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ABSTRACT. We investigate the instability index of the spectral problem
Py + b2y + V(z)y = —izy/

on the line R, where V € L{ (R) is real valued and b,c > 0 are constants.
This problem arises in the study of stability of solitons for certain nonlinear
equations (e.g., the short pulse equation and the generalized Bullough-Dodd
equation). We show how to apply the standard approach in the situation under
consideration, and as a result we provide a formula for the instability index
in terms of certain spectral characteristics of the 1-D Schroédinger operator

Hy = _62;;_22 + 02 +V(x).

1. INTRODUCTION
Spectral problems of the form
(1.1) Lu =z Ju, z€C,

where L = L* is a lower semibounded self-adjoint operator and J = J* = J~! is
a self-adjoint unitary operator in a Hilbert space ), naturally appear in the study
of various important nonlinear equations (see, e.g., [12]). It is well known that in
the case that L is a nonnegative operator, then in general the spectrum of (L)) is
real (for example, this holds if 0 € p(L)). However, if L has a nonempty negative
spectrum, then it turns out that (LIJ) might have nonreal eigenvalues and also
real eigenvalues with Jordan chains of lengths more than 2. The number of those
eigenvalues is usually referred to as the instability index Kpam (a precise definition
will be given below). The instability index plays a crucial role in the study of
spectral and orbital stability of nonlinear waves, and it turns out that it can be
computed in terms of certain spectral characteristics of L. More precisely, avoiding
some technical assumptions on the operators L and J, this formula reads

(1.2) KHam = k—(L) — k_ (D),

where x_(L) is the total multiplicity of the negative spectrum of L, x_(L) :=
dim P(_,0)(L), where Po(L) is the spectral projection, and x_ (D) is the number
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of negative eigenvalues of the constrained matrix D = (Dy, ;) usually defined by
(1.3) Dy = (L7 Wk, Jn),  kyn=1,...,N,

and {14}, is an orthonormal basis in ker(L). These results were originally ob-
tained by L. S. Pontryagin [I9] and M. G. Krein [I4}[15] (see also []) in the 1940s
and 195041 and then rediscovered later in connection with the study of stability
problems for nonlinear waves (see [5[7,[I0HI2L[17], where further details and refer-
ences can be found). In this theory it is essential that the operator J in () is
bounded. However, certain nonlinear equations lead to spectral problems of the
form (L) with an unbounded operator J. For example (see Sections 4 and 5 in
[21] for details), the short pulse equation [I8] and the generalized Bullough-Dodd
equation [4] lead to the spectral problem

(1.4) Y + Py +V(z)y=—izy, zeR,

where ¢, b > 0 are fixed positive constants and V € L] (R) is a real-valued function.
This spectral problem has the form ([.I]), however, instead of the operator J on the
right-hand side we have D = —id/dz, which generates an unbounded operator on
L2(R). Let Hy be the maximal operator associated in L*(R) with

2
(1.5) T~ —02%—1—1)2—1-‘/(@.
If V e L (R) is real-valued and satisfies
r+1
(1.6) lim [V (s)| ds =0,

|z| =00 /4

then (cf. [2]) the operator Hy is self-adjoint, bounded from below, and its essential
spectrum is [b%,00). M. Stanislavova and A. Stefanov [2I] addressed the question
of whether () is spectrally stable in the sense of the following definition.

Definition 1.1. A complex number z € C is called an eigenvalue of ([LA4) if there is
¥, € dom(Hy ), called an eigenfunction, such that ¢, # 0 and Hy ¢, = —iz¢),. An
eigenvalue z # 0 is called unstable if either z # z* or z € R\{0} and (Hy ., %,) 2 <
0 for some eigenfunction ¥, # 0.

The spectral problem (IA4) is called spectrally stable if there are no unstable
eigenvalues. Otherwise, it is called spectrally unstable.

We use the asterisk to denote complex conjugation. It turns out that spectral
instability is equivalent to the fact that the Hamiltonian—Krein index Kyapy, is pos-
itive. In [21], spectral stability of (L4]) was studied under the assumption that Hy
has exactly one negative eigenvalue (let us mention that in [2I], Hy is not necessar-
ily a 1-D Schrodinger operator; however, in applications to nonlinear equations it
has exactly this form; see [2]] for further details). Since the right-hand side in (4]
gives rise to an unbounded operator in L?(R), one needs to develop a new approach
to investigate the instability index. In [2], this was done by modifying the Evans
function approach. Our main aim is to show how (L4) can be reduced to the form
(TI) with a bounded operator J in order to then be able to apply the standard
theory going back to the work of L. S. Pontryagin and M. G. Krein. Our approach
has several advantages. First of all, it can be seen as a natural extension of the
classical approach via the Krein space setting. Moreover, it enables us to compute

1Tt seems that in the finite-dimensional case this goes back to the work of G. Frobenius [6].
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the instability index in the case when Hy has more than one negative eigenvalue.
In particular, M. Stanislavova and A. Stefanov in [21] employed two different tech-
niques for proving spectral stability, resp., instability, whereas our approach covers
both cases in a uniform manner. Moreover, we plan to develop it in a much wider
setting in a forthcoming paper.

Let us now formulate the results. Under the above assumptions on V', the kernel
of the operator Hy is at most one-dimensional since (L) is limit point at co. If
ker(Hy ) = span{tg} for some 1)y # 0, we then set

(1.7) Dy := (Hy ', ¥) 2
We shall show in Section [B] that v, € ran(Hy ), and hence Dy is defined correctly.
Our main result reads as follows.

Theorem 1.2. Assume that V € L{ (R) is real valued and satisfies ([LG). Also,
let Hy be the mazimal operator associated with (LH) in L*(R) and let k_(Hy) > 1
be the number of negative eigenvalues of Hy .
(i) If ker(Hy ) = {0}, then ([L4) is spectrally unstable.
(ii) If ker(Hy) = span{¢p} # {0} and Dy # 0, then (LA) is spectrally stable
exactly when k_(Hy) =1 and Dy < 0.
(iii) If either k_(Hy) is odd and Dy > 0 or k_(Hy) is even and Dy < 0, then
([T4)) has at least one purely imaginary eigenvalue z € iR~g.

Remark 1.3. Notice that in the case k_(Hy) = 1, we recover the results of M.
Stanislavova and A. Stefanov; see [2I, Theorems 1-2].

Let us also mention that we touch upon the case Dy = 0 in Corollary BI0(iii).
On the other hand, the analysis of stability of solitons becomes much more subtle
in this case and we only refer in this respect to, e.g., [I2, Chapter 7).

Let us finish the introduction by briefly describing the content of the paper. Our
main idea is to replace the Hilbert space L?(R) by another Hilbert space H 2 (R),
which is defined as the completion of L?(R) with respect to the norm

Jul?, / [N P,
H?2

Here @ := Fu denotes the Fourier transform of u normalized by
1 .

1.8 ]-'u)\:ﬂ)\:—/e_"\xuxdm, ue LY(R)N L?(R).

(1.8) (Fu)(A) ()\/%R (z) (R) N L*(R)
In Section 2] using the form approach, we develop the spectral theory of the operator
£ defined in H=(R) by the expression

A|D+6*|D|™ + D7V (2),

where

(1.9) |D|": w i FH(IA"0(N))

for every a € R. In Section Bl we show that the spectral problem (L)) if considered
in Hz (R) has the form

(1.10) Lf=zJf,

where J = iH and H is the Hilbert transform, which is a skew-self-adjoint and

unitary operator in H 2 (R). Therefore, we can apply the standard formula (L2) to
compute the instability index of (II0). The final step in the proof of our main result
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is the proof of the fact that the point spectrum (including algebraic and geometric
multiplicities) of the new spectral problem (ILT0]) coincides with the point spectrum
of the original problem ([4) considered in L?(R).

Finally, in Appendix [A] we collect basic notions and facts on quadratic forms.

2. THE AUXILIARY SELF-ADJOINT SPECTRAL PROBLEM
The main focus of this section is on the auxiliary spectral problem
(2.1) Tv(u) = z|D|u,

where 7y is the differential expression ([H) and |D] is defined by (T9). In contrast
to [21], we are going to consider ([4) and (ZI)) in the Hilbert space H 2 (R). More
precisely, let H*(R), s € R, be the standard scale of Sobolev spaces. In particular,

22) HY2[R) :={u e L*(R): |D|"?u € L*(R)}
={u € L*(R): |[\Y2a(\) € L3(R)}.

Denote by Hz(R) the closure of H'/2(R) with respect to the norm

(2.3) lull 1y = DY 2ull 2 = [INM 24 2.

Notice that

(2.4) lull?, 3 = (D, )z < ull g [l 2

whenever v € H'(R). Clearly, H'(R) is dense in Hz(R). Moreover, H2(R) is

isometrically isomorphic to L?(R). We write j for the particular isometric isomor-
phism obtained by continuously extending

jor H'WAR) —  L*(R),

(2:3) u = IMY2a(N).

2.1. The unperturbed case: V = 0. Assume that b, ¢ > 0. Let Ly be the
operator associated in H 2 (R) with the spectral problem

(2.6) —c?y" + by = z|D|y.
More precisely,
Lo: dom(Ly) — Hz2(R),
(2.7) ) ) |
u — | D|u+ b*|D|"

where dom(Ly) is the maximal domain,
(2.8) dom(Lo) = {u € H>(R): |Dlu, |D| 'u e H?(R)}.
The spectral properties of Ly can easily be described by using the Fourier transform.

Lemma 2.1. The operator Ly is self-adjoint and its spectrum is purely absolutely
continuous,

0(Ly) = gac(Lo) = [2bc,0), o5(Ly) = 0.
Proof. Denote by Eo the self-adjoint multiplication operator on L?(R) given by

Lo: dom(Ly) — L2(R),

(29) u e (AR
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on the maximal domain
dom(Lo) = {u € L*(R): (|A| + [\ "Hu € L2(R)}.
It is not difficult to show that the operators £y and Eo are unitarily equivalent and
(2.10) Lo = j'Loj.
Now the claim follows from the spectral properties of EO. O
Remark 2.2. By (Z10), dom(L) = j~'(dom(Ly)) and hence (ZF) implies
(2.11) dom(Lo) = {u € H>(R): [\*?a, |A|~"%a € LA(R)}.
Therefore, dom (L) C L*(R) since

" L. "
s = [ laPax< [ SaPax+ [ APy Py
R |Al<1 | ‘ [A]>1

< A2l + NP2l
— —-1,.112 2
= IDI 7wl o + 11Dl

The latter also implies dom(Lo) € H3/?(R).

Let us consider the following quadratic form in H? (R):

(2.12) =c / |u (z |2dac—|—b2/ lu(x)|? d,
defined on the maximal domain
(2.13) dom(to) := {u € H7(R): to[u] < oo}
Since H'(R) c Hz(R), we get dom(tg) = H'(R). Clearly, the form t, is closed in
H= (R) (this can be seen by applying the isometry j). Moreover,

(Lou,u) 1 = to[u]
for all u € dom(Ly), and hence Ly is the Self—adJ01nt operator associated with the
form to in H 2 (R). This implies that dom(Lo) € H'(R) and dom(v/Zo) = H'(R).
2.2. The case V # 0. Let V € L{ (R) be a real-valued function satisfying
(2.14) My = Slé}z) /n+1 |V (z)| doe < oo.

Our main aim is to associate a self-adjoint operator £ acting in H%(R) with the
spectral problem (ZI)). Our main tool in dealing with (ZT)) is the form approach.
Here and below we shall use the following notation:

Vv
|V|1/2

It is well known (see, e.g., [13]) that under these conditions V'/?u € L?(R) for
every u € H'(R) and

(2.16) IV 2ulf2 < My (el |72 + (147 ul72),
where ¢ > 0 is arbitrary. Hence the quadratic form defined by

(2.17) qv [l = (VY2 [V]Y20) 2 :/R\u(x)FV(x)dx

(2.15) V2 .=
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for all u € H'(R) is form bounded with respect to the form to given by ([2.12).
Writing the spectral problem (Z1)) in the form

(2.18) (D] + b3 D|™ +|D|""V)u = zu,

we want to interpret it as a perturbation of (Z.6]) by the term |D|~'V. By formal
computation (or at least for suitable u),

(2.19) avlul = (D] V) 5.

which hints that the form qy considered as a form in the Hilbert space H %(R)
should be used to represent this additional term. More precisely, let us consider in
Hz (R) the following form:

(2.20) ty[u] == to[u] + qv[u], dom(ty):=dom(ty) = H*(R).

The form qy considered as a form in L?(R) is infinitesimally form bounded with
respect to the free Hamiltonian Hy := —% if V' satisfies (214 (see (ZI6])), and
hence by the KLMN Theorem [A-2] the quadratic form ty considered as a form in
L?(R) is bounded from below and closed. However, it seems the form ty- considered
as a form in the Hilbert space H B (R) may not be strongly to-bounded if V' satisfies
(@I4) (the Hz norm does not control the L2 norm at small energies). Therefore,
in order to define the form ty in % (R) we need the following extra condition:

x+1
(2.21) lim [V (s)| ds = 0.

|z| =00 /4

Lemma 2.3. Let V € L (R) be a real-valued function satisfying Z21). Then:

loc
(i) The form qy is infinitesimally form bounded with respect to the form to.
(ii) The form ty is closed and lower semibounded.
(iii) If £ := Lo + |D|7V is the self-adjoint operator on H2(R) associated with
the form ty, then the resolvent difference of L and Ly is compact for every
z € p(Lo) N p(L), and hence their essential spectra coincide:

Oess(L) = Gess(Lo) = [2be, 00).

Proof. (i) First of all, by the Cauchy—Schwarz inequality we get

(/Rﬁ(A) d>\>2 < (/R %) (lullF +2rllull ,3)

for every u € H*(R) and r > 0. Moreover,

/ d\ 2/°° d\ 1 1 r4+vr2 -1
_—_ = O
S T EIEE 7)Y Bl A Uy (- ) B/ o B Py

2 2log(2r) _ 4log(2r)
=—— log(r+vVr2—-1)< <
vrZ —1 8(r " )< vr2—1 7 r

for every r > 2/ v/3. This means that the estimate

(2.22) up fufa))? < o827

a2 + 8log(2r)||ull?, 4
zER H?2
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holds for all u € H'(R) whenever r > 2/v/3. Now using inequality (IV.1.19) from
3],
a) m+1

(b
2.23 su v(r) < + vl 12,
( ) me[al,)b] [v()] 2m+3H Vs (b—a)(2m+1)” Iz

which holds for all v € H 1([(1 b)) and m € R, we arrive at the estimate

N
lav[u]] < Z/ 9)llu >|2ds+/ IV ($)l[u(s)[? ds

[n|>N —N+1

x+1
<l ey s / V()| ds
x

4log(2r) /N
— 1 8log(2 V(s)| d
# (Bl + StomCn ) [ ol

for every N € N and r > 2/+/3. Using [ZZI)) and noting that lim,_, M =0,
we conclude that for every § > 0 there is a constant K5 > 0 such that

lav [u]l < 8llullfn + Kslul

holds for every u € dom(ty) = H*(R). Hence the form qy is infinitesimally form
bounded with respect to tg.

(ii) Follows from (i) and the KLMN Theorem [A.2]

(iii) By (ii) and the first representation theorem [13, Chapter VI.2.1], the form
ty gives rise to a semibounded, self-adjoint operator £ = Ly + |D|~'V (defined
as a form sum) on H2(R) with dom(£) ¢ H'(R) and dom(L£/2) = H'(R). By
[2l Theorem 2.1], H'(R) is compactly embedded into L?(R;|V|) if and only if
V satisfies (Z21)). Hence, by Lemma [A4 the form qy is compact on dom(ﬁ(l)/2)
equipped with the graph norm if V' satisfies (Z.2I]), and it remains to apply Birman’s
Theorem O

Remark 2.4. Tt is known that the form qy given by ([ZI7) and considered as a
form in L2(R) is infinitesimally form bounded with respect to the free Hamiltonian
Hy = —jm—z if V satisfies (2I4). However, in the space H? we were able to prove
that qy is to-infinitesimally form bounded under the additional assumption (221]).
On the other hand, as in the case of L?(R), condition (Z2I)) is necessary and
sufficient for the form q)y to be relatively compact with respect to to.

2.3. A bound on the number of negative eigenvalues. Assume that V €
Ll .(R) is a real-valued function satisfying (2.2I). By Lemma 23] the spectrum
of L in (—o0, 2bc) consists of eigenvalues which may accumulate only at Ey = 2be.
Our next aim is to derive a bound on the number of negative eigenvalues of £. We
denote by x_(T') the total multiplicity of the negative spectrum of a self-adjoint
operator T' = T, k_(T') := dim P(_ 0)(T), where Po(T) is the spectral projection.

We begin with an estimate which follows from the classical Bargmann bound for
1-D Schrédinger operators on the line.

Lemma 2.5. Let V € L] (R) satisfy @21)) and let L be the corresponding self-
adjoint operator in H2(R). Then

(2.24) k(L) = r_(Hy),
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where Hy is the Schidinger operator (LX) defined on the mazimal domain in L*(R).
If V(z) > —b? for a.e. x € R, then L > 0. Otherwise,

(2.95) k(L) < 1+Ci2 /R 2| min{V (z) + b2, 0} |da.

Proof. As it was already mentioned, the form ty- if considered in L?(R) instead of
Hz (R) coincides with the form of the Schrédinger operator Hy defined by (LH) on
the maximal domain. Therefore, the minimax principle implies ([2:24)).

Clearly, the form ty given by (220) is nonnegative if the potential V + b2 is as
well, and hence £ is nonnegative in this case. Applying the classical Bargmann
estimate to Hy (see [20, Theorem 7.5]), we end up with (2.25). O

The next bound again follows from the standard estimates for 1-D Schrodinger
operators.

Lemma 2.6. Assume V € L'(R) is real valued and set V_ := (V — |V|)/2. Then
. 1
(2.26) dim P (0) < 55 [ V-]
2bc R

Proof. Notice that x_(Hy ) is equal to the number of eigenvalues of the 1-D Schro-

dinger operator —% + =V () lying below —(b/c)?. Since the resolvent of the free
Hamiltonian Hy is given by

_ 1 Ao
(Ho+X2) g = 5 / e Metg(y)dy, A >0,

and then using the Birman—Schwinger principle (see, e.g., [20, Chapter VII)), it is
not difficult to show that

. 1
dins P () < i [ 1V-(0)] do
It remains to use (Z24]) and the fact that ker(£) = ker(Hy) (see Corollary B:6). O

Remark 2.7. Tt is possible to apply the Birman—Schwinger approach to the operator
L and then, for example, to investigate the number of eigenvalues of £ lying below
the threshold Eg = 2bc. However, these results are not needed for our purposes
and hence we do not touch this issue here.

3. THE INDEFINITE SPECTRAL PROBLEM

3.1. The unperturbed case. Our main aim is to investigate spectral properties
of the problem (I4). In contrast to [2I], we are going to consider it in the space
H? (R). As in the previous section, we begin with the unperturbed case V = 0,

(3.1) Ay + 0Py =—izy.
First, we define the operator Ay in H=(R) as follows:
(3.2) Ag:  dom(Ag) — 2 Hz(R),
U —  Du+b2D 1y,

where dom(Ap) is the maximal domain,

(3.3) dom(Ag) = {u € H%(R): Du, D~ 'u e H?(R)}.
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Here D™, n € Z, is defined via the Fourier transform F by
(3.4) D™:u s FHA"a(N)).

Clearly, for positive n € N, D™u = (—i)"u(™ for all suitable functions u. Notice also
that dom(Ag) = dom(Ly). As in the case of the operator Ly, spectral properties of
Ap can easily be described by using the Fourier transform.

Lemma 3.1. The operator Ay is self-adjoint and
o(Ap) = dac(Ag) = (—00, —2bc] U [2bc, 0), s(Ag) = 0.
Proof. Define the operator J on H2 by
J: Hz — H%,
u = Fl(sgn(N)a).
Clearly, J = iH, where H is the Hilbert transform and J = J* = J~!. Moreover,
it commutes with Lo and Ag = J L. This and Lemma 2T complete the proof. [

(3.5)

3.2. The case V # 0. The operator J induces a Krein space structure on H 2 (R).
Namely, consider the inner product

3O = TR = [ F0I0) AD g€ TR,

Then K := (H=(R), (-, >H%) is a Krein space (see [ILBLI6]). Now we set
(3.7) A=7JL,

where L is the operator introduced in Section Since £ = L*, the operator A is
self-adjoint in the Krein space IC.

Lemma 3.2. Assume that V € L} (R) is real valued and satisfies 221). Then

the operator A is definitizable, that is, p(A) # 0, and there is a real polynomial p,
called a definitizing polynomial, such that

for all f € dom(Adee®)),

Proof. By Lemma [Z3|iii), x_(£) < oo if (ZZI) holds true. If 0 € p(L), then
0 € p(A), and hence the claim follows (see item (c) on p. 12 in [16]).

If 0 € o(L£), then, by Lemma [23|iii), 0 is an isolated eigenvalue of L. Let
Py := Py(L) be the orthogonal projection onto ker(L£). Then the operator

Ac:=J(L+ePR)=A+eJPy,  L.:=L+ch

is definitizable for all sufficiently small ¢ > 0 since x_(L:) = k_(L) < oo and
0 € p(L:). It remains to note that A. is a rank one perturbation of A since
dimker(£) = 1, and then apply [9, Theorem 1]. O

It follows from the proof of item (c) on p. 12 in [16] that p can be chosen such
that p(z) = zpo(2)(po(z*))* with deg(py) < x—_(L). For further details on spectral
theory of definitizable operators we refer to [I6]. Let us only mention the following
important properties of the point spectrum of A (cf. [I6, Proposition 2.1]). If p is
a fixed definitizing polynomial for A, then let us denote by k(z) the multiplicity of
z as a zero of p (in particular, k(z) = 0 if p(z) # 0).
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Corollary 3.3. The spectrum of a definitizable operator A is symmetric with re-
spect to the real azis and the nonreal spectrum of A consists of isolated eigenvalues
of total algebraic multiplicity at most 26_(L). Moreover, every isolated eigenvalue
z of A has finite Riesz index v(z) and

k(z2), z € C\R,
(3.9) v(z) < {k(z) +1, zeR.

3.3. The Hamiltonian—Krein index of the operator A. Let rc, (A) be the
total algebraic multiplicity of eigenvalues of A lying in the open upper half-plane
C4. As an immediate corollary of Lemma B2l we arrive at the following estimate:

(3.10) ke, (A) < k_(L).

If X € R\ {0} is an eigenvalue of A, then we shall denote by r (A) its negative
index. More precisely, if E5(A) is the generalized eigenspace of A corresponding to
A, then 3 (A) is the number of nonpositive eigenvalues of the operator £ restricted
to Ex(A). It can be shown that x) (A) is in fact equal to the number of negative
eigenvalues of Ly := PyLP, if X\ is a normal eigenvalue of A; that is, if X is
an isolated eigenvalue, dim(E,) < oo and A | Ey is boundedly invertible (see
[3, Corollary VI1.6.6]). Here Py denotes the corresponding orthogonal projection in
H?z(R) onto Ex(A). The total negative Krein index is then defined by

(3.11) kp(A) = > k) (A).
AeR\{0}

The number
(3.12) KHam (A) = ki, (A) + kg (A)

is called the Hamiltonian—Krein indez of A.

If ker(L£) # {0}, then we need to introduce the constrained matrix D. Noting
that ker(£) = ker(Hy) is at most one dimensional, we conclude that ker(£) =
span{tp} with some ¢y # 0. Now we set

(3.13) D = (L7 T %o, Tt0) 13 »
and then we define the following quantity:
0, D>0
(3.14) ko(D)y=1{ 7
1, D<O.

Notice that BI3) is well defined. Indeed, if 0 € o(L), then 0 is an isolated eigen-
value. Hence J1y € ran(L) only if J1o L ker(L). However,

(Tv0,%0) ;3 = (ID[Htbo, o)z = (Dtbo, vo)r2 = —i(vhg, Po) 2 = 0,
since ¢g € H'(R) is real valued (up to a scalar multiple).

Lemma 3.4. Assume that V € L (R) is real valued and satisfies [221]).

loc
(i) If ker(L) = {0}, then Kpam(A) = k_(L).
(ii) Ifker(Hy) # {0} and D #£ 0, then

(3.15) Kttam (A) = k(L) — k(D).

Proof. The proof immediately follows from the Hamiltonian—Krein index theorem:;
see [12, Theorem 7.1.5]. O
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Notice that several estimates on x_ (L) in terms of V' are given in the previous
section; see Lemmas and

3.4. Proof of Theorem Our aim is to show that the eigenvalues (counting

their multiplicities) of (I4]) and A coincide. Recall that z € Cis called an eigenvalue

of ([L4) if there is u € dom(Hy) such that Hyu = —izu’. Since dom(Hy) C

dom(ty) = H'(R), we conclude that z is an eigenvalue of (L4) if there is u €

dom(Hy ) such that u # 0 and Hyu = zDu. On the other hand, since J = J !,

z € C is an eigenvalue of A if there is u € dom(£L) such that v # 0 and Lu = zJ u.
The generalized eigenspaces for A are defined in a standard way:

(3.16) E.(A) = [ ker (A - 2)").

neN
The generalized eigenspaces for (4] can be formally written as
(3.17) E.(A):= | ker (D' Hy — 2)").

neN
In order to define E,(A) properly, we set
ker(D ' Hy — 2) := ker(Hy — 2D) = {u € dom(Hy): Hyu = zDu},

and then we define ker((D~'Hy — 2)"*!) for all n > 1 as follows:
(3.18)
ker (D™'Hy —2)"*") := {u € dom(Hv): Hyu—zDu € D(ker (D' Hy —2)")) }.
Lemma 3.5. Let V € LL (R) be a real-valued function satisfying Z21). Then

loc

(3.19) ker(Hy — zD) = ker(L — 2J)
for every z € C. Moreover,
(3.20) ker (D™'Hy —2)") =ker (A—2)"), neN,

and the corresponding generalized eigenspaces E,(A) and E,(A) coincide.

Proof. Let us first prove (8.19). Since Hy and L are the self-adjoint operators asso-
ciated with the quadratic form t;, on L?(R), resp., H z (R), the first representation
theorem (see [I3, Theorem VI.2.1]) yields
(3.21)
dom(Hy) = {u € H'(R): 3w € L*(R) such that ty[u,v] = (w,v)z2 Yo € H'(R)},
with Hyu = w, and
(3.22)
dom(£) = {u € H'(R): Jw € H%(R) such that ty [u,v] = (zb,v)H
with Lu = .

If u € ker(Hy — zD), then v € dom(Hy) and Hyu = zDu. Hence Du = w €
L?(R) and, moreover, applying |D|~! to both sides implies |D|"*Hyu = izHu,

where H is the Hilbert transform. This in particular implies that |D|"*Hyu €
H'(R) and

Vv € H'(R)},

[N

ty[u,v] = (Hyu,v)p2 = (|D|_1Hvu,v)H%
for every v € HY(R). Hence u € dom(£) and Lu = |D|"'Hyu = izHu = zJu,
which shows that ker(Hy — 2D) C ker(L — 27).
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Similarly, if u € ker(A — z), then v € dom(£) and Lu = zJu. Since dom(L) C
H(R) and H acts as isometry on H'(R), we get Lu € H'(R). Moreover,

ty [u,v] = (Lu,v) ;1 = (ID]Lu,v) L2

holds for every v € H'(R). This implies that u € dom(Hy) and Hyu = |D|Lu. It
remains to note that

ty[u,v] = (Eu,v)H% = 2(Ju,v) .1 = iz(|D|Hu,v) 2 = 2(Du,v)r2(w)-

.1
H?2
Therefore, ker(L£ — 27) C ker(Hy — zD), which proves (3.19).

Clearly, (320) with n = 1 is equivalent to (BI9). The claim for n > 2 can easily

be proven by using the same steps and an induction argument. O
Corollary 3.6. Ey(A) = Eo(A). In particular, ker(Hy) = ker(L).
Corollary 3.7. Let V € Li (R) be a real-valued function satisfying 221)). Then

loc

(3.23) (u, Hyv)pz = (u,ﬁv)H%

for every z € C and for all u, v € E,(A) = E,(A).
Proof. Let u,v € E,(A) = E,(A). Then u,v € dom(£) N dom(Hy ), and hence
tvu,v] = (u, L) g1/2 = (u, Hyv) 2. O
Since £ and Hy are closely connected, we end up with the following formula.

Corollary 3.8. Assume that V € LL _(R) is real valued and satisfies [2.21)).

loc
(i) If ker(Hy) = {0}, then kpam(A) = k_(Hy).
(ii) Ifker(Hy) # {0} and D # 0, then

(3.24) kHam(A) = k_(Hy) — k_(Dy),
where Dy is defined by (L).

Proof. In view of ([2:24]), it suffices to show that Dy = D. To justify the definition
of Dy, first notice that ¢y € ker(Hy ) can be chosen real valued. Next observe that
b € ran(Hy ) if v L ker(Hy ). However, (1§,0)r2 = 0 since ¢g € H*(R).

Next notice that if u € dom(Hy ) and Hyu € dom(|D|™!), then u € dom(L£) and
Lu = |D|"'Hyu. Indeed, from (B.21) we get

ty[u,v] = (Hyu,v) 2 = (|D|" Hyu,v) .

1
H?2
for v € HY(R). Using ([B3.22) the claim is proven.
Now set u := Hy 'ty € dom(Hy). Then Hyu = ¢y € dom(|D|~!). Thus
u € dom(L) and Lu = |D|"'Hyu = |D|7'9{ = iJvo. Hence u —iL 1Ty €
ker(L) = ker(Hy ). Because 9} L ker(Hy ) in L*(R),

Dy = (Hy "4, 40) 2 = (L7 T o, ) 2 = (L™ T %o, Ttho) ;3 = D. U

The spectral instability definition, Definition [T refers to the operator Hy .
More precisely, let k¢, (A) be the total algebraic multiplicity of eigenvalues of (4]
lying in the open upper half-plane C,. If A € R\ {0} is an eigenvalue of (I4),
then we shall denote by k) (A) its negative index, i.e., the number of nonpositive
eigenvalues of Py Hy Py, where Py denotes the orthogonal projection in L?(R) onto
E\(A). The total negative Krein index is then defined by

(3.25) rp(Ad)= Y Ky(A).

AER\{0}
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Notice that the spectral problem ([4) has an additional symmetry. Namely, its
point spectrum is symmetric with respect to the imaginary axis since V is real
valued (indeed, if z € C is the eigenvalue of (4] and ., is the corresponding
eigenfunction, then —z* is also an eigenvalue and the corresponding eigenfunction
is simply ¢%). Then we can split unstable eigenvalues in three groups and write

HC+ (A) = /fi]R>0 (A) + 2/%1 (A),

where kir_,(A) is the total algebraic multiplicity of purely imaginary eigenvalues
with positive imaginary part and x(A) is the total algebraic multiplicity of eigen-
values lying in the first open quadrant. Moreover,

kg (A) =2rg_ (A) =2 Z Ky (A).
A>0

The number
(326) KHam ‘= HiR>o (A) + QHI(A) + 2ﬁﬂg>0 (A)

is called the Hamiltonian—Krein index of (L4).
Combining Lemma with Corollary B.7, we get the next result, which com-
pletes the proof of Theorem

Corollary 3.9. Let V € L _(R) be a real-valued function satisfying Z21)). Then

loc
(3.27) ey (A) = ke, (A), kR (A) = kR (A).
In particular, the Hamiltonian—Krein index kpam of (L4) coincides with kKygam (A).
Hence Corollary 3.8 implies that
(3.28) Kikso(A) + 261(A) + 265 (A) = k- (Hv) — k(D).
Taking (328) into account, we recover and slightly improve the results from [21].
Corollary 3.10. Let V € L _(R) be a real-valued function satisfying Z21). If

loc

dimker(Hy) =1 and k_(Hy) = 1, then

(i) (T4) is spectrally stable if (Hy, 1), 94) 2 < 0, where ker(Hy) = span{t}.
(i) () is spectrally unstable if (Hy b, 4) 2 > 0, and in this case

KHam = Iii]R>0 (A) =1.
(i) If (Hy "0h, )2 = 0, then ke, (A) = kg (A) = 0 and dim Eq(A) > 3.

Proof. Ttems (i) and (ii) follow from (B:28) and it remains to prove (iii). In the proof
of Corollary 3.8 we showed that ker(Hy )+ = ran(Hy ) and v L ker(Hy). Hence
Y1 = Hy ') is well defined and, moreover, by BI8), 11 € Eo(A). Therefore
dim(Ep(A)) > 2 regardless of the value of (Hy, 1), %) 1z

Assume now that (H,, '), 1)) 2 = 0. Notice that 11 = H;, ') € dom(Hy ) and
hence 1; € HY(R). Then we get after integration by parts

0 = (Hy 5, ¥p)re = (1, %0) 2 = —(¥1, %) 2.
Applying the same procedure, we get that i = H‘;lw’l is well defined and in
Ey(A). Thus, dim(Ey(A)) > 3 in this case. Finally, by CorollaryB.3] k(0) > 2 since
v(0) > 3. It remains to notice that deg(p) < 3, and hence p does not have nonreal
zeros as well as zeros on R\ {0} since p(z) = zpo(2)(po(z*))* with deg(pp) < 1. O
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APPENDIX A. QUADRATIC FORMS IN HILBERT SPACES

Let A be a self-adjoint lower semibounded operator in §), A = A* > —c. Denote
by ¥, the (densely defined) quadratic form given by

talfl = (Af. f),  dom(ty) = dom(A).
It is known (see [I3]) that this form is closable and lower semibounded, ¥, > —c.

Its closure t4 satisfies t4 > —c. Moreover, by the second representation theorem
[13, Theorem 6.2.23], t4 admits the representation

(A1) talu = [(A+ )2l —clul3,  ue dom(t) = dom((A +)/?).
Denote by $4 the form domain dom(ts) equipped with the norm
(A.2) [ulla = talu] + (1 + o)|jul3, u € dom(ty).

Definition A.1. The form t is called relatively form bounded with respect to ty
(ta-bounded) if dom(ts) C dom(t), and there are constants a,b > 0 such that

(A.3) tf]l < atalf] +0IFI5,  f € dom(ta).

If (A3) holds with some a < 1, then t is called strongly ta-bounded. If a can be
chosen arbitrary small, then t is called infinitesimally t4-bounded.

Theorem A.2 (KLMN). Let ta be the form corresponding to the operator A =
A* > —cin $. If the form t is strongly ta-bounded, then the form

(A.4) t] = ta +t, dom(t;) := dom(ta),

is closed and lower semibounded in £ and hence gives rise to a self-adjoint semi-
bounded operator.

Recall that a quadratic form t in §) is called compact if it is bounded, t = t¢,
and the (bounded) operator C' is compact in £.
We also need the following result of M. S. Birman (see [2, Theorem 1.2]).

Theorem A.3 (Birman). Let A = A* > —c in $ and let t4 be the corresponding
form. If the quadratic form t in $ is compact in H4 (or simply, ta-compact), then
the form t; defined by (AA) is closed, lower semibounded in $, and the operator
B = B* associated with the form t; satisfies ess(B) = 0ess(A).

Notice that the form t is infinitesimally t4-bounded if it is t4-compact. We also
need the following useful fact.

Lemma A.4. Let A = A* > —cl and let t be a nonnegative quadratic form in $
such that H4 C dom(t) and t is closable in Ha. Then the form t is compact in 4
if and only if the embedding i: $H 4 — dom(t) is compact.
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