If X has rational singularities, then X is normal, and all resolutions of singularities
of X are cohomologically trivial.

An irreducible varietyX is rationally connected if a general pair of points (x, y) ∈
X × X can be joined by a rational curve, i.e. both x and y belong to the image
of some morphism P1 → X. The following result provides a sufficient condition
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for cohomological triviality. It was proved in [10, Thm. 3.1] as an application of a
theorem of Kollár [22]; see also [7, Prop. 5.2].

Proposition 2.2. Let f : X → Y be a surjective morphism between complex
projective varieties with rational singularities. Assume that the general fibers of f
are rationally connected. Then f is cohomologically trivial.

To establish that a variety is rationally connected, the following result from [17]
is invaluable.

Proposition 2.3 (Graber, Harris, Starr). Let f : X → Y be any dominant mor-
phism of complete irreducible complex varieties. If Y and the general fibers of f are
rationally connected, then X is rationally connected.

We need the following statement about cohomological triviality of compositions,
which will be applied in both directions.

Lemma 2.4. Let f : X → Y be a cohomologically trivial morphism, and let g :
Y → Z be any morphism of schemes. Then g is cohomologically trivial if and only
if gf is cohomologically trivial.

Proof. The Grothendieck spectral sequence shows that Rig∗OY = Ri(gf)∗OX for
all i ≥ 0. �

3. Intersections of Schubert varieties

In this section we fix our notation for Schubert varieties and state some results.
Let X = G/P be a homogeneous space defined by a reductive complex linear
algebraic group G and a parabolic subgroup P . An irreducible closed subvariety
Ω ⊂ X is called a Schubert variety if there exists a Borel subgroup B ⊂ G such
that Ω is B-stable, i.e. B.Ω = Ω.

Let Q ⊂ P be a parabolic subgroup contained in P and consider the projection
π : G/Q → G/P . We need the following result.

Proposition 3.1. Let Ω be any Schubert variety in G/Q. Then for any x ∈ G/P ,
the fiber π−1(x) is a homogeneous space for a conjugate of a Levi subgroup of P .
Furthermore, the intersection Ω ∩ π−1(x) is a Schubert variety in π−1(x) for all
points x in a dense open subset of π(Ω).

Proof. We may assume that Ω = B.Q and π(Ω) = B.P for some Borel subgroup
B ⊂ G. Since the dense open orbit B.P ⊂ π(Ω) is a principal homogeneous space
for a subgroup of B, it follows that the restricted map π : Ω → π(Ω) can be
trivialized over this orbit, i.e. there is an isomorphism π−1(B.P ) ∩ Ω ∼= B.P × F
with F = π−1(1.P )∩Ω, such that the map π−1(B.P )∩Ω → B.P is the projection
to the first factor (see also [7, Prop. 2.3]). It follows that F is irreducible, and it
suffices to show that F is a Schubert variety in π−1(1.P ) = P/Q. Choose a maximal
torus T in G such that T ⊂ B ∩ Q, and let P = LU be the Levi decomposition
of P with respect to T , i.e. L is a (reductive) Levi subgroup containing T and U
is the unipotent radical. Since U ⊂ Q it follows that π−1(1.P ) = L/(L ∩ Q) is
a homogeneous space for L. By using the root space decomposition of Lie(G) it
follows that B′ = B ∩ L is a Borel subgroup of L. The proposition now follows
because F is a B′-stable closed irreducible subvariety of π−1(1.P ). �
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From now on we will fix a Borel subgroup B and a maximal torus T such that
T ⊂ B ⊂ P ⊂ G. Let W = NG(T )/T be the Weyl group of G, let WP =
NP (T )/T ⊂ W be the Weyl group of P , and let WP ⊂ W be the subset of
minimal representatives for the cosets in W/WP . Each element u ∈ W defines a

Schubert variety Xu = Bu.P and an opposite Schubert variety Xu = B−u.P in
X. Here B− ⊂ G is the Borel subgroup opposite to B. For u ∈ WP we have
dim(Xu) = codim(Xu, X) = �(u), where �(u) denotes the length of u. Any non-
empty intersection of the form Xu ∩ Xv with u, v ∈ W is called a Richardson
variety. Richardson varieties are known to be rational [25], and they have rational
singularities [4].

Proposition 3.2. Let u, v ∈ WP be such that Xu ∩Xv �= ∅. Then Xu ∩ g.Xv is
connected for all g ∈ G.

Proof. We follow Brion’s proof of [4, Lemma 2]. Let G act on G × Xv by left
multiplication on the first factor. Then the multiplication map m : G ×Xv → X
defined by m(g, x) = g.x is G-equivariant. It follows that m is a locally trivial
fibration; see [7, Prop. 2.3]. We deduce that Z = m−1(Xu) = Xu ×X (G × Xv)
is an irreducible variety. Let π : Z → G be the projection. For g ∈ G we then
have π−1(g) = Xu ∩ g.Xv. Since this is a translate of a Richardson variety for all
elements g in a dense open subset of G, it follows that the general fibers of π are
connected. By Zariski’s Main Theorem and Stein Factorization, this implies that
all fibers of π are connected, as required. �

Set F = G/B and let ρ : F → X be the projection. If R is any Richardson
variety in F , then the image ρ(R) is called a projected Richardson variety. We need
the following result which was proved in the papers [2, 21].

Proposition 3.3 ([2, 21]). Let R ⊂ G/B be a Richardson variety and let ρ(R) ⊂
G/P be the corresponding projected Richardson variety.
(a) The variety ρ(R) is Cohen-Macaulay and has rational singularities.
(b) The restricted map ρ : R → ρ(R) is cohomologically trivial.

4. Projected Gromov-Witten varieties

Let Φ be the root system of (G, T ), with positive roots Φ+ and simple roots
Δ ⊂ Φ+. In the rest of this paper we will assume that X = G/P is a cominuscule
variety. This means that P is a maximal parabolic subgroup of G corresponding
to a simple root γ ∈ Δ such that sγ /∈ WP . In addition γ is a cominuscule simple
root, i.e. when the highest root in Φ+ is written as a linear combination of simple
roots, the coefficient of γ is one. The collection of cominuscule varieties consists
of Grassmannians Gr(m,N) of type A, Lagrangian Grassmannians LG(m, 2m),
maximal orthogonal Grassmannians OG(m, 2m), quadric hypersurfaces Qm, and
two exceptional varieties called the Cayley plane E6/P6 and the Freudenthal variety
E7/P7.

We will identify the homology group H2(X;Z) with the integers Z, so that the
generator [Xsγ ] ∈ H2(X;Z) corresponds to 1 ∈ Z. Given a non-negative degree d ∈
Z and a positive integer n, the Kontsevich moduli space M0,n(X, d) parametrizes
the isomorphism classes of n-pointed stable (genus zero) maps f : C → X for which
f∗[C] = d, and comes with an evaluation map ev = (ev1, . . . , evn) : M0,n(X, d) →
Xn := X×· · ·×X. A detailed construction of this space can be found in the survey
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[14]. For the special case n = 3 we write simply Md = M0,3(X, d). Given two closed
subvarieties Ω1 and Ω2 in X, define the Gromov-Witten variety Md(Ω1,Ω2) =
ev−1

1 (Ω1) ∩ ev−1
2 (Ω2) ⊂ Md. The corresponding projected Gromov-Witten variety

is defined by Γd(Ω1,Ω2) = ev3(Md(Ω1,Ω2)) ⊂ X. It was proved in [7] that any
Gromov-Witten variety Md(Xu, X

v) defined by two opposite Schubert varieties
is either empty or unirational with rational singularities. Our main result is the
following theorem.

Theorem 4.1. Let X be a cominuscule variety and let Xu and Xv be opposite
Schubert varieties in X such that Γd(Xu, X

v) �= ∅.
(a) The projected Gromov-Witten variety Γd(Xu, X

v) is a projected Richardson
variety. In particular, it is Cohen-Macaulay and has rational singularities.
(b) The restricted map ev3 : Md(Xu, X

v) → Γd(Xu, X
v) is cohomologically trivial.

Let K(X) denote the Grothendieck ring of algebraic vector bundles on X. We
use the notationOu = [OXu

] and Ou = [OXu ] for the classes inK(X) defined by the
structure sheaves of Schubert varieties. The set {Ou | u ∈ WP } = {Ou | u ∈ WP }
is a Z-basis for K(X). Let O∨

w denote the basis element dual to Ow, in the sense
that χ

X
(Ou · O∨

w) = δu,w for all u,w ∈ WP . Here χ
X

: K(X) → Z denotes the
sheaf Euler characteristic defined by χ

X
(F) =

∑
k≥0(−1)k dimHi(X;F). Given

three classes σ1, σ2, σ3 ∈ K(X), define a K-theoretic Gromov-Witten invariant by

Id(σ1, σ2, σ3) = χ
Md

(ev∗1(σ1) · ev∗2(σ2) · ev∗3(σ3)) .

Theorem 4.1 has the following consequence.

Corollary 4.2. In the ring K(X) we have

[OΓd(Xu,Xv)] = (ev3)∗[OMd(Xu,Xv)] =
∑

w∈WP

Id(Ou,Ov,O∨
w)Ow .

We note that the second equality in this corollary is clear from the definition of
K-theoretic Gromov-Witten varieties. In fact, we have [OMd(Xu,Xv)] = ev∗1(Ou) ·
ev∗2(Ov) in K(Md) by [27, Thm. 2.2] (see [10, §4.1]), from which we deduce that

χ
X
((ev3)∗[OMd(Xu,Xv)] · O∨

w) = χ
Md

([OMd(Xu,Xv)] · ev∗3(O∨
w)) = Id(Ou,Ov,O∨

w) ,

as required.
A theorem of Brion [4] states that, if a closed irreducible subvariety of a homoge-

neous space has rational singularities, then the expansion of its Grothendieck class
in the basis of Schubert structure sheaves has alternating signs. This combined
with Corollary 4.2 has the following consequence.

Corollary 4.3. The K-theoretic Gromov-Witten invariants Id(Ou,Ov,O∨
w) have

alternating signs in the sense that

(−1)�(w)−codimΓd(Xu,X
v) Id(Ou,Ov,O∨

w) ≥ 0 .

We will explain how to compute the codimension of Γd(Xu, X
v) in Remark 5.3.

Remark 4.4. Since all relevant maps and classes are T -equivariant, Corollary 4.2
holds more generally for the class of Γd(Xu, X

v) in the Grothendieck ring KT (X)
of T -equivariant vector bundles on X, with the same proof. To be precise, let
Ou = [OXu

] and Ov = [OXv ] denote T -equivariant Schubert classes in KT (X),
define O∨

w ∈ KT (X) by χT
X
(Ou · O∨

w) = δu,w where χT
X

: KT (X) → KT (pt) is
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the pushforward map along the structure morphism X → {pt}, and define T -
equivariant K-theoretic Gromov-Witten invariants of X by

ITd (Ou,Ov,O∨
w) = χT

Md
(ev∗1(Ou) · ev∗2(Ov) · ev∗3(O∨

w)) ∈ KT (pt) .

Then the equivariant Grothendieck class of Γd(Xu, X
v) is given by

[OΓd(Xu,Xv)] =
∑

w∈WP

ITd (Ou,Ov,O∨
w)Ow ∈ KT (X) .

Furthermore, a generalization of Brion’s theorem by Anderson, Griffeth, and Miller
[1, Cor. 5.1] implies that the equivariant Gromov-Witten invariants of X satisfy
the positivity property

(−1)�(w)−codimΓd(Xu,X
v) ITd (Ou,Ov,O∨

w) ∈ N
[
[Cβ ]− 1 : β ∈ Δ

]
.

In other words, up to a sign the invariant ITd (Ou,Ov,O∨
w) can be written as a poly-

nomial with non-negative integer coefficients in the classes [Cβ]−1 ∈ KT (pt) defined
by the simple roots β ∈ Δ. Here Cβ denotes the one-dimensional representation of
T defined by t.z = β(t)z for t ∈ T and z ∈ C.

5. The quantum equals classical theorem

In order to prove Theorem 4.1 we need the ‘quantum equals classical’ theorem for
Gromov-Witten invariants of cominuscule varieties, which can be found in various
generalities in the papers [9, 10, 12, 13]. We will say that a non-negative degree
d ∈ H2(X) is well behaved if X is not the Cayley plane E6/P6 or d �= 3. We will
explain the theorem only for Gromov-Witten invariants of well-behaved degrees.
The correct statement for Gromov-Witten invariants of the Cayley plane of degree
3 can be found in [13].

For any non-negative degree d and n ∈ N we set Zd,n = ev(M0,n(X, d)) ⊂ Xn.
Given two points x, y ∈ X, we let d(x, y) denote the smallest degree of a rational
curve containing x and y [28]. Equivalently, d(x, y) is the minimal degree d for
which (x, y) ∈ Zd,2. For n ∈ N we also let dX(n) be the smallest degree for which
any collection of n points in X is contained in a connected rational curve of degree
dX(n), i.e. dX(n) is minimal with the property that ZdX(n),n = Xn. The numbers
dX(2) and dX(3) are given in the following table (see [12, Prop. 18], [13, Prop. 3.4],
and [7, §4]).

X dim(X) dX(2) dX(3)

Gr(m,m+ k) mk min(m, k) min(2m, 2k,max(m, k))

LG(m, 2m) m(m+1)
2 m m

OG(m, 2m) m(m−1)
2 
m

2 � �m
2 


Qm m 2 2

E6/P6 18 2 4

E7/P7 27 3 3

Fix a well-behaved degree d ∈ H2(X). The main ingredient in the ‘quantum
equals classical’ theorem is a homogeneous space Yd that parametrizes a family of
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subvarieties in X. If X = Gr(m,N) = {V ⊂ CN | dim(V ) = m} is a Grassmann
variety of type A, then Yd is the two-step partial flag variety defined by

Yd = Fl(a, b;N) = {(A,B) | A ⊂ B ⊂ C
N , dim(A) = a , dim(B) = b}

where a = max(m− d, 0) and b = min(m+ d,N). For each point ω = (A,B) ∈ Yd

we set Xω = Gr(m − a,B/A) = {V ∈ X | A ⊂ V ⊂ B}. The idea is that the
kernel A and span B [6] of a general rational curve C ⊂ X of degree d form a point
ω = (A,B) ∈ Yd such that C ⊂ Xω.

If X is not a Grassmannian of type A, then we have either d ≤ dX(2) or d ≥
dX(3). In these cases we use the set-theoretic definition

Yd = {Γd(x, y) ⊂ X | x, y ∈ X and d(x, y) = min(d, dX(2))} .
For each element ω ∈ Yd we let Xω denote the corresponding subvariety of X of
the form Γd(x, y). It follows from [12, Prop. 18] that Yd can be identified with a
projective homogeneous space for G, and that Xω is a non-singular Schubert variety
in X for each point ω ∈ Yd. Notice that for d ≥ dX(3), the variety Yd is a single
point and Xω = X for ω ∈ Yd.

Define the incidence variety Zd = {(ω, x) ∈ Yd × X | x ∈ Xω}, and let p :
Zd → X and q : Zd → Yd be the two projections. For X = Gr(m,N) we have
Zd = Fl(a,m, b;N) where a and b are defined as above. Otherwise it follows from
[12, Prop. 18] that the stabilizer of Xω in G acts transitively on Xω, which implies
that Zd is a projective homogeneous space for G.1 The following result holds more
generally for the T -equivariant K-theoretic Gromov-Witten invariants of X.

Theorem 5.1 ([9, 10, 12, 13]). Let X be a cominuscule variety and d ∈ H2(X)
a well-behaved degree. Given classes σ1, σ2, σ3 ∈ K(X), the corresponding K-
theoretic Gromov-Witten invariant of X of degree d is given by

Id(σ1, σ2, σ3) = χ
Yd
(q∗p

∗(σ1) · q∗p∗(σ2) · q∗p∗(σ3)) .

Define the variety B�d = {(ω, f) ∈ Yd×Md | Im(f) ⊂ Xω} and let π : B�d → Md

be the projection. This map is birational by [10, Lemma 4.6] and [12, Prop. 19].

We also define Z
(3)
d = {(ω, x1, x2, x3) ∈ Yd × X3 | xi ∈ Xω for 1 ≤ i ≤ 3}, and

let φ : B�d → Z
(3)
d be the morphism defined by φ(ω, f) = (ω, ev(f)). It follows

from [10, Cor. 2.2] and [13, Thm. 0.2] that the general fibers of φ are rational. For

1 ≤ i ≤ 3 we also define ei : Z
(3)
d → Zd by ei(ω, x1, x2, x3) = (ω, xi). We then have

the following commutative diagram from [10]:

(3) B�d
π ��

φ
��

Md

evi

��
Z

(3)
d

ei �� Zd
p ��

q

��

X

Yd

For u, v ∈ WP we define a Richardson variety in Zd by

Zd(Xu, X
v) = q−1(q(p−1(Xu)) ∩ q(p−1(Xv))) .

1The variety Zd is called Id in [12], while Yd is called Fd, and Xω is called Yd.
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Since both maps π and φ are surjective, it follows from the definitions that the
projected Gromov-Witten variety for u and v is given by

(4) Γd(Xu, X
v) = p(Zd(Xu, X

v)) .

In particular, the projected Gromov-Witten variety Γd(Xu, X
v) is also a projected

Richardson variety. This proves Theorem 4.1(a). We pause here to give a direct
proof of Corollary 4.2 from Theorem 5.1, without invoking Theorem 4.1(b).

Direct proof of Corollary 4.2. Assume first that d is a well-behaved degree. For
u, v, w ∈ WP we then obtain from Proposition 3.3 and Theorem 5.1 that

χ
X
([OΓd(Xu,Xv)] · O∨

w) = χ
X
(p∗[OZd(Xu,Xv)] · O∨

w) = χ
Zd
([OZd(Xu,Xv)] · p∗(O∨

w))

= χ
Yd
(q∗p

∗(Ou) · q∗p∗(Ov) · q∗p∗(O∨
w)) = Id(Ou,Ov,O∨

w) ,

as required.
Assume next that X = E6/P6 is the Cayley plane and d = 3. It then follows

from [7, Cor. 4.6] that Γ3(1.P, w0.P ) is a translate of the Schubert divisor Xsγ in
X, where w0 ∈ W is the longest element. This in turn implies that, if either Xu or
Xv has positive dimension, then Γ3(Xu, X

v) = X; see Lemma 6.2. It follows that

[OΓ3(Xu,Xv)] =

{
Osγ if dim(Xu) = dim(Xv) = 0 ;

1 otherwise.

This is compatible with the ‘quantum equals classical’ theorem for the Cayley
plane proved in [13], which implies that I3(Ou,Ov,O∨

w) is equal to δw,sγ when
dim(Xu) = dim(Xv) = 0, and equal to δw,1 otherwise. �

Let u, v ∈ WP and define the varieties B�d(Xu, X
v) = π−1(Md(Xu, X

v)) and

Z
(3)
d (Xu, X

v) = (pe1)
−1(Xu) ∩ (pe2)

−1(Xv). Then (3) restricts to the following
commutative diagram. It follows from [7, Prop. 3.2 and Thm. 2.5] that all varieties
in this diagram are irreducible and have rational singularities:

(5) B�d(Xu, X
v)

π ��

φ
��

Md(Xu, X
v)

ev3

��
Z

(3)
d (Xu, X

v)
e3 �� Zd(Xu, X

v)
p �� Γd(Xu, X

v)

It follows from Kleiman’s transversality theorem [19] that the restricted maps π
and φ of (5) have the same properties as the corresponding maps of the diagram (3),
i.e. π is birational and the general fibers of φ are rational. Proposition 2.2 therefore
implies that π and φ are cohomologically trivial, and Proposition 3.3 shows that p
is cohomologically trivial. Theorem 4.1(b) therefore follows from Lemma 2.4 and
Proposition 2.2 together with the following statement.

Proposition 5.2. The general fibers of the restricted map e3 : Z
(3)
d (Xu, X

v) →
Zd(Xu, X

v) are rational.

Proof. For any ω ∈ Yd the variety Xω
∼= q−1(ω) ⊂ Zd is a homogeneous space.

Furthermore, for any Schubert variety Ω ⊂ X we have Ω ∩Xω
∼= p−1(Ω) ∩ q−1(ω).

It therefore follows from Proposition 3.1 that Ω ∩Xω is a Schubert variety for all

points ω in a dense open subset of q(p−1(Ω)) ⊂ Yd. Since the fiber of e3 : Z
(3)
d → Zd
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over an arbitrary point (ω, x3) ∈ Zd is given by e−1
3 (ω, x3) ∼= Xω ×Xω, we obtain

Z
(3)
d (Xu, X

v)∩e−1
3 (ω, x3) ∼= (Xu∩Xω)×(Xv∩Xω). This proves the proposition. �

Remark 5.3. The codimension of Γd(Xu, X
v) can be computed as follows. We

assume that d is a well-behaved degree and u, v ∈ WP . Let Q ⊂ G be a parabolic
subgroup containing B such that Yd = G/Q. Let u be the maximal element in the
coset uwPWQ where wP is the longest element in WP , and let v be the minimal
element in vWQ. Set F = G/B and let ρ : F → X be the projection. It follows from
(4) that Γd(Xu, X

v) = ρ(Fu∩F v), so we have Γd(Xu, X
v) �= ∅ if and only if v ≤ u in

the Bruhat order on W . The Hecke product on W is the unique associative monoid
product such that si · w is equal to siw if �(siw) > �(w) and equal to w otherwise
(see [11, §3] for details and references). Choose a ∈ WP such that va is the maximal
element in vWP . It follows from [21, Prop. 3.3] that ρ(Fu ∩ F v) = ρ(Fu·a ∩ F va)
where u · a is the Hecke product of u and a. Since ρ maps F va birationally onto its
image in X, we deduce that Γd(Xu, X

v) is birational to Fu·a ∩ F va. This implies
that dimΓd(Xu, X

v) = �(u · a)− �(va).

Example 5.4. Let G = GL(6) and set F = Fl(6) = G/B where B is the Borel
subgroup of upper triangular matrices. The Weyl group ofG is the symmetric group
S6, where each permutation w ∈ S6 is identified with the permutation matrix whose
entry in position (i, j) is equal to 1 whenever i = w(j). Let Ow = [OFw ] ∈ K(F )

be the Grothendieck class of the opposite Schubert variety Fw = B−w.B ⊂ F .
Consider the Richardson variety R = Fu ∩ F v in F defined by the permutations
u = 642153 and v = 132546 in S6. A computation with Grothendieck polynomials
[23] then gives

[OR] = Ow0u · Ov = O154623 + 2O245613 +O253614 −O345612 − 3O254613 +O354612

in K(F ) where w0 = 654321 is the longest permutation.
Now let P be the parabolic subgroup such that B ⊂ P ⊂ G and X = G/P =

Gr(2, 6) is the Grassmann variety of 2-planes in C6. Let ρ : F → X be the
projection. The set WP consists of permutations w for which w(j) < w(j + 1) for
j �= 2, and each such permutation w can be identified with the partition (w(2)−
2 , w(1)−1). With this notation we obtain from Proposition 3.3 that the class of
the projected Richardson variety ρ(R) is given by

[Oρ(R)] = ρ∗([OR]) = O(3,0) + 2O(2,1) − 2O(3,1) −O(2,2) +O(3,2)

in K(X). The Grothendieck classes of all projected Gromov-Witten varieties
Γd(Xλ, X

μ) in X can be computed using Corollary 4.2 combined with Theorem 5.1
or the Pieri rule for QK(X) obtained in [10, Thm. 5.4]. It turns out that the class
[Oρ(R)] is not the class of any projected Gromov-Witten variety in X. Therefore
not all projected Richardson varieties in X are projected Gromov-Witten varieties.

6. The Cayley plane

The ‘quantum equals classical’ theorem proved in [13] for Gromov-Witten in-
variants of degree 3 of the Cayley plane E6/P6 involves a variety Z3 that is not a
homogeneous space. It is therefore not possible to use Proposition 3.3 to prove that
the map p of the diagram (5) is cohomologically trivial. In this section we give a
different proof of Theorem 4.1(b) for the Cayley plane when d = 3.

Let X be a cominuscule variety and fix a degree d ≥ 0. Set Zd = Zd,3 =
ev(Md) ⊂ X3. Given three subvarieties Ω1, Ω2, Ω3 of X we define the varieties
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Md(Ω1,Ω2,Ω3) = ev−1(Ω1×Ω2×Ω3) ⊂ Md, Zd(Ω1,Ω2,Ω3) = Zd∩ (Ω1×Ω2×Ω3),
and Zd(Ω1,Ω2) = Zd ∩ (Ω1 × Ω2 × X). It was proved in [10, 13] that the general
fibers of the map ev : Md → Zd are rational. Let U ⊂ Zd be a dense open subset
such that Md(x, y, z) = ev−1(x, y, z) is rational for all points (x, y, z) ∈ U . Let G
act diagonally on X3 and on Zd. Since the evaluation map is equivariant for this
action, we may assume that U is G-stable.

Lemma 6.1. Let u, v ∈ WP satisfy Γd(Xu, X
v) �= ∅. Then Zd(Xu, X

v) ∩ U �= ∅.

Proof. Set d0 = min(d, dX(2)). The assumption implies that we may choose
(x0, y0) ∈ Xu×Xv such that d(x0, y0) = d0. Furthermore, since Zd contains a dense
open subset of points (x, y, z) for which d(x, y) = d0, we may choose (x, y, z) ∈ U
with d(x, y) = d0. Finally, since G acts transitively on the set of pairs of points of
distance d0 by [12, Prop. 18], we have (x0, y0) = g.(x, y) for some g ∈ G. It follows
that (x0, y0, g.z) = g.(x, y, z) ∈ Zd(Xu, X

v) ∩ U , as required. �
Now let X = E6/P6 be the Cayley plane. We need the following fact.

Lemma 6.2. Let X be the Cayley plane and let Ω1 and Ω2 be irreducible closed
subvarieties of X. If both of these varieties are single points and d(Ω1,Ω2) = 2,
then Γ3(Ω1,Ω2) is a translate of the Schubert divisor Xsγ . In all other cases we
have Γ3(Ω1,Ω2) = X.

Proof. If Ω1 and Ω2 are single points, then the lemma follows from [7, Cor. 4.6].
Assume that Ω2 has positive dimension and let x ∈ Ω1 be any point. It is enough
to show that Γ3(x,Ω2) = X. If z ∈ X is any point, then Γ3(x, z) contains a divisor,
and this implies that Γ3(x, z) ∩ Ω2 �= ∅. It follows that z ∈ Γ3(x,Ω2). �

Theorem 4.1(b) for the Cayley plane and d = 3 is a consequence of the following
result together with Proposition 2.2.

Proposition 6.3. Let X be the Cayley plane and let u, v ∈ WP . Then the gen-
eral fibers of the evaluation map ev3 : M3(Xu, X

v) → Γ3(Xu, X
v) are rationally

connected.

Proof. For convenience we let x0 = 1.P denote the B-fixed point and y0 = w0.P
the B−-fixed point in X. The evaluation map ev3 : M3(Xu, X

v) → Γ3(Xu, X
v)

can be factored as

M3(Xu, X
v)

ev−−→ Z3(Xu, X
v)

p3−−→ Γ3(Xu, X
v)

where p3 is the restriction of the third projection X3 → X. If we have dim(Xu) =
dim(Xv) = 0, then Xu = {x0}, Xv = {y0}, and the map p3 is an isomorphism.
The proposition therefore follows from Lemma 6.1.

Assume now that dim(Xv) ≥ 1. Choose z0 ∈ X such that d(x0, z0) = 2 and
Γ2(x0, z0) is a B-stable Schubert variety. It then follows from [7, Cor. 4.6] that
Γ3(x0, z0) is the B-stable Schubert divisor. Since G.(x0, z0) is a dense open subset of
X2 and B−B is a dense open subset ofG, it follows that O = B−B.({x0}×X×{z0})
is a dense open subset of X3. We claim that O ∩U ∩Z3(Xu, X

v) �= ∅. To see this,
note at first that Z3(Xu, X

v) = ev(M3(Xu, X
v)) is irreducible, so U∩Z3(Xu, X

v) is
a dense open subset by Lemma 6.1. In addition, if y′ ∈ Γ3(x0, z0)∩Xv is any point,
then (x0, y

′, z0) ∈ O ∩ Z3(Xu, X
v), so O ∩ Z3(Xu, X

v) is also a dense open subset
of Z3(Xu, X

v). This proves the claim. Since p3 : Z3(Xu, X
v) → X is surjective, it

follows from Kleiman’s transversality theorem [19] that there exists a dense open
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subset V ⊂ X such that, for each z ∈ V the fiber p−1
3 (z) = Z3(Xu, X

v, z) is locally
irreducible and each component of this fiber meets O ∩ U .

Fix a point z ∈ V and consider the first projection p1 : Z3(Xu, X
v, z) →

Xu. For any point x ∈ Xu we have p−1
1 (x) = Z3(x,X

v, z) ∼= Γ3(x, z) ∩ Xv.
Since this variety is connected by Lemma 6.2 and Proposition 3.2, we deduce
that Z3(Xu, X

v, z) is connected and hence irreducible. By definition of V we
have Z3(Xu, X

v, z) ∩ O �= ∅. If (x, y, z) is any point in this intersection, then
we may write (x, z) = b′b.(x0, z0) where b′ ∈ B− and b ∈ B, after which we obtain
p−1
1 (x) ∼= b′b.Γ3(x0, z0) ∩ Xv = b′.(Γ3(x0, z0) ∩ Xv). This shows that the general

fibers of the map p1 : Z3(Xu, X
v, z) → Xu are translates of Richardson varieties,

so it follows from Proposition 2.3 that Z3(Xu, X
v, z) is rationally connected. The

definition of V also implies that Z3(Xu, X
v, z) ∩ U �= ∅. Therefore the general

fibers of ev : M3(Xu, X
v, z) → Z3(Xu, X

v, z) are rationally connected, so a second
application of Proposition 2.3 shows that M3(Xu, X

v, z) is rationally connected for
all z ∈ V . This finishes the proof. �

7. The square of a point

In this section we apply our results to compute the square of a point in the
(small) quantum K-theory ring QK(X) of any cominuscule variety X. The ring
QK(X) is a formal deformation of the Grothendieck ring K(X), which as a group
is defined by QK(X) = K(X) ⊗Z Z�q�. The product Ou � Ov of two Schubert
structure sheaves in QK(X) is given by

Ou �Ov =
∑

w,d≥0

Nw,d
u,v qd Ow

where the sum is over all w ∈ WP and non-negative degrees d. The structure
constants Nw,d

u,v are defined by the recursive identity

Nw,d
u,v = Id(Ou,Ov,O∨

w)−
∑
κ,e>0

Nκ,d−e
u,v · Ie(Oκ,O∨

w) ,

where the sum is over all κ ∈ WP and non-zero degrees e with 0 < e ≤ d. The
degree zero constants Nw,0

u,v are the structure constants of the Grothendieck ring
K(X). The quantum K-theory ring QK(X) was defined by Givental [15] and was
further studied in connection with the finite difference Toda lattice [3, 16]. While
the product Ou � Ov is defined as a power series in q and might a priori contain
infinitely many non-zero terms, it was proved in [7] that Nw,d

u,v = 0 whenever X
is cominuscule and d > dX(2). A finiteness result for the quantum K-theory of a
larger class of homogeneous spaces was obtained in [8].

Corollary 7.1. Let X be a cominuscule variety and let Opt ∈ K(X) denote the
class of a point. Choose κ ∈ WP such that ΓdX(2)(1.P, w0.P ) is a translate of Xκ.

Then we have Opt �Opt = qdX(2) Oκ in QK(X).

Proof. Recall that ΓdX(2)(1.P, w0.P ) is a Schubert variety in X by [12, Prop. 18].

Let Nw,d
pt,pt denote the structure constants defining the product Opt � Opt. It fol-

lows from Corollary 4.2 that Id(Opt,Opt,O∨
w) = χ

X
([OΓd(1.P,w0.P )] · O∨

w) for all

degrees d and w ∈ WP . Since Γd(1.P, w0.P ) = ∅ for d < dX(2), it follows

by induction on d that Nw,d
pt,pt = 0 for d < dX(2). This in turn implies that
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N
w,dX (2)
pt,pt = χX ([OΓdX (2)(1.P,w0.P )] · O∨

w) = χX (Oκ · O∨
w) = δκ,w. The corollary

follows from this together with the fact [7] that Nw,d
pt,pt = 0 for d > dX(2). �
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