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UNIFORM SYMBOLIC TOPOLOGIES

VIA MULTINOMIAL EXPANSIONS
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(Communicated by Irena Peeva)

Abstract. When does a Noetherian commutative ring R have uniform sym-
bolic topologies on primes–read, when does there exist an integer D > 0 such
that the symbolic power P (Dr) ⊆ P r for all prime ideals P ⊆ R and all r > 0?
Groundbreaking work of Ein-Lazarsfeld-Smith, as extended by Hochster and
Huneke, and by Ma and Schwede in turn, provides a beautiful answer in the
setting of finite-dimensional excellent regular rings. It is natural to then search
for analogues where the ring R is non-regular, or where the above ideal con-
tainments can be improved using a linear function whose growth rate is slower.
This manuscript falls under the overlap of these research directions. Working
with a prescribed type of prime ideal Q inside of tensor products of domains
of finite type over an algebraically closed field F, we present binomial and
multinomial expansion criteria for containments of type Q(Er) ⊆ Qr, or even

better, of type Q(E(r−1)+1) ⊆ Qr for all r > 0. The final section consolidates
remarks on how often we can utilize these criteria, presenting an example.

1. Introduction and conventions for the paper

Given a Noetherian commutative ring R, when is there an integer D, depending
only on R, such that the symbolic power P (Dr) ⊆ P r for all prime ideals P ⊆ R and
all positive integers r? In short, when does R have uniform symbolic topologies
on primes [7, Section 3], [17]?

The Ein-Lazarsfeld-Smith Theorem [9], as extended by Hochster and Huneke
[14], says that if R is a d-dimensional regular ring containing a field, then Q(Dr) ⊆
Qr for all radical ideals Q ⊆ R and all r > 0, where D = max{1, d− 1}.1 To what
extent does this theme ring true for non-regular rings? Under mild stipulations, a
local domain R regular on the punctured spectrum has uniform symbolic topologies
on primes [16, Cor. 3.10]. This paper makes first strides in establishing affirmative
cases of the above questions for rings with non-isolated singularities. We postpone
sojourning into that wilderness until Section 3, once we have proven our main
result–Theorem 1.2.

We now revisit the regular setting. Over an arbitrary field F, S = F[PN ] =
F[x0, x1, . . . , xN ] is a standard N-graded polynomial ring. The groundbreaking
work of Ein-Lazarsfeld-Smith and Hochster-Huneke [9, 14] implies the symbolic
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power I(Nr) ⊆ Ir for all graded ideals 0 � I � S and all integers r > 0. In

particular, I(4) ⊆ I2 holds for all graded ideals in F[P2], and Huneke asked whether
an improvement I(3) ⊆ I2 holds for any radical ideal I defining a finite set of points
in P2. Building on this, Harbourne proposed dropping the symbolic power from
Nr down to the Harbourne-Huneke bound Nr− (N − 1) = N(r− 1) + 1 when
N ≥ 2 [4, Conj. 8.4.2]: i.e.,
(1.0.1)

I(N(r−1)+1) ⊆ Ir for any graded ideal 0 � I � S, all r > 0, and all N ≥ 2.

There are several scenarios where these improved containments hold: for instance,
they hold for all monomial ideals in S over any field [4, Ex. 8.4.5]; see also the
recent work of Grifo-Huneke [11].

However, Dumnicki, Szemberg, and Tutaj-Gasińska showed in characteristic zero
[8] that the containment I(3) ⊆ I2 can fail for a radical ideal defining a point
configuration in P2. Harbourne-Seceleanu showed in odd positive characteristic
[13] that (1.0.1) can fail for pairs (N, r) �= (2, 2) and ideals I defining a point
configuration in PN . Akesseh [1] cooks up many new counterexamples to (1.0.1)
from these original constructions. No prime ideal counterexample has been found.

Our goal is to establish Harbourne-Huneke bounds on the growth of symbolic
powers of certain primes in non-regular Noetherian rings containing a field. This
project first began with Theorems 1.1 and 3.1 in [22]: to clarify, normal affine
semigroup rings are domains generated by Laurent monomials that arise as the
coordinate rings of normal affine toric varieties [6, 10].

Theorem 1.1 ([22, Thm. 1.1]). Let R1, . . . , Rn be normal affine semigroup rings
over a field F, built, respectively, from full-dimensional strongly convex rational
polyhedral cones σi ⊆ Rmi , 1 ≤ i ≤ n. For each 1 ≤ i ≤ n, suppose there is an
integer Di > 0 such that P (Di(r−1)+1) ⊆ P r for all r > 0 and all monomial primes
P ⊆ Ri. Set D := max{D1, . . . , Dn}. Then Q(D(r−1)+1) ⊆ Qr for all r > 0 and
any monomial prime Q in the normal affine semigroup ring R = R1 ⊗F · · · ⊗F Rn.

To prove Theorem 1.1, we needed to know first that monomial primes in Ri

expand to monomial primes in R, that any Q as above can be expressed as a sum
Q =

∑n
i=1 PiR where each Pi ⊆ Ri is a monomial prime, and that the symbolic

powers of Q admit a multinomial expansion in terms of symbolic powers of the PiR.
These ideas will resurge below, but in a more general setup.

One drawback of Theorem 1.1 is that it only covers a finite collection of prime
ideals. What follows is the main result of this paper, a more powerful variant of
Theorem 1.1 that will typically cover infinitely-many primes inside of tensor product
domains; see Remark 2.11 for details.

Theorem 1.2. Let F be an algebraically closed field. Let R1, . . . , Rn (n ≥ 2) be
affine commutative F-algebras which are domains. Suppose that for each 1 ≤ i ≤ n,
there exists a positive integer Di such that for all prime ideals P in Ri, either: (1)
P (Dir) ⊆ P r for all r > 0 and for all i; or, even stronger, (2) P (Di(r−1)+1) ⊆ P r

for all r > 0 and for all i. Fix any n prime ideals Pi in Ri, and consider the
expanded ideals P ′

i = PiT in the affine domain T = (
⊗

F
)ni=1Ri, along with their

sum Q =
∑n

i=1 P
′
i in T . When (1) holds, Q(Dr) ⊆ Qr for all r > 0, where

D = D1 + · · · + Dn. When (2) holds, this improves to Q(D(r−1)+1) ⊆ Qr for all
r > 0, where D = max{D1, . . . , Dn}.
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The proof of this theorem leverages a multinomial formula for the symbolic
powers of the prime ideal Q in T (Theorem 2.8). Hà, Nguyen, Trung, and Trung
recently announced a binomial theorem for symbolic powers of ideal sums [12,
Thm. 3.4], generalizing [5, Thm. 7.8], where one takes two arbitrary ideals I ⊆
A, J ⊆ B inside of two Noetherian commutative algebras over a common field
k, whose tensor product R = A ⊗k B is Noetherian; see Remark 2.12 for details.
However, we give a proof of the Multinomial Theorem 2.8 which is more elementary
and self-contained.

Conventions. All our rings are Noetherian and commutative with identity. In-
deed, our rings will typically be affine F-algebras, that is, of finite type over a fixed
field F of arbitrary characteristic. By algebraic variety, we will mean an integral
scheme of finite type over the field F.

2. A Multinomial Theorem for symbolic powers of primes

If P is any prime ideal in a Noetherian ring R, its a-th (a ∈ Z>0) symbolic
power ideal

P (a) = P aRP ∩R = {f ∈ R : uf ∈ P a for some u ∈ R− P}
is the P -primary component in any Lasker-Noether minimal primary decomposition
of P a; it is the smallest P -primary ideal containing P a. We separately set P (0) =
P 0 = R to be the unit ideal. Note that P (1) = P , while the inclusion P (a) ⊇ P a

for each a > 1 can be strict. Before proceeding, we record a handy asymptotic
conversion lemma.

Lemma 2.1 (Cf., [22, Lem. 3.3]). Given a prime ideal P in a Noetherian ring S,
and E ∈ Z>0,

P (N) ⊆ P �N/E� for all N ≥ 0 ⇐⇒ P (E(r−1)+1) ⊆ P r for all r > 0.

Torsion free modules over Noetherian domains. A module M over a domain
R is torsion free if whenever rx = 0 for some x ∈ M and r ∈ R, then either r = 0
or x = 0. We first record a lemma on torsion free modules to be used both here
and in the next subsection (cf., Lemmas 15.6.7-8 from the Stacks Project page [3]
on torsion free modules):

Lemma 2.2. Let R be a Noetherian domain. Let M be a non-zero finitely generated
R-module. Then the following assertions are equivalent:

(1) M is torsion free;
(2) M is a submodule of a finitely generated free module;
(3) (0) is the only associated prime of M, i.e., AssR(M) = {(0)}.

Working over an arbitrary field F, we fix two affine F-algebras R and S which
are domains. The tensor product T = R ⊗F S will be an affine F-algebra. T is a
domain when F is algebraically closed (Milne [19, Prop. 4.15]). We note that when
R and S are duly nice (e.g., polynomial, or normal toric rings more generally), T
is a domain over any field. We now record two additional lemmas.

Lemma 2.3. Suppose that all three of R, S, and T = R ⊗F S are affine domains
over a field F. If M and N are finitely generated torsion free modules over R and
S, respectively, then M ⊗F N is a finitely generated torsion free T -module.

http://stacks.math.columbia.edu/tag/0549
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Proof. Viewed as vector spaces, M ⊗F N = 0 if and only if M = 0 or N = 0, in
which case torsion freeness is vacuous. So we will assume all three of M,N, and
M ⊗F N are non-zero. Per Lemma 2.2, suppose we have embeddings M ⊆ Ra and
N ⊆ Sb. Apply the functor • ⊗F N to the first inclusion to get M ⊗N ⊆ Ra ⊗N ,
which in turn is contained in Ra ⊗ Sb by tensoring the inclusion N ⊆ Sb with Ra.
Thus M⊗N ⊆ Ra⊗Sb ∼= (R⊗S)ab = T ab, where the isomorphism is easily checked
in the category of F-vector spaces since direct sum commutes with tensor product.
Of course, this inclusion holds in the category of T -modules, and all T -submodules
of T ab are finitely generated since T is Noetherian, so we are done by invoking
Lemma 2.2 again. �

Lemma 2.4. For any prime P in any Noetherian ring A, the finitely generated
module P (a)/P (a+1) is torsion free as an A/P -module for all integers a ≥ 0.

Proof. Say x ∈ (P (a)/P (a+1)) is killed by r ∈ A/P . This means, lifting to A, that
x ∈ P (a) and rx ∈ P (a+1). Localize at P . Then rx ∈ P (a+1)AP = P a+1AP . If
r �∈ P , this means x ∈ P a+1AP ∩ A = P (a+1). That is, either r = 0 in A/P or
otherwise, x = 0 in (P (a)/P (a+1)). Ergo by definition, (P (a)/P (a+1)) is a torsion
free A/P -module. �

Finally, we record a consequence of Lemma 2.3 that will be important in the
next subsection. The following proposition follows immediately from Lemmas 2.3
and 2.4

Proposition 2.5. Suppose that all three of R, S, and T = R ⊗F S are affine
domains over a field F. Fix two prime ideals P and Q in R and S, respectively, such
that the affine F-algebra T ′ = (R/P )⊗F (S/Q) is a domain. Then (P (a)/P (a+1))⊗F

(Q(b)/Q(b+1)) is finitely generated and torsion free over T ′ for any pair of non-
negative integers a and b.

Proving the Multinomial Theorem. Working over an algebraically closed field
F, we fix two affine F-algebras R and S that are domains, and two prime ideals
P ⊆ R, Q ⊆ S. Let

T = R⊗S ⊇ P ⊗S+R⊗Q =: PT +QT, T ′ = (R/P )⊗ (S/Q) ∼= T/(PT +QT ),

where all tensor products are over F. Both T and T ′ are affine domains over F.
Because F is algebraically closed, the extended ideals PT,QT are both prime, along
with their sum PT +QT . We cannot relax the assumption that F is algebraically
closed to its merely being perfect. For instance, R is perfect (being of characteristic
zero), and along the ring extension

S :=
R[x]

(x2 + 1)
∼= C ↪→ T :=

C[x]
(x2 + 1)

∼= C⊗R S ∼= C⊗R C

the zero ideal of S (which is maximal) extends to a radical ideal which is not prime.
Relative to a flat map φ : A → B of Noetherian rings, we define the ideal

JB := 〈φ(J)〉B for any ideal J in A. Then JrB = (JB)r for all r ≥ 0, since
the two ideals share a generating set. We define the set P(A) = {prime ideals P ⊆
A : PB is prime} to consist of prime ideals that extend along φ to prime ideals of
B. We now record without proof a handy proposition.
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Proposition 2.6 (Cf., [22, Prop. 2.1]). Suppose φ : A → B is a faithfully flat map
of Noetherian rings. Then for each prime ideal P ∈ P(A) and all integer pairs
(N, r) ∈ (Z≥0)

2, we have

(2.0.1) P (N)B = (PB)(N),

and P (N) ⊆ P r if and only if (PB)(N) = P (N)B ⊆ P rB = (PB)r.

When B is a polynomial ring in finitely many variables over A and φ is inclusion,
P(A) = Spec(A). It is possible that P(A) �= Spec(A) in Proposition 2.6, per
the T ∼= C ⊗R C example. Working over a field F, we use Proposition 2.6 when
B = A ⊗F C for two affine F-algebras, so B is an affine F-algebra; when A and
C are domains and F is algebraically closed, B is a domain, P(A) = Spec(A) and
P(C) = Spec(C).

We are now ready to prove a binomial theorem for the symbolic powers of PT +
QT .

Theorem 2.7. For all n ≥ 1, the symbolic power

(PT +QT )(n) =
∑

a+b=n

(PT )(a)(QT )(b).

Proof. We’ll drop the T ’s from the notation, and we will assume that both P,Q
are non-zero to justify the effort. For 0 ≤ c ≤ n, set Jc =

∑c
t=0 P

(c−t)Q(t), so

Jc ⊆ Jc−1 for all 1 ≤ c ≤ n, since P (c−t) ⊆ P (c−1−t) for t ≤ c − 1 and for t = c,
Q(c) ⊆ Q(c−1). Note that

(P +Q)n =
∑

a+b=n

P aQb ⊆ Jn =
∑

a+b=n

P (a)Q(b)
(!)

⊆ (P +Q)(n),

and (!) is easy to verify term-by-term for each P (a)Q(b). Indeed, P (a)Q(b) is gen-
erated by elements of the form fg with f ∈ P (a) ⊂ R and g ∈ Q(b) ⊂ S (viewing
them as elements of T ). We need fg ∈ (P + Q)(a+b). Per Proposition 2.6, there
exist u ∈ R − P and v ∈ S − Q such that uf ∈ P a and vg ∈ Qb. Viewing u and
v as elements of the overring T , we have uv �∈ (P + Q). Indeed, since P + Q is
prime, if uv ∈ P + Q, then either u or v is in P + Q, but (P + Q)T ∩ R = P
and (P + Q)T ∩ S = Q, contradicting that u �∈ P and v �∈ Q. Therefore, in T ,
(uf)(vg) = (uv)(fg) ∈ P aQb ⊂ (P +Q)a+b, which means fg ∈ (P +Q)(a+b). Thus
(!) holds, and notably Jn is a proper ideal–read, Jn � T .

Since Jn contains (P +Q)n, and (P +Q)(n) is the smallest (P +Q)-primary ideal
containing (P +Q)n, the opposite inclusion to (!) will follow once we show that Jn
is (P +Q)-primary, i.e., that the set of associated primes AssT (T/Jn) = {P +Q}.
We have short exact sequences of T -modules

0 → Jc−1/Jc → T/Jc → T/Jc−1 → 0 for all 1 ≤ c ≤ n.

Thus AssT (Jc−1/Jc) ⊆ AssT (T/Jc) ⊆ AssT (Jc−1/Jc) ∪ AssT (T/Jc−1) for all 1 ≤
c ≤ n, using the fact that given an inclusion of modules N ⊆ M ,

Ass(N) ⊆ Ass(M) ⊆ Ass(N) ∪ Ass(M/N).

Thus by iterative unwinding and using that J0 = T , i.e., AssT (T/J0) = ∅, we
conclude that

∅ �= AssT (T/Jn) ⊆
n⋃

c=1

AssT (Jc−1/Jc).(2.0.2)
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Taking all direct sums and tensor products over F, we have a series of vector space
isomorphisms

Jc−1/Jc ∼=
⊕

a+b=c−1

[P (a)/P (a+1) ⊗Q(b)/Q(b+1)], 1 ≤ c ≤ n.(2.0.3)

We prove this first, considering two chains of symbolic powers, where each ideal is
expressed as a direct sum of F-vector spaces:

P (c) = V0 ⊆ P (c−1) = V0 ⊕ V1 ⊆ . . . ⊆ P (0) = R = V0 ⊕ · · · ⊕ Vc,

Q(c) = W0 ⊆ Q(c−1) = W0 ⊕W1 ⊆ . . . ⊆ Q(0) = S = W0 ⊕ · · · ⊕Wc.

In particular, for all pairs 0 ≤ a, b ≤ c− 1,

P (a) =

c−a⊕
i=0

Vi, P (a+1) =

c−a−1⊕
i=0

Vi, Q(b) =

c−b⊕
j=0

Wj , Q(b+1) =

c−b−1⊕
j=0

Wj .

For any pair a, b as above with a+ b = c− 1, c− b = a+ 1, and so

⊕
a+b=c−1

P (a)

P (a+1)
⊗F

Q(b)

Q(b+1)
∼=

⊕
a+b=c−1

Vc−a ⊗Wc−b =
c−1⊕
a=0

Vc−a ⊗Wa+1.

We now prove (2.0.3) by killing off a common vector space. First,

Jc−1 =
∑

a+b=c−1

P (a)Q(b) =
⊕

0≤a≤c−1

0≤i≤c−a,0≤j≤a+1

Vi ⊗Wj

=
⊕

0≤a≤c−1

0≤i<c−a or 0≤j<a+1

(Vi ⊗Wj) ⊕
c−1⊕
a=0

Vc−a ⊗Wa+1,

while Jc =
∑

a+b=c

P (a)Q(b) =
⊕

0≤a≤c

0≤i≤c−a,0≤j≤a

Vi ⊗Wj .

Identifying repeated copies of a Vi⊗Vj term with i+ j ≤ c (we can do this since we
are working with vector subspaces of the ring T ), it is straightforward to check that
the boxed sums are equal. Thus for each 1 ≤ c ≤ n, we have canonical isomorphisms
of F-vector spaces:

Jc−1/Jc ∼=
c−1⊕
a=0

Vc−a ⊗Wa+1
∼=

⊕
a+b=c−1

P (a)

P (a+1)
⊗F

Q(b)

Q(b+1)
.

Therefore, since for each 1 ≤ c ≤ n there is a natural surjective T -module map
(hence F-linear) ⊕

a+b=c−1

[P (a)/P (a+1) ⊗Q(b)/Q(b+1)] → Jc−1/Jc,

this map must be injective per isomorphism (2.0.3). Thus for all 1 ≤ c ≤ n,

AssT (Jc−1/Jc) =
⋃

a+b=c−1

AssT [P
(a)/P (a+1) ⊗Q(b)/Q(b+1)].
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For any 1 ≤ c ≤ n such that Jc−1/Jc �= 0, i.e., AssT (Jc−1/Jc) �= ∅, in turn
the above identity implies that one of the modules P (a)/P (a+1) ⊗ Q(b)/Q(b+1) is
non-zero, in which case

(2.0.4) AssT (Jc−1/Jc) =
⋃

a+b=c−1

AssT [P
(a)/P (a+1) ⊗Q(b)/Q(b+1)] = {P +Q}.

To explain the right-hand equality: for any pair (a, b) ∈ (Z≥0)
2, Proposition 2.5

says that

Ma,b := P (a)/P (a+1) ⊗Q(b)/Q(b+1)

is a finitely generated torsion free module over T ′ = (R/P )⊗ (S/Q) ∼= T/(P +Q);
thus when Ma,b �= 0, we have AssT/(P+Q)(Ma,b) = {(0)} by Lemma 2.2: that is,
AssT (Ma,b) = {P +Q}.

Finally, combining (2.0.4) with the inclusion (2.0.2) for AssT (T/Jn) �= ∅–recall,
Jn is a proper ideal, we conclude that AssT (T/Jn) =

⋃n
c=1 AssT (Jc−1/Jc) = {P +

Q}, that is, the ideal Jn is (P + Q)-primary as was to be shown. Thus Jn ⊇
(P +Q)(n), and indeed this is an equality. �

We now deduce a multinomial theorem by induction on the number of tensor
factors:

Theorem 2.8. Let F be an algebraically closed field. Let R1, . . . , Rn (n ≥ 2) be
affine commutative F-algebras which are domains. Fix any n prime ideals Pi in Ri,
and consider the expanded ideals P ′

i = PiT in the affine domain T = (
⊗

F
)ni=1Ri.

Then the symbolic power

(2.0.5)

(
n∑

i=1

P ′
i

)(N)

=
∑

A1+···+An=N

n∏
i=1

(P ′
i )

(Ai) for any N ≥ 0.

Proof. Induce on the number n of tensor factors with base case n = 2 being The-
orem 2.7. Now suppose n ≥ 3, and assume the result for tensoring up to n − 1
factors. Suppose that R = R1 and S = R2 ⊗F · · · ⊗F Rn, and that we have an
expansion result in S of the form

(2.0.6)

(
n∑

i=2

Pi

)(N)

=
∑

A2+...+An=N

n∏
i=2

P
(Ai)
i for all non-negative integers N

for n− 1 primes Pi ⊆ Ri (2 ≤ i ≤ n). The sum Q :=
∑n

i=2 Pi is prime along with
all extensions of the Pi to S. Given a prime P = P1 in R, the sum P +Q is prime
in T = R ⊗F S, together with all extensions PiT and QT being prime. The first
equality below holds by Theorem 2.7, and applying Proposition 2.6 to the extension
φ : S ↪→ T , the second equality holds by (2.0.6):

(P +Q)(N) =
∑

A1+B=N

P (A1)Q(B) =

N∑
A1=0

P
(A1)
1

( ∑
A2+...+An=N−A1

n∏
i=2

P
(Ai)
i

)

⊆
∑

A1+A2+...+An=N

n∏
i=1

P
(Ai)
i ,



3742 ROBERT M. WALKER

using the fact that I(J+K) ⊆ IJ+IK whenever I, J,K are ideals in a commutative
ring. This proves the n-fold version of the hard inclusion in the proof of Theorem
2.7; deducing the opposite inclusion is about as easy as before, hence the above
inclusion is an equality. �

Proving Theorem 1.2: We now use the Multinomial Theorem 2.8 to deduce a
corollary. Note that Theorem 1.2 is the version of this corollary where all tensor
factors are assumed to satisfy uniform symbolic topologies on primes.

Corollary 2.9. Let F be an algebraically closed field. Let R1, . . . , Rn (n ≥ 2)
be affine commutative F-algebras which are domains. Fix n primes Pi ⊆ Ri, and
consider the expanded ideals P ′

i = PiT in the affine domain T = (
⊗

F
)ni=1Ri; set

Q =
∑n

i=1 P
′
i . Suppose that for each 1 ≤ i ≤ n, there exists a positive integer Di

such that either:

(1) P
(Dir)
i ⊆ P r

i for all r > 0 and for all i; or, even stronger,

(2) P
(Di(r−1)+1)
i ⊆ P r

i for all r > 0 and for all i.

When (1) holds, Q(Dr) ⊆ Qr for all r > 0, where D = D1 + · · · +Dn. When (2)
holds, this improves to Q(D(r−1)+1)⊆Qr for all r > 0, where D=max{D1, . . . , Dn}.

Proof. Assume (1) holds. Per Theorem 2.8 note that for D = D1 +D2 + · · ·+Dn,

Q(Dr) =
∑

A1+A2+···+An=D1r+D2r+···+Dnr

n∏
i=1

(P ′
i )

(Ai).

In each n-tuple of indices (A1, . . . , An), we must have that Aj ≥ Djr for some j,

otherwise
∑n

i=1 Ai <
∑n

i=1 Dir, a contradiction. Thus each summand
∏n

i=1(P
′
i )

(Ai)

will lie in some (P ′
j)

r applying (1) and Proposition 2.6, and hence also in Qr. Since
r > 0 was arbitrary, we win.

If (2) holds, then P
(D(r−1)+1)
i ⊆ P r

i for all r > 0 and all i, where D =
max1≤i≤nDi, so equivalently per Lemma 2.1 and Proposition 2.6, for all n-tuples

(A1, . . . , An) ∈ (Z≥0)
n, we have containments (P ′

i )
(Ai) ⊆ (P ′

i )
�Ai/D� ⊆ Q�Ai/D�.

For all non-negative integers N , per Theorem 2.8

Q(N) =
∑

A1+···+An=N

n∏
i=1

(P ′
i )

(Ai) ⊆
∑

A1+···+An=N

n∏
i=1

(P ′
i )

�Ai/D�

⊆
∑

A1+···+An=N

n∏
i=1

Q�Ai/D� ⊆ Q�N/D�,

since the integer
∑n

i=1�Ai/D� ≥ �(
∑n

i=1 Ai)/D� = �N/D� for all n-tuples

(A1, . . . , An) ∈ (Z≥0)
n with

∑n
i=1 Ai = N . Thus equivalently, Q(D(r−1)+1) ⊆ Qr

for all r > 0 by Lemma 2.1. �

Remark 2.10. We get a much stronger conclusion in Corollary 2.9 when (2) holds.
This is because we can then give a proof using Lemma 2.1 as a workaround. It is
less clear what the strongest conclusion to shoot for is when (1) holds. We note that
if (1) holds under Corollary 2.9, then setting D = maxDi, one can alternatively
prove by contradiction that

Q(n(Dr−1)+1) ⊆ Qr for all r > 0.
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In part (1) of the proof above, simply adjust the claim “Aj ≥ Djr for some j” to
“Aj ≥ Dr for some j”. Otherwise, some tuple satisfies n(Dr− 1)+ 1 =

∑n
i=1 Ai ≤

n(Dr − 1), a contradiction.

Remark 2.11. When all hypotheses are satisfied, Corollary 2.9 typically applies to
an infinite set of prime ideals in the tensor product T . If R is a Noetherian ring of
dimension at least two, or a Noetherian ring of dimension one which has infinitely
many maximal ideals, then Spec(R) is infinite; see [2, Exercises 21.11-21.12]. Now
suppose R1, . . . , Rn are F-affine domains, with n ≥ 2 and F algebraically closed,
at least one of which is of dimension one or more. Then in the domain T =
(
⊗

F
)ni=1Ri, the following set QED(T ) := {Q =

∑n
i=1 PiT ∈ Spec(T ) : ∀1 ≤ i ≤

n, Pi ∈ Spec(Ri)} is infinite.

Remark 2.12. Let R = F[x1, . . . , xm], S = F[y1, . . . , yn], and T = R ⊗F S ∼=
F[x1, . . . , xm, y1, . . . , yn] be polynomial rings over a field F. Our original inspiration
for Theorem 2.8 was the following

Theorem (Thm. 7.8 of Bocci et al. [5]). Let I ⊆ R and J ⊆ S be squarefree
monomial ideals. Let I ′ = IT and J ′ = JT be their expansions to T . Then for any
N ≥ 0, the symbolic power

(2.0.7) (I ′ + J ′)(N) =
N∑
i=0

(I ′)(N−i)(J ′)(i) =
∑

A+B=N

(I ′)(A)(J ′)(B).

Hà, Nguyen, Trung, and Trung [12, Thm. 3.4] recently extended the above theo-
rem to the case of two non-zero ideals I ⊆ R, J ⊆ S in two Noetherian commutative
F-algebras such that T = R ⊗F S is also Noetherian. A general multinomial the-
orem then follows by adapting the proof of Theorem 2.8, where one containment
would require the n-fold version of [12, Lem. 2.1(i)]. Combining this multinomial
expansion with the general versions of Lemma 2.1 and Proposition 2.6 we proved
in [22, Prop. 2.1, Lem. 3.3, Prop. 3.4], one can extend Corollary 2.9 to a form
allowing, for instance, any proper ideals Ii ⊆ Ri. As a final note in passing, the
proof of [22, Prop. 2.1] still works up to a tweak of multiplicative system, for those
who opt to define symbolic powers of proper ideals using only minimal associated
primes as in [12], rather than using all associated primes as in [22].

3. Finale: Sample applications to tensor power domains

We begin with two results on uniform linear bounds on asymptotic growth of
symbolic powers for equicharacteristic Noetherian domains that have nice structure,
but need not be regular. The first is due to Huneke, Katz, and Validashti, while
the second is due to Ajinkya A. More.

Theorem 3.1 ([16, Cor. 3.10]). Let R be an equicharacteristic Noetherian local
domain such that R is an isolated singularity. Assume that R is either essentially
of finite type over a field of characteristic zero or R has positive characteristic, is F -
finite and analytically irreducible. Then there exists an E ≥ 1 such that P (Er) ⊆ P r

for all r > 0 and all prime ideals P in R.

Theorem 3.2 ([20, Thm. 4.4, Cor. 4.5]; see also [7, Thm. 3.25]). Suppose R ⊆ S is
a finite extension of equicharacteristic normal domains such that: (1) S is a regular
ring generated as an R-module by n elements, and n! is invertible in S; and (2) R
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is either essentially of finite type over an excellent Noetherian local ring (or over
Z), or is characteristic p > 0 and F -finite. Then there exists an E ≥ 1 such that
P (Er) ⊆ P r for all r > 0 and all prime ideals P in R.

Remark 3.3. Suppose that R is the coordinate ring of an affine variety over any
perfect field F, whose singular locus is zero-dimensional. Then in tandem with the
results of Ein-Lazarsfeld-Smith and Hochster-Huneke [9, 14], Theorem 3.1 would
yield a uniform slope E for all primes in R. In particular, this covers F[x, y, z]/(y2−
xz), F[x, y, z, w]/(xy − zw), and more generally when R corresponds to the affine
cone over any smooth projective variety.

Indeed, the class of rings R to which Theorems 3.1-3.2 apply is large. Applying
Theorem 1.2 to any collection of two or more rings under Remark 3.3, Remark 2.11
says that we can create an infinite set as a vantage point for data suggestive of uni-
form symbolic topologies in the corresponding tensor product domain. At present,
since the domain we create has non-isolated singularities, there is no theorem in the
literature affirming that the domain has uniform symbolic topologies on all primes.
We illustrate how these matters occur together in an example below.

But first, we fix an algebraically closed field F. If R is an F-affine domain,
we use the tensor power notation T = R⊗N = (

⊗
F
)Ni=1Ri to denote the F-affine

domain obtained by tensoring together N copies of R over F, where Ri and Rj are
presented as quotients of polynomial rings in disjoint sets of variables when i < j.
From Remark 2.11, we recall the following set of prime ideals QED(T ) := {Q =∑N

i=1 PiT ∈ Spec(T ) : each Pi ∈ Spec(Ri)}.

Example 3.4. To start, we fix an algebraically closed field F. Given integers a and
d both at least two, consider an affine hypersurface domain R=F[z1, . . . , za]/(Fd(z̄))
where Fd is an irreducible homogeneous polynomial of degree d, with isolated singu-
larity at the origin. Consider the varieties VR = Spec(R) ⊆ Fa and V = Spec(T ) ⊆
FaN where

T = R⊗N =
F[zi,1, . . . , zi,a : 1 ≤ i ≤ N ]

(Fd(zi,1, . . . , zi,a) : 1 ≤ i ≤ N)
.

Per Remark 3.3, Theorem 1.2 implies that Q(NE·r) ⊆ Qr for all r > 0 and all
primes Q ∈ QED(T ). Meanwhile, in terms of n-factor Cartesian products, the
singular locus

Sing(V ) = ({0}×VR×· · ·×VR)∪(VR×{0}×VR×· · ·×VR)∪· · ·∪(VR×· · ·×VR×{0})
is equidimensional of dimension (a − 1)(N − 1). In particular, while T is not
an isolated singularity when N ≥ 2, the set QED(T ) is infinite by Remark 2.11
and provides a vantage point for witnessing uniform linear bounds lurking for the
asymptotic growth of symbolic powers of primes in T .

Remark 3.5. For pointers to results where an explicit value E ≥ 1 as in Theorems
3.1-3.2 is given for particular examples of domains R under Remark 3.3, we invite
the reader to see the recent survey paper [7, Thm. 3.29, Cor. 3.30], along with the
main results featured in the introductions to our papers [21–23]. Section 3 or 4
in each of the latter papers typically includes remarks about when the designated
value E can be considered optimal.

Closing Remarks. Launching from Theorem 1.1 in the introduction, we have de-
duced a more powerful criterion for proliferating uniform linear bounds on the
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growth of symbolic powers of prime ideals (e.g., Harbourne-Huneke bounds)–Theo-
rem 1.2. In the setting of domains of finite type over algebraically closed fields, this
criterion contributes further evidence for Huneke’s philosophy in [15] about uni-
form bounds lurking throughout commutative algebra. We close with a goalpost
question that exceeds our grasp at present: Given the role of tensor products in our
manuscript, do analogues of the above criteria hold for other product constructions
in commutative algebra, such as Segre products of N-graded rings, or fiber products
of toric rings?
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