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ABSTRACT. This article explores some properties of universal covers of com-
pact Kahler manifolds under the assumption of Carathéodory measure hyper-
bolicity. In particular, by comparing invariant volume forms, an inequality
is established between the volume of canonical bundle of a compact Ké&hler
manifold and the Carathéodory measure of its universal cover (similar result
as in [Proc. Amer. Math. Soc. 139 (2011), pp. 1411-1420]). Using a similar
method, an inequality is established between the restricted volume of a canon-
ical bundle of a compact Kéhler manifold and the restricted Carathéodory
measure of its covering, solving a conjecture in [Michigan Math. J. 62 (2013),
pp. 259-292].

1. INTRODUCTION

It is interesting to study non-compact complex manifolds with the assumption
that there exist bounded holomorphic functions on it, since they include the ex-
amples of bounded domains and, in particular, Hermitian symmetric spaces of
non-compact type. In this article, we shall study properties of universal covers of
compact Kéhler manifolds under the assumption of Carathéodory measure hyper-
bolicity. In this case, there are abundant supplies of holomorphic functions, leading
to interesting properties. In [Kikuta 10], it was established that the volume of the
canonical line bundle of a compact Ké&hler manifold is bounded from below by a
constant multiple of its Carathéodory measure. It is natural to ask the same ques-
tion regarding restricted volumes and measures. It was stated as a conjecture in
[Kikuta 13| that the restricted volume of the canonical line bundle of a compact
Kahler manifold is also bounded from below by a constant multiple of its restricted
Carathéodory measure. Inspired by the work of [Yeung], which established uniform
estimates among invariant metrics, the author obtains uniform estimates among
invariant volume forms, and the conjecture follows as an easy consequence.

2. INVARIANT VOLUME FORMS

Let p¢ be the Poincaré volume form for BY, the complex d-ball of radius 7,

2
4 r V-1,, — V=1, ., =
= : dz NdzU A - N ———dz® Ndzd.
S G E E T 2 70T

ie.,

For the unit ball B}, we write ué simply as .
Let M be an n-dimensional complex manifold:
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The Bergman pseudo-volume form v, is defined by, for any p € M,
vir(p) ==Y (i A @) (),

where {¢;} is an orthonormal basis for L?(M, K ).

From [Hahn|, we have

vt (p) = 0p A By,

where ¢, maximizes (¢ A @)(p) over the unit ball of L2(M, K ).

The Carathéodory pseudo-volume form v, is defined by ([Eisenman],
p. 57), for any p € M,

v (p) == sup {(f*u™)(p); f: M — B} holomorphic, f(p) = 0}
= sup {|Jac(f)(p)\2; f: M — B¢ holomorphic, f(p) = 0}.

The Kobayashi pseudo-volume form v% is defined by ([Eisenman], p. 57), for
any p € M,

U]\Ii[(p) = inf {\Jac(f)(O)\fQ; f : B} — M holomorphic, f(0) = p} .

Next let us consider the case when there is a d-dimensional subvariety Z of M.
In an analogous manner to the above, we may have the following definitions:

The restricted Carathéodory pseudo-volume form vﬁ” 5 on the regular
locus Z,cq of Z is defined by, for any p € Z,.cq,

vgjlz(p) := sup {|Jac(f|z)(p)|2; f : M — B¢ holomorphic, f(p) = O}.

The restricted Kobayashi pseudo-volume form vﬁ‘ , on the regular locus Z;¢4
of Z is defined by, for any p € Z, g,

vﬁlz(p) := inf {\Jac(iz o £)(0)|7% f:B¢ — M holomorphic, f(0) :p} ,
where iz : M — Z is the restriction map.
3. BASIC PROPERTIES

The following are the volume decreasing properties of the corresponding volume
forms, which are included here for the convenience of the reader.

Proposition 3.1 (Volume decreasing property for Carathéodory measure). Let N
be an n-dimensional complex manifold. Then, for all ¢ € Hol(M,N),

" (vR) < i
Proof. Any map from N to B} induces a map from M to BY. |

Proposition 3.2 (Volume decreasing property for Kobayashi measure). Let N be
an n-dimensional complex manifold. Then, for all ¢ € Hol(M, N),

" (u8) < vir-
Proof. Any map from B} to M induces a map from B} to N. g
Similarly, we have the following:

Proposition 3.3 (Volume decreasing property for restricted Carathéodory mea-
sure). Let Y be an n-dimensional complex manifold and let W be its d-dimensional
complex subvariety. Then, for all ¢ € Hol(X,Y), such that o(Z) C W,

(90|Z)*(U)C;|W) < U)C(|Z~
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Proposition 3.4 (Volume decreasing property for restricted Kobayashi measure).
LetY be an n-dimensional complex manifold and let W be its d-dimensional complex
subvariety. Then, for all ¢ € Hol(X,Y), such that ¢(Z) C W,

(@|Z)*(U)I/(|W) < U)I§|Z'
We also have continuity for the Carathéodory volume form.
Proposition 3.5. v§; is locally Lipschitz.

Proof. Let o € M, and choose a local coordinate system U at o. Let B}’ be the
coordinate ball centered at o. Let p,q € B?/2 and suppose that

UI\C/[ (p) > ”M (q)-
Then

i1 (p) — vir(q) = sup |Jac(f)(p)|> — sup a

[ Jac(f)(q) 2
- Hf( 2
< sup {|Jac()(p)* = [Jac(f) (@)}

< sup {(|Jac(f)(p) — Jac(f)(@))(|Tac(£)(p)| + [ Tac(£)(@)])}

3/22n+2n| 2n+1n|
Tl lp—qll -
n3/222n+3(n!)
= T el lp — qll,

where the supremum is taken over the set {f : M — BY, f(p) = 0}. The last
inequality above follows from Cauchy estimates. (]

Now let X be an n-dimensional compact Kéhler manifold, and let X be its uni-

versal cover. The next result is a key property of Carathéodory measure hyperbolic
universal covers.

Proposition 3.6 ([Kikuta 10]). Suppose X is Carathéodory measure hyperbolic
(i.e., U)Q( > 0 at every point). Then we have c1(Kx) > 0.

Proof. By the Arzela-Ascoli theorem, for any p € X, there is a map f, : X — B}

such that U§(p) = (fyu")(p) = | Jac(fp)*(p).
For f: X — B} and ¢ € C", consider

(V=199log(f*u")) (¢, C)

L—|[fI1P)0i5 + fi i\ 0fi OFi .1
“o+n) 3 (St ) e

.3,k

_ 1 Of; Ofi 4= Ofi =k
=(n+1) ;M—l o 95 ¢ T Zk oo i

afi 0fi oz
+1) g
( 1 — Hf||2 Z 8zk 8zl

=+ 1) g € (el )" - Tae( 1)
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Now, for any p € X, |Jac(f,)|?(p) > 0. Hence there is a neighborhood K of p and
constants ¢, € > 0 such that

L= [lfp(@*>¢>0
and

C*(Jac(fp))*(Q) : Jac(fp)(Q)(: > 6‘<|2

for all ¢ € K. Notice that ’U)Q( is continuous and therefore

log(v%) = sup(f;u")
peX
is strictly plurisubharmonic.
Interpret v)cz as a volume form over X with log(vg) being strictly plurisub-
harmonic. By [Richberg], vg can be approximated uniformly over X by a smooth
volume form whose logarithm is strictly plurisubharmonic. Hence, ¢;(Kx) > 0. O

In the case that the covering is a bounded domain in C", we have the following
extra geometric property.

Proposition 3.7 (Uniform squeezing property for X ). Suppose X is a bounded
domain in C™ which covers a compact Kahler manifold X. Then there exist a,b
satisfying 0 < a < b < oo such that for any x € X, there exists an embedding
©r: X = C" with p,(x) =0 and B? C ¢, (X) C B}.

Proof. Let A be any fundamental domain of X in X. For any z € A, take r, =
inf, % [z —y[ > 0, Ry = sup,cyx [2 — y| < oo so that we have B} () C X c
B (z).

Now since A is relatively compact in X and 7., R, are Lipschitz continuous in
x, we have inf 4 7, :=a > 0 and sup4 R, := b < 0.

For any x € X — A, there is an automorphism of X which brings z to a point
in A, and hence for all points in X, we have an embedding ¢, such that v, (z) =0

and B? C ¢, (X) C Bp. O

Finally we include the statement of two Schwarz lemmas and a result on L2
estimate for the 0-equation that will be used.

Proposition 3.8 (Schwarz lemma of [Mok-Yaul). Let M be a complete Hermitian
manifold with scalar curvature bounded from below by —K1 and let N be a complex
manifold of the same dimension with a volume form Vy (i.e., positive (n,n) form,
n = dim N) such that the Ricci form is negative definite and (@86 log V)™ >
KsVn. Suppose f : M — N is a holomorphic map and the Jacobian is non-
vanishing at one point. Then K1 > 0 and

Vn < K7
VM - n”Kg'

sup

Proposition 3.9 (Schwarz lemma of [Royden]). Let (M,g) be a complete Kihler
manifold with Ricci curvature bounded from below by k < 0, and let (N,h) be
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a Kdhler manifold with holomorphic sectional curvature bounded from above by
K < 0. Then for any holomorphic map f: M — N we have

B ri 77 vk
Z K Prithhs < JI1K
a,B,i,j
where v is the mazimal rank of df .
Proposition 3.10 ([Hormander]). Let M be a complete Kihler manifold and let
@ be a smooth strictly psh function on M. Then for any v € L%}l(M, 00¢, ) with
v = 0, there is an (n,0)-form u on M such that Ou = v and

- 2 _
’/ uAue ¥ §/ lvl55,€™ -
M M

4. UNIFORM ESTIMATES AMONG INVARIANT VOLUMES

Theorem 4.1. Let X be an n-dimensional compact Kdhler manifold, and let X be
its universal cover. Then we have, at any p € X,

(a)

C K
UX SUX’
(b) .
C KFE
'UX; S ol ’UX 5
UIS'E < l UI,,{
X — o X7
cl-v)q( gvg < cy ’U)Q(

if we assume X is Carathéodory measure hyperbolic, where by = by (X) > 0 and
by = bQ(X) < 00.
(c)
Ve < — -0
if we assume X is a bounded domain in C*, where a = a(X) > 0, andb = b(X) < oo
are as in Proposition 3.1
Proof. (a) 1); < v){g:
Fix e >0,pe X. Let f: B} — X and g: X - BT be any holomorphic maps
with f(0) = p and g(p) = 0 respectively and such that they satisfy
0 < [Jac(f)(0)] 2 < vk +e
and
| Jac(g)(p)|* > v§ —e.
Consider the composition B} 5x 4 BY.
Applying the Ahlfors-Schwarz lemma gives
(gof) ™ <p™
Expressed in terms of f and g this gives

| Jac(g)(p)[* < |Jac(£)(0)] 72,

and hence

c K
’UX ESU)"(+6'



3928 NGAI-FUNG NG

We are done since € is arbitrary.
(b) vg <L ~’U)I~§EZ
By Proposition (3], we know that ¢, (Kx) > 0.
By the Calabi-Yau theorem, there is a unique Kéhler-Einstein metric g§ FonX
such that
Ric(ghF) = —2(n +1) - wEF,

Pull back the metric by 7 so that we have, on X, the complete metric gg F satisfying
Ric(ggE) =-2(n+1) -ng.

Hence the scalar curvature of X w.r.t this metric is —n(n+1).
On BY, we can construct a Kihler-Einstein metric gK{LE such that

- KEY _ KE
Ric(ggn”) = —2(n+1) - wgy.
Hence N
Jv_1 -
(Tﬁﬁlog ,u”) =(n+1)"nlu™.
For any map f : X — B?, applying the Schwarz lemma of [Mok-Yau| yields
£ < (nn+1)"  gp_ 1 WKE

-V —
“n(n+1)rn! X n! X

Hence we have

E

1

K
ve < —vg.
—nl X

>Q

(b) UgE < % -vgz
For any p € X, consider any map f : B — X with f(0) = p and (f~!)*
well-defined at p. Applying the Schwarz lemma of [Mok-Yau| yields
)"
Frox™ s n™(n+ 1)"n!

Hence we have

Therefore

(b) bl-v)cz gvg §b2~v)c~(:

For any p € X, there is an f, : X — B7 such that f,(p) = 0 and vg’:( =
|Jac(f)]> > 0. Let A be a C*™ real smooth cutoff function that is = 1 in a
neighborhood of p. Let {x;} be a countable dense subset of X, and set ¢ :=
log (1 +>, QL S 2). A direct computation shows that 1) is strictly plurisubhar-
monic ([Kikuta 10]) and clearly ¢ is bounded. Choose k > 0 such that ¢ :=
k1 4+ A(n + 1) log |z|? is strictly psh on X\{p}. By Proposition BI0, we can solve
the equation du = d(A\Jac(f,)) on X\{p} with estimate

/~ u A ue” ¥
X\{p}

This implies that the L? holomorphic n-form u satisfies

u(p) = Jac(f,)(p) # 0.

< / OO ac(f,)2g,e ¢ < C.
X\{p}
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Hence, vg (p) > 0. Consider the ratio vg / vg being continuous and invariant under

automorphisms of X, and let A be a fundamental domain of X in X. We have

i;fvg/vg = ir}lfvg/vg =b(X)>0

and
supvg/vg = supvg/vg = by(X) < 0.
X A

(c) ¥ < b v
Reahze XasB'c X C B} with p = (0,...,0). Consider the composition
B} — B" — X — B — B}

in which the first and last maps are given, respectively, by

(w1, ..., wp) = (awn,...,aw,)
and
(215 -y 2n) = (21/b, ..., 20 /b).
Hence,
1 - v-1 _
C n n
”X(P)szan AdzEA-- A 5 dz" Ndz
and
1 v v—1
vg(p)g——d A dzt ~-Asz”Adz_".
a?

]

We know that the Carathéodory pseudo-volume form is invariant under a bi-
holomorphic map. Hence, the Carathéodory measure ug (X) of X can thus be

defined to be
K00 = [ o,
A

where A can be any fundamental domain of X in X.

Next, let L be a holomorphic line bundle over X. The volume volx (L) of L is
defined as

im H°(X L
volx (L) := lim sup dim H7(X, O(m ))
00 m™/n!
The following result will be needed to estimate the volume of K x.

Proposition 4.2 ([Boucksoml|). Let X be an n-dimensional compact Kdhler man-
ifold, and let L be a holomorphic line bundle over X. Then

volx (L) = sup {/X(Tac)"} ;

where T is semi-positive (1,1)-current in c¢1(L) and T, is the absolutely continuous
part of T in its Lebesgue decomposition T = Toe+Tsg. T is considered as a (1,1)-

form with L}, coefficients, so that (T,.)"™ is meant pointwise.

Corollary 4.3. Let X be an n-dimensional compact Kdhler manifold such that X
is Carathéodory measure hyperbolic. Then we have

W HG(X) < volx (Kx).
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Proof. From

1 1 n
n! -’U)Q( < ng = —'(ng)" = (—Ric(ggE))
n! n

we have

nh?(n n "

Let A be a fundamental domain of X in X. Integrating the above inequality over

A, we have ) n
W/Avg g/f‘(—%RiC(gﬁ*ﬁE)) :

Applying Proposition [4.2] we get
(n)?(n+1)" e

(ﬂ-)n )E'(X) SVle(Kx).

A similar estimate is obtained in [Kikuta 10] by using a different method.

5. UNIFORM ESTIMATES AMONG RESTRICTED INVARIANT VOLUMES
Similar to the treatment of the last section, we have the following:

Theorem 5.1. Let X be an n-dimensional compact Kahler manifold, let  : X -
X be its universal cover, let Z be a d-dimensional subvariety of X, and let Z,.., be
the reqular part of the subvariety Z := n~'(Z). Then we have, at any p € Zyeg,

(a)

Q

K
U1z S VR 2

ksl

(b) ] .

d(n+1)°  kp
d+ e "Xz

if we assume X is Carathéodory measure hyperbolic.

(c)

C
V%12 =

b2d c
Ux1z S jadVx|z
if we assume X is a bounded domain in C", where a = a(X), and b = b(X) are as
i Proposition B0

Proof. (a) ’U%Z < vg‘zz
Fixe>0,pe Z,,eg. Let f:B{ — X and g: X - B¢ be any holomorphic maps
with f(0) = p and g(p) = 0 respectively and such that they satisfy

0< \Jac(izreg o £)(0)]72 < vg‘z +e

and
Jac(gls, @) > 0G5~ .

g

9 21eq

~ iz -
Consider the composition B Iy x e Zreg B¢

Applying the Ahlfors-Schwarz lemma gives
(go ) u* < pus.
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Expressing this in terms of ¢ Zyey © f and g¢| Zrey gives
Jac(gly, @) < | Jacliz,_ o O,

and hence
U%Z e < leZ + €.
We are done since € is arbitrary.
c d'(n+1)? | KE .

(b) v%,; < T@ne Vx iz

By Proposition B.6] we know that ¢;(Kx) > 0.

By the Calabi-Yau theorem ([Yaul), there is a unique Kéhler-Einstein metric
g%F on X such that

Ric(ghF) = —2(n +1) - wEF,

Pull back the metric by 7 so that we have, on X, the complete metric gg E satisfying
Ric(ngE) =-2(n+1) 'wKE
On B¢, we can construct a Kihler-Einstein metric gK P such that
Ric(gBil )=—-2(d+1)- W]Bd .

For any map f: X — B¢, applying the Schwarz lemma of [Royden| yields

2d n+1
* KE . KE
Fesi < g1 o “x
Taking the d-th power on both sides yields
dl(n+1)7 (WEF)

* d< .
P s gy d!

Restricting to Zreg gives

d*(n + 1) JKE

c
S Gl S v
YX12=T(qyrnd Rz
K b2t C .
(C) UX\Z < w2d * X\Z .
Realize X as By C X c By with p = (0,...,0), and locally at p, Z is given by
Zd+1 = =z, =0. C0n51der the composition

B - B" — X — By — B¢

in which the first and last maps are given, respectively, by

(wi,...,wq) — (awy,...,awgy,0,...,0)
and
(21, y2n) = (21/b, ..., za/b).
Hence,
1 V= Vs -
c d
UX‘Z(p)_de 5 dz ANdzLA - A 5 dz% A dzd
and
1 v v—1 —
vg‘z(p)ﬁa@—d ANdzEA - A 5 dz? A dzd.
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We know that the restricted Carathéodory pseudo-volume form is invariant under
biholomorphic map preserving Z. Hence, the restricted Carathéodory measure
M%Z(Z) of Z can thus be defined to be

C A C
1515(2) = /Ar‘]Z V%50

where A can be any fundamental domain of X in the covering 7 : X = X and Zreg
is the regular part of the subvariety Z := 7~1(Z).

Next, let L be a holomorphic line bundle over X, the restricted volume
volx|z(L) of L along Z is defined as

) dim H°(X|Z,O(mL
oo (1) = i S

The following result will be needed to estimate the restricted volume of Kx.

Proposition 5.2 ([Boucksom]|,[Hisamoto],[Matsumural). Let X be an n-dimen-
sional projective manifold, let L be a big line bundle over X, and let Z be an
irreducible d-dimensional subvariety of X. Furthermore, suppose that Z ¢ B, (L).

Then
volx|z(L) = sup { / (T z,,'eg)gc} ;
T Zreg

where T is semi-positive (1,1)-currents in c1(L) that have small unbounded loci and
whose unbounded loci do not contain Z. Here we denote by T'|z,.. the restriction

reg
of T to the regular locus of Z and by (T|z,.,)ac its absolutely continuous part.

Here we arrive at our promised result, settling a conjecture in [Kikuta 13].

Corollary 5.3. Let X be an n-dimensional compact Kdahler manifold such that X

is Carathéodory measure hyperbolic, and let Z be a d-dimensional subvariety of X .

Then we have 4
di(d+1
Wd) 15,2(Z) < volx|z(Kx).

Proof. From

(d+1)¢ c KE l kg d 1 . KE d
d%n+nd”?@§“ﬂZ:EﬂWX)5w):ﬂmﬂn+nw(_wak)@w>

we have ;
d(d+1)4 1 . xm
—aga Vxjz =\ T Riclex Oz, | -

Let A be a fundamental domain of X in X. Integrating the above inequality over

AN ZTeg gives
d\(d + 1)4 1 ema )
ol e o< ——Ric(g%")|, ) .
ﬂ-ddd w/.AmZ'r‘eg ° 1z = /14ﬂ2r69 2 ZC(gX )|Z
did+1)¢

Applying Proposition 5.2, we get
rdgd  Mx|z

Q)

(Z) < volx|z(Kx).
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6. COMPLETENESS OF BERGMAN METRIC
Suppose that vP > 0 at every point. The Bergman pseudo-metric g% on M
is defined by
By _._ 9* log(viy)
(gM)z'j = T%
From [Hahn|, we have
v Gp,o N Wp,v
ep NG
where ¢, maximizes (¢ A @)(p) and g,, maximizes (9,9 A 9,9)(p) with g(p) = 0
over the unit ball of L?(M, K ).

g5 (p,v) =

Theorem 6.1. Let X be an n-dimensional compact Kdhler manifold such that X
is Carathéodory measure hyperbolic. Then gff( is complete.

Proof. By Theorem 1] we know that vg > (0 at every point, so gg is well-defined.
By Proposition B, we know that ¢;(Kx) > 0; hence there exists a complete
Kéhler-Einstein metric on X. By Proposition 2.3 of [Chen], to show that the
Bergman metric is positive definite, it suffices to construct a bounded smooth
strictly plurisubharmonic function v on X. Let {z;} be a countable dense sub-
set of X, set 1) := log (1+ 3, 3l fz:]1?). A direct computation shows that ¢ is
strictly plurisubharmonic ([Kikuta 10]), and clearly v is bounded.

Now let {y;} be a Cauchy sequence in X w.r.t. gg. As gg is an invariant

metric, the push-forward of gg by 7 : X — X onto X is a well-defined, positive
definite metric, denoted by gx. Hence, {m(y;)} is Cauchy w.r.t. gx on the compact
manifold X. Hence, {m(y;)} converges to, say, 2 € X. Let 7=z} = {z;}icr-
By the discreteness of the action of deck transformations on {x;};cr, there exists
e-neighorhoods of the x;’s that are mutually non-intersecting. Hence, there exists
%, in {x;}ier that is the limit of {y;}. O

REFERENCES

[Boucksom|] Sébastien Boucksom, On the volume of a line bundle, Internat. J. Math. 13 (2002),
no. 10, 1043-1063. MR1945706

[Chen] Bo-Yong Chen, The Bergman metric on complete Kahler manifolds, Math. Ann.
327 (2003), no. 2, 339-349. MR2015074
[Eisenman)] Donald A. Eisenman, Intrinsic measures on complex manifolds and holomorphic

mappings, Memoirs of the American Mathematical Society, No. 96, American
Mathematical Society, Providence, R.I., 1970. MR0259165

[Ein et al.] Lawrence Ein, Robert Lazarsfeld, Mircea Mustata, Michael Nakamaye, and Mih-
nea Popa, Restricted volumes and base loci of linear series, Amer. J. Math. 131
(2009), no. 3, 607-651. MR2530849

[Hahn] Kyong T. Hahn, Inequality between the Bergman metric and Carathéodory differ-
ential metric, Proc. Amer. Math. Soc. 68 (1978), no. 2, 193-194. MR0477166
[Hisamoto] Tomoyuki Hisamoto, Restricted Bergman kernel asymptotics, Trans. Amer. Math.

Soc. 364 (2012), no. 7, 3585-3607. MR2901225 _
[Hérmander] Lars Hoérmander, L? estimates and existence theorems for the O operator, Acta
Math. 113 (1965), 89-152. MR0179443

[Kikuta 10] Shin Kikuta, Carathéodory measure hyperbolicity and positivity of canonical bun-
dles, Proc. Amer. Math. Soc. 139 (2011), no. 4, 1411-1420. MR2748434
[Kikuta 13] Shin Kikuta, Restricted Carathéodory measure and restricted volume of the canon-

ical bundle, Michigan Math. J. 62 (2013), no. 2, 259-292. MR3079264


http://www.ams.org/mathscinet-getitem?mr=1945706
http://www.ams.org/mathscinet-getitem?mr=2015074
http://www.ams.org/mathscinet-getitem?mr=0259165
http://www.ams.org/mathscinet-getitem?mr=2530849
http://www.ams.org/mathscinet-getitem?mr=0477166
http://www.ams.org/mathscinet-getitem?mr=2901225
http://www.ams.org/mathscinet-getitem?mr=0179443
http://www.ams.org/mathscinet-getitem?mr=2748434
http://www.ams.org/mathscinet-getitem?mr=3079264

3934

[Kobayashi 59]

[Kobayashi 98]

[Liu-Sun-Yau]

[Matsumura)

[Mok-Yau]

[Richberg]
[Royden]

[Yau]

[Yeung]

NGAI-FUNG NG

Shoshichi Kobayashi, Geometry of bounded domains, Trans. Amer. Math. Soc. 92
(1959), 267-290. MR0112162

Shoshichi Kobayashi, Hyperbolic complex spaces, Grundlehren der Mathematis-
chen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 318,
Springer-Verlag, Berlin, 1998. MR1635983

Kefeng Liu, Xiaofeng Sun, and Shing-Tung Yau, Canonical metrics on the moduli
space of Riemann surfaces. I, J. Differential Geom. 68 (2004), no. 3, 571-637.
MR2144543

Shin-ichi Matsumura, Restricted volumes and divisorial Zariski decompositions,
Amer. J. Math. 135 (2013), no. 3, 637-662. MR3068398

Ngaiming Mok and Shing-Tung Yau, Completeness of the Kdhler-Einstein met-
ric on bounded domains and the characterization of domains of holomorphy
by curvature conditions, The mathematical heritage of Henri Poincaré, Part 1
(Bloomington, Ind., 1980), Proc. Sympos. Pure Math., vol. 39, Amer. Math. Soc.,
Providence, RI, 1983, pp. 41-59. MR720056

Rolf Richberg, Stetige streng pseudokonvere Funktionen (German), Math. Ann.
175 (1968), 257-286. MR0222334

H. L. Royden, The Ahlfors-Schwarz lemma in several complex variables, Com-
ment. Math. Helv. 55 (1980), no. 4, 547-558. MR604712

Shing Tung Yau, On the Ricci curvature of a compact Kdahler manifold and the
complexr Monge-Ampére equation. I, Comm. Pure Appl. Math. 31 (1978), no. 3,
339-411. MR480350

Sai-Kee Yeung, Geometry of domains with the uniform squeezing property, Adv.
Math. 221 (2009), no. 2, 547-569. MR2508930

DEPARTMENT OF MATHEMATICS, PURDUE UNIVERSITY, WEST LAFAYETTE, INDIANA 47907
Email address: ngn@purdue.edu


http://www.ams.org/mathscinet-getitem?mr=0112162
http://www.ams.org/mathscinet-getitem?mr=1635983
http://www.ams.org/mathscinet-getitem?mr=2144543
http://www.ams.org/mathscinet-getitem?mr=3068398
http://www.ams.org/mathscinet-getitem?mr=720056
http://www.ams.org/mathscinet-getitem?mr=0222334
http://www.ams.org/mathscinet-getitem?mr=604712
http://www.ams.org/mathscinet-getitem?mr=480350
http://www.ams.org/mathscinet-getitem?mr=2508930

	1. Introduction
	2. Invariant volume forms
	3. Basic properties
	4. Uniform estimates among invariant volumes
	5. Uniform estimates among restricted invariant volumes
	6. Completeness of Bergman metric
	References

