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UNIQUENESS OF EPIDEMIC WAVES IN A HOST-VECTOR
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(Communicated by Wenxian Shen)

ABSTRACT. A diffusive integro-differential equation which serves as a model
for the evolution of a host-vector epidemic was extensively studied in literature.
The traveling wave solutions of this model describe the spread of the disease
from a disease-free state to an infective state, which are epidemic waves. It is
a challenging problem if epidemic waves with the minimal propagation speed
are unique up to translation. In this paper, we establish the uniqueness of all
epidemic waves with any an admissible wave speed by the sliding method and
solve this challenging problem completely.

1. INTRODUCTION

The spatial spread of disease is an important subject in mathematical epidemiol-
ogy. One of the central goals of studying the spread is to predict disease transmis-
sion patterns in population and estimate the invasion speed of disease transferring
from a disease-free state to an infective state. Hence, a topic that has received great
attention is the existence and uniqueness of traveling wave solutions in epidemic
models, that is, the study of epidemic waves in epidemic models; see [1, [14], [I5],
[19], [20], [22] and the references therein. For more works on the spatio-temporal
dynamics of epidemiological models one can be referred to the surveys by Ruan
[23], Gourley et. al [12], and the book by Murray [18].

Consider the initial growth of a host-vector epidemic such as malaria. Ruan and
Xiao in [24] derived the following diffusive integro-differential equation based on
the works of Busenberg and Cooke [4], Cooke [5], Marcati and Pozio [I7], and Volz
[28]:

w(t, 2) =dAw(t, x) — aw(t, x)

(1) +b[l—w tx/ / (t,s,z,y)w(s,y)dyds,
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where w(t, z) is the normalized spatial density of an infectious host at time ¢ and
location z, i.e., w(t,z) > 0 for ¢ > 0 and = € Q. d is the diffusion constant, 2 C
R™(n < 3) is the spatial habitat, A is the Laplacian operator, a is the cure/recovery
rate of the infected host, b is the host-vector contact rate, the convolution kernel
F(t,s,z,y) is a nonnegative continuous function with respect to its variables, which
measures the probability of becoming infective at location x and time ¢, and the
integrals total up all possible infected positions for those individuals at location x
and time ¢ and all possible times that these individuals might have taken to become
infective. More details on the model and the global stability of steady states for
(@ with bounded domain € can be found in [24].

When the spatial domain €2 is unbounded with 2 = R and the delay kernel
assumes some special forms, the existence or uniqueness of traveling wave solutions
for the models was extensively studied by different methods in literature. Here we
list parts of them as follows.

If F(t,s,2,y) =d(z—y)= e~ with 0(+) being the Dirac-delta function, then
(@) reduces to the following integro-differential equation:

w(t, x) =dAw(t, x) — aw(t, x)
P t—s -

(2) +b[1—w(t,a:)]/ e 7 w(s,x)ds.

—00

Ruan and Xiao [24] showed that for any ¢y > 2/b — a, there exists a small number
7o = 7o(co) such that for any 7 € [0, 7], the model (@) admits a traveling wave
solution connecting the two steady states Fy = 0 and £y = 1 — ¢ with the wave

speed ¢ = ¢(7) close to cp.
( —
If F(t,s,z,y) = %e‘at—ﬁ; A(—s) s) , then () reduces to the following

\/47r(t—s)6

integro-differential equation:
we(t, ) =dAw(t, z) — aw(t, x)

1 1 (z—y)?
3 bl — w(t, z)] —e*T(t s\~ e Ao w(s,y)dyds.
®) / / 4 (t — s) (s, 9)dy

Lv and Wang [I6] obtained similar existence results of traveling wave solutions as
in [24] for equation (3] and discussed the uniqueness of traveling wave solutions

with the large admissible wave speed.
(I y)

If F(t,s,z,y) = 6(t —s— 1) \/41?6 , then () reduces to the following

integro-differential equation:

we(t, ) =dAw(t, z) — aw(t, z)

(4) +b[1 — w(t,z)] /_OO \/4177@*(”23’ w(t — 7,y)dy.

Peng et. al [2I] approximately analyzed the existence of traveling wave solutions
for equation ().
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If F(t,s,z,y) = h(x — y)é(t — s — 7) with h a nonnegative, integrable even
function, then () reduces to the following integro-differential equation:

w(t, ) =dAw(t,z) — aw(t, )
oo
) FolL=w(to)] [ b= gl - r)dy
— o0
Wang et. al [29] proved that there is a positive number ¢* such that (&) has a
traveling wave solution for any ¢ > ¢* and the traveling wave solutions with large
wave speed ¢ > ¢* are unique up to translation.
If Ft,s,z,y) = d(x—y)d(t—s—7), then ([d) reduces to the following differential
equation with discrete delay:

(6) wi(t, ) = dAw(t, z) — aw(t,z) + b[1 — w(t, z)]w(t — 7, ).

Schaaf [25] showed that for any 7 > 0, there exists a nonnegative constant ¢*(7)
such that for every ¢ > ¢*(7), (@) has a traveling wave solution and it is unique up
to translation.

It should be pointed out that the above-mentioned works essentially deal with
the traveling wave problem for equations with discrete delay or without delay by
choosing special kernel function F(t, s, z,y) in () (see the cited works for details).
In [31] Zhao and Xiao considered a general kernel function F(¢,s,z,y) = F(t —
s,x —y) for (1) and derived the following equation with infinite distributed delay:

w(t, x) =dAw(t, x) — aw(t, x)

(7) +b[1 — w(t, )] /_ /RF(t — s,z — y)w(s,y)dyds,

which has two steady states Ey = 0 and Ey =1 — ¢ for general unit kernel. It is
clear that (2)—(@]) are the special cases of (7).
Under the assumption that

(H1) b>a >0, F(s,y) = F(s,—y) > 0, and [~ [*_ F(s,y)dyds =1,
(H2) [ [, F(s,y)eMv=dyds < oo for all ¢ >0 and A > 0,

Zhao and Xiao in [3I] and [32] established the existence of the traveling wave
solutions of () in the study of the spatial spread and wave propagation dynamics
for (@), which shows that there exists a positive constant ¢* (minimal wave speed)
such that () has a traveling wave solution connecting the two steady states Ey and
F4 if and only if its wave speed ¢ > ¢*. We state the result as follows.

Proposition 1 (See [31]). Assume that (H1)-(H2). Then there exists a ¢* > 0
such that the following statements are valid:

(i) For any ¢ > c¢*, ) admits a monotone traveling wave solution w(t,x) =

U(z + ct) connecting two steady states 0 and 1 — ¢.

(ii) For any 0 < ¢ < c*, @) has no traveling wave solution w(t,z) = U(x + ct)
connecting two steady states 0 and 1 — ¢.

In this paper we deal with the uniqueness problem of traveling wave solutions
propagating at a given admissible speed for ([@). As you know, the uniqueness of
traveling wave solutions is a very important topic in the study of wave propagation
dynamics; see [2[0,[7[10] and the references therein. If the traveling wave solution of

([@) is unique up to translation, then all the traveling wave solutions are monotone
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and are separated from zero as x + ¢t — 400, and their waveforms at a given
admissible speed are the same. This is very helpful to understand the spread of
disease; see [20]. To the best of our knowledge, there have been few uniqueness
results on the traveling wave solutions with large wave speed for special cases (i.e.,
@)—@)) of [@), and no results on the uniqueness of the traveling wave solutions with
minimal wave speed for any special cases of (7). It is still a challenging problem,
even though there have been many significant works on the uniqueness of traveling
wave solutions for different equations such as integral equation, lattice equation,
integro-differential equation, diffusive equation, etc. (see [2}[6H8] 10} 1T T3] 27]).
In particular, the works [2L[I0L[11] established the uniqueness theorem of traveling
wave solutions for a class of nonlinear integral equations, which can be successfully
applied to certain types of nonlocal reaction-diffusion equations that can be reduced
to the prescribed integral equations. However, to our knowledge it is difficult to
transform the nonlocal reaction-diffusion equation () into the prescribed integral
form in [2LI0LIT]. Hence, we could not use the conclusions of [2l[T0TI] to equation
[@ directly. Using the ideas of the sliding method [3,8] and developing some
analytical skills, we solve the uniqueness problem of traveling waves for equation
(@), and obtain that all the traveling wave solutions of () with a given admissible
speed ¢ > ¢* are unique up to translation. Therefore, we completely establish the
uniqueness of epidemic waves of (@) for given a wave speed ¢ with ¢ > ¢*.

2. UNIQUENESS OF EPIDEMIC WAVES

Due to the biological meaning of equation (), we are only interested in the non-
negative bounded traveling wave solution of () with the form w(t,z) =
U(z + ct), where ¢ > 0 is the wave speed, z := x + ct is the moving coordinate,
and U € C?(R,Ry) is the wave profile, where R, := [0, +00). For a traveling wave
solution w connecting the two steady states £y = 0 and Ey =1 — ¢, it is easy to
see that the wave profile function U(z) satisfies

U'(2) =dU" (z) — aU(z)

(8) +b[1 = U(2)] / / F(s,y)U(z — y — cs)dyds,
0 —o0
and subject to the boundary conditions
. . a
(9) U(—o0) := Zggloo U(z)=0, U(+x):= ZETOO Uiz)=1- 7

The characteristic equation of the linearization of () around zero equilibrium is
P\ e)=d\ —ch—a+ b/ / F(s, y)ef)‘(?”cs)dyds,
0 —o0

which admits the following properties; see [31, Lemma 2.2].

Lemma 2. There exists a unique c¢* > 0 such that
(i) system P(\,c¢*) = 0, %P()\,c*) = 0 has a unique positive solution A =
)\* — )\(C*);
(ii) for any ¢ > ¢*, P(A\,¢) = 0 has two distinct positive real roots A(c) and
A(e) with 0 < A(e) < A(c).
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In [31,32], the authors proved that the ¢* defined above is the minimal wave
speed of traveling wave solutions of ([7l) by showing the fact that a traveling wave
solution exists if and only if its wave speed ¢ > ¢* (see Proposition[I]). In this paper,
we shall establish the following main result, which shows that the traveling wave
solutions with any a given admissible speed ¢ > ¢* are unique up to translation.

Theorem 3. Assume that (H1) and (H2) hold. For any c > c¢*, suppose U(z) and
U(z) are two solutions of (8) satisfying (Q); then there is a constant n such that
Uiz)=U(z+n).

To state the proof of Theorem Bl briefly, we first establish a series of lemmas under
the assumptions of (H1) and (H2) in Theorem [8l For brevity, we don’t repeat the
assumptions (H1) and (H2) in the following lemmas.

Define an integro-differential operator L : CQ(R, Ry) — C(R) by

LIU)(z) :=dU" (z) — U (z) — aU(z

+0[1-U / / U(z —y — cs)dyds.

Following the ideas in [9,[26], we can obtain a strong maximum principle as
follows.

Lemma 4. Suppose that U € C*(R,R,.) satisfies (@) and
LIUJ(z) >0 on R (L[U]J(2) <0 on R, respectively).
Then U cannot achieve a maximum (minimum, respectively) on R.

Proof. We argue by contradiction. Suppose that U(z) achieves a maximum at a
point z9 € R, i.e., U(29) = max,eg U(z). Since U € C?(R,R,) satisfies (@), we
have U’ (20) = 0, U (20) <0, and U(z) > 1 — 7+ By the assumption, we also have
L[U](z0) > 0. It then follows that U(zp) < 1 and

0 <L[U](20)
=dU" (20) — U (20) — aU(zp)

b[1 — U(z) / / U(zo —y — cs)dyds

§—aU(zo)+b[1—U(zo)]/ / F(s,y)U(z0 —y — cs)dyds
=U(20)[—a + b(1 — U(20))]

b[1 — U(z) / / U(zg —y — cs) — U(zo)]dyds
<b[1 — U(zo)]/o /_ Fls,y)[U (20 — y — c5) — U(z0)]dyds < 0,

which implies that [;° [* F(s,y)[U(zo — y — ¢s) — U(z))dyds = 0. Thus,
U(zp —y — cs) = U(zp) for every (s,y) € supp(F).

If supp(F) = Ry x R, we immediately get a contradiction since U satisfies ().
If not, since F(s,y) = F(s,—y) for (s,y) € Ry xR, we can choose (8, 7) € supp(F)
such that §+c¢§ > 0. Let 0 := §+c5. Repeating the above arguments for U(zg—0),
we obtain U(zg) = U(zg — o) = U(zp — 20). By induction arguments, it follows
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that U(zp) = U(zo —no) for any n € Z,. Letting n — +o00, we get a contradiction

since U(z9) > 1 — ¢. This completes the proof. O
From the strong maximum principle established in Lemma [4, we can directly

derive the following lemma.

Lemma 5. For any c > c*, let U € C*(R,R,) be a solution of ) and [@). Then
0<U(z) <1—¢ forall zeR.

We now study the size relationship between two solutions of (§)) satisfying ().

Lemma 6. For any c > c*, let Uy, Us € C*(R,R,) be two solutions of (8) satisfy-
ing @). If Ui(z) < Us(z) with Uy(z) # Ua(z) for z € R, then Uy(z) < Us(z).

Proof. Suppose that U (z) < Us(z) with Uy(z) # Ua(z) on R. Then, the function
defined by

W(z) :=Us(z) — Ui(z)

satisfies W(z) > 0 and W(z) £ 0 for all z € R.
We claim that W (z) > 0 on R. Otherwise, there exists a zy such that

0=Wi(z) = min W(z)

and W' (zp) = 0. We will divide it two cases to show that W (zy) > 0 as follows.

Case I. zp is an isolated zero point of W(z). Then W (z) > 0 in some neighborhood
of zg except zg. We claim that W (zy) > 0. Otherwise, we have

W (e — 1 V2= (20)

<0,
zlzo zZ— 20

which implies that W’(z) < 0 for z € (20, 20 + 0) with some § > 0. Thus
W(z) =W(z) = W(z0) = W (£)(z — 20) <0, z€ (20,20 +9),

which leads to a contradiction. Thus, W"(z) > 0.

Case II. There exists a sequence {z,}, lim,,— 1 2, = 20, such that W(z,) =0,n =
0,1,.... Thus, W'(z,) =0, and so W"(z) = 0.

Summarizing the above analysis, we obtain that W (z) > 0 if there exists a zg
such that W(zg) =0 and W’(z) = 0.
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We now calculate ¢cW/(zp) and obtain that
0 =cW'(20)
=c[Us(20) = U (#0)]
=d[Uy (20) — Uy (20)] — alUa(20) — Us(20)]

+ [6(1 — Ua(20)) — b(1 — Uy (20) / / (s,y)Uz(z0 — y — cs)dyds
b(1 — Uy (z0) / / (s,y)[Uza(z0 —y — ¢s) — Uy (20 — y — cs)]|dyds

=dW" (z0) — aW (29) — bW (20) /0 /_ F(s,9)Us(z0 — y — cs)dyds

b(1 — Ui (z0)) /000 /jo F(s,y)W(zp —y — cs)dyds

200 - Uio) [ [ Fls) Wi -y cshys > 0

which implies that [~ [*_ F(s,y)W (20—y—cs)dyds = 0. Thus, W(zg—y—cs) =0
for (s,y) € supp(F). If supp(F) = R x R, we have W(z) = 0 on R, which is a
contradiction. If not, we can repeat the previous calculation for W(zg — y — cs)
with every (s,y) € supp(F'). Note that F(s,y) = F(s,—y) for (s,y) € Ry x R. By
repeating the above calculation infinitely many times, we cover all values of R and
thus end up with W(z) = 0 on R, which is a contradiction. Therefore, W(z) > 0
on R, namely, Uz(z) > U;(z) on R. This completes the proof.

O

Lemma 7. For any c > c*, let U € C?(R,Ry) be a solution of ) satisfying [@).
Then there exist some positive constants o, w such that

(i) forc> c*, ZEIPOO U(z)e 9% = o and Zl'}r_noo U'(2)e M2 = aX(c).
(i) for ¢ = c*, ZEI_nOO U(2)|z| e )2 = o and Zl'}r_noo U'(2)|z| e M)z =
wA(c*).
The above result can be deduced from [30, Proposition 2.3], which implies that

for any ¢ > ¢*, every wave profile U satisfies U’ (z) > 0 at some neighborhood of
—00. Then, we can choose ¢ > 0 sufficiently large so that

U(z) is strictly monotone on (—oo, —().

Lemma 8. For any c > c*, let Uy, Uy € C?(R,Ry) be two solutions of (§) satis-
fying @). If there exists {1 > 0 such that Ui(z) > Ua(z) for z < —{y, then there
exists p > 0 such that Uy(z + p) > Us(z) for z € R.

Proof. We divide the proof into two steps.
Step I. We first show that for any given £ > 0, there exists p > 0 such that
Ui(z + p) > Ug(z) for z € (—o0,/].

Since Uy(z) > 0 and U;(+00) = 1 — ¢, we have p := inf.c[_¢ yo0) Ur(2) > 0.
Note that Uz(—oc0) = 0. Thus, there exists £y > 0 such that Us(z) < p for
z S —fo.



3882 ZHAOQUAN XU AND DONGMEI XIAO

Then for every p > 0, we have
Ui(z+p) >Us(z) for ze€[—C—p,—Lo).

Note that sup,e(_g, qU2(2) < 1 — ¢ and Ui(+00) = 1 — §. One can choose a
suitable p > 0 such that

Ui(z 4+ p) > Us(z) for ze€[—£y, L.
It then follows that
Ui(z+p) > Us(z) for ze[-C—p,{.

Since U; (2) is strictly monotone and Uy (z) > Uz(2) on (—o0, —¢) (¢ > £1), it follows
that for p > 0,

Ui(z+p) > Ui(z) > Uz(z) for ze€ (—o0,—C—p).
Thus, for any given £ > 0, there exists p > 0 such that
(10) Ui(z+p) > Usy(z) for ze€ (—o0,f.
Step II. Choose M, N > 0 such that f f F(s,y)dyds > % by hypothesis (H1).
Since Uj(+00) =1 — ¢, i = 1,2, there exists 0 > 0 such that
2 2
_Z > Z
) @z (1-5). )=
We now fix £ > § + N + ¢M in ([I0), and define
=inf{¥ > 0| Ui(z 4+ p) + 9 > Us(z) for zeR}.
Clearly, 0 <9 <1 — ¢ since Us(z) < 1— ¢, and

Up(z4p) +0 > Us(z) for zeR.

(1 — %) for any =z > 4.

If J = 0, then the conclusion of the lemma follows.
Suppose that ¢ > 0. Define a function as follows:

U(z) =Us(z4p) + 9 —Us(z), z€R.
It is clear that U(z) > 0 and U(+oc) =9 > 0. Thus, there exists z* such that
0="0U(z) = glelﬂlgU(z)
Note that Ui(z* + p) — Uz(2*) = —19 < 0. It follows from ([T that z* > ¢ >
§4 N +cM. Then by U (2*) =0, U" (2*) > 0, and (L), we have
0 =c[Uy (2" + p) = Up(2")]
AU} (=" + p) = Uy ()] = alUh (" + p) = Un(=")]

+ b1 =Ui(z* +p)) —b(1 — Us(z / / F(s,y)Ui(z" 4+ p—y — cs)dyds
b(1 —Us(z / / (s, )[U1(z* +p—y —cs) — Us(2" —y — cs)]dyds
~ ~ ]\/[ ~
Zaﬂ—kbﬁ/ / F(s,y)Ui (2" + p—y — cs)dyds — bI(1 — Uz (=)
-N

A ~ 1 2 a - 2 a
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which is a contradiction. Thus, we have J = 0, and then Uy (z + p) > Us(z) for
z € R. This completes the proof.

O

Lemma 9. For any ¢ > c*, let U, Us € C*(R,R,) be two solutions of @) sat-
isfying @). If there exists {1 > 0 such that Ui(z) > Ua(z) for z < —t1, then
Ui(z) > Ua(z) for z € R.

Proof. By Lemma [§] there exists p > 0 such that
Ui(z+p) > Us(z) for zeR.
Define
p=1inf{p > 0| Ui(z+p) > Uz(z) for =z e R},
which is well defined, and
Ui(z+4 p) > Us(z) for ze€R.

We claim that p = 0. Suppose, by contradiction, that p > 0. Since Uj(z) is
strictly monotone on (—oo, —¢) and U;i(z) > Uz(z) on (—oo, —¢1), it follows that
Ui(z 4 p) # Us(z) on R. By Lemma [l we have

Ui(z+p) > Us(z) for zeR.

Since Uy (z) is monotone on (—oo, —¢) and is uniformly continuous on a compact
set, we have that for any ¢ > 0, there exists small € > 0 such that

Ur(z+ (p—¢€)) > Us(z) for ze (—o0,4.

Proceeding with the arguments as in the second step of the proof of Lemma R we
have

Ur(z+ (p—¢€)) > Us(z) for zeR.
This is a contradiction according to the definition of p. Thus, we have p = 0, and
then
Ui(z) > Ua(z) for zeR.
By Lemma [6] and the assumption Ui (z) > Usz(z) on (—oo,—¢;), we have Uy(z) >
Us(z) for z € R. This completes the proof. O
Now we are in the position to prove the main result.

Proof of Theorem Bl Let (¢, U) and (¢, U) be two wave profiles with the same speed
¢ > c¢*. Since the proof is similar for both of the cases ¢ > ¢* and ¢ = ¢*, we next
focus on the case that ¢ = ¢*. By Lemma [1 and the translation invariance of
solutions of (), we have that there exists a n € R such that

lim O+ mlel e = Tim U(z)]e] e M = a
zZ—+—00 Z——00

for some a > 0.
Let U(z) = U(z +n). It then follows that

(12) U(z) = a|z|eM)? 4+ 0 (|z|e>‘(c*)z) as z — —00

(13) U(z) = alz|eM)? 4o (\z|e)‘(c*)z) as z — —oo.
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Let U*(z) = U(z + p) for any given p > 0. Then, we have

(14) U*(z) = alz|eMEH) 4o (\z|e)‘(c*)z) as z — —oo.

The equalities (I3]) and (I4) imply that there exists an ¢; > 0 such that
U*(z) >U(z) for z<—4.

By Lemma[dl we have U*(z) > Uy(z) for z € R, that is, U(z + p) > U(z) for z € R.
Define

p*=inf{p>0|U(z+p) >U(z) for zeR},
which is well defined, and

(15) U(z+p")>U(z) for zeR.

We next show that p* = 0. Suppose, by contradiction, that p* > 0. By (I2)
and (I3)), it follows that U(z + p*) # U(z) on R. Then by Lemma Bl we have

U(z+ p*) > U(z) on R. Since p* > 0, we obtain from (I2) that
(16) Uz + p*) = a|z|eMDE+HT) Lo (|z|e/\(c*)z) as z — —oQ.

In view of (I3]) and (6], we obtain that for a small € > 0 there also exists an ¢; > 0
such that

U(z+ (p*—¢€) >U(z) for z< 4.

Using Lemma [0 we have

U(z+ (p" —¢€)) >U(z) for zeR,

which contradicts the definition of p*. Thus, p* = 0, and then U(z) > U(z) on
R. Note that the role of U and U above can be interchanged. So, we also have
U(z) < U(z) on R by repeating the above arguments. Thus, we have U = U on R,

namely, U(z +n) = U(z) for z € R. This completes the proof. O

3. CONCLUDING REMARKS

In this paper, we consider the uniqueness of epidemic waves for a vector-disease
model. The important feature of this model is that the reflection of the current
density of infectious vectors is related to the number of infectious hosts at earlier
times. We show that all the epidemic waves of this vector-disease model with a given
admissible speed are unique up to translation. This generalizes and completes the
earlier results in the literature.

It is worthwhile to note that a combination of the uniqueness of traveling waves
in Theorem Bl and the existence of monotone traveling waves in Proposition [I] can
directly lead to the conclusion that all the traveling wave solutions of the vector-
disease model (7]) are monotone increasing and they are separated from zero as
T + ¢t — +o00. This reveals the characteristics of the spatial spread of the disease.

As one can see, a basic assumption of the original vector-disease model (@) is
that a susceptible vector can be infected only by the infectious host. However, in
reality, there are some infectious diseases whose susceptible vector can receive the
infection not only from the infectious host but also from the infectious vector in the



UNIQUENESS OF EPIDEMIC WAVES 3885

transmission process of the disease. Taking this fact into account, recently Zhang
in [33] extended the original vector-disease model () to the form

we(t, ) =dAw(t, ) — aw(t,z) + B[l — w(t, x)|w(t, x)

(17) T B[1 — w(t, ) / / (t - 5,2 — y)w(s, y)dyds,

and established the existence of epidemic waves for the modified vector-disease
model ([I7). It can be checked that the developed techniques in this paper can also
be applied to this modified vector-disease model for the uniqueness of epidemic
waves.
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