PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY.

Volume 146, Number 9, September 2018, Pages 4021-4027
http://dx.doi.org/10.1090/proc/14098

Article electronically published on May 24, 2018

ON THE L,-OPERATORS PENALIZED BY (r+ 1)-MEAN
CURVATURE

LEO IVO S. SOUZA

(Communicated by Michael Wolf)

ABSTRACT. In this paper, we establish the non-positivity of the second eigen-
value of the Schrédinger operator —diV(PT-V ) — W2 on a closed hypersurface
2™ of R*1, where W, is a power of the (r + 1)-th mean curvature of X7,
which we will ask to be positive. If this eigenvalue is null, we will have a
characterization of the sphere. This theorem generalizes the result of Harrell
and Loss proved to the Laplace-Beltrame operator penalized by the square of
the mean curvature.

1. INTRODUCTION

This work is based on the ideas presented by Harrell and Loss in [4]. We obtain
an elegant and more simplified proof that allowed us to generalize their results to
a more general class of operators, L,, penalized by a power of (r + 1)-th mean
curvature. In 1997, Harrell and Loss obtained the following rigidity result.

Theorem 1.1. Let Q be a smooth compact oriented hypersurface of dimension d
immersed in R¥TL; in particular self-intersections are allowed. The metric on that
surface is the standard Fuclidean metric inherited from R*t1. Then the second
etgenvalue Ao of the operator

1
H=-A—-=-}h?
d
is strictly negative unless Q) is a sphere, in which case Ao equals zero.

Here h is the mean curvature of the immersion. In particular, when d = 2
the previous result gives a proof for a conjecture of Alikakos and Fusco about
hypersurfaces embedded in R?.

The aim of this paper is to extend this result for a more general class of ellip-
tic geometric operators. To present our main result, we need to introduce some
definitions and notation.

Let ¢: M™ — M be an isometric immersion, and denote by A the second
fundamental form associated to ¢. It is known that A has n-geometric invariants.
They are given by the elementary symmetric functions .S,. of the principal curvatures
K1,..., Ky as follows:

i <o <l
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The r-curvature H,. of ¢ is then defined by

Sy

()

Notice that H; corresponds to the mean curvature and H,, to the Gauss-Kronecker

curvature of ¢. Newton’s transformations of ¢ are the operators P, defined induc-
tively by

H, =

Py=1,

P.=S,I—AP._,.

The so-called L,-operators are defined by L, := div (PTV - ) It is known that if
every H, is positive, then L, is elliptic by Proposition 3.2 in [3].

Let ¥ be a compact hypersurface of R®*! with the operator L, being elliptic.
We have that —L,. is a positive, unbounded, self-adjoint operator with the spectrum
formed only by eigenvalues

o(=L,) ={0=X(—L;) < Xo(=L,) < ...}
We consider the following class of Schrodinger operators:

L, :=—L,—W?2

r+2

where the potential W, = (cr H;#_i)l/Q and ¢, = (n — ) (:), with0<r<n-—1.
Now we can present the main result of this article.

Theorem 1.2. Let ¥ be an n-dimensional closed hypersurface embedded in R™ 1.
Assume that Hy.y1 > 0. Then the second eigenvalue of L., Ao(L,), is strictly
negative unless ¥ is a sphere; in this case A2(L,.) equals zero.

Note that the potential W?2 has dimension (vol. £)~("*2) the same as the dif-
ferential operator L,. The implies that the number of negative eigenvalues is inde-
pendent of the volume of the hypersurface.

The proof is based on the following principle:

Lemma 1.3 (Birman-Schwinger’s principle). Let L = div(A(x)V.), where A(z) is
a matriz uniformly elliptic and L : H*(Q) — L?(2), for Q a bounded domain.

Consider the self-adjoint operator —L — W?(z), where W? is relatively bounded
with respect to —L (i.e., Dom(—L) C Dom(W?) and there exist constants a,b > 0
such that

W2ull2 < allulla +b|| — Lullz, for all u € Dom(—L)).

A number —p < 0 is an eigenvalue of —L — W? if and only if 1 is an eigenvalue of
the bounded positive operator

K, :=W(=L+p) W

This result can be obtained as a corollary of a more general principle demon-
strated by Klaus in the paper [5].
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2. PROOF OF THEOREM
For the above proof, the following lemma will be used.

Lemma 2.1. Let ¥ be an n-dimensional closed hypersurface embedded in R™H1
with Hy.41 > 0 and consider the operator L, = —L, — Wf Suppose there exists
f € L3(X) satisfying:

(1) <fa Wr> =0;

(2) (Ro(W,.f),Wrf) > |IfII3, where (, ) is the inner product in L?*(X), Ry =
(=Lelye) ™", and

14 = {ue L*(2); (u,1) = 0}.

Then the operator L, has two negative eigenvalues.

Proof. The proof is herein presented in the three following steps:
Recall that for 1 > 0 the resolvent operator R, = (—L, + p)~! is a bounded
operator in L?(X).
Step 1. For g € L*(X) with [, gd¥ = 0, we have
lim | Rog — Rugll = 0.

In fact, if

(2.1) (=L + 1) tg = ¢,
then

(2.2) —Lyp+pp = g.

Therefore [ @dY = 0 since [y, Lr@dY = 0. The last integral follows from the
divergence theorem. Applying (—L,)~! in equation (Z.2)), we obtain that

p+u(=L)lo=(-L;)"g
and therefore
|Rog — Rugllz = I(=L) g — (=L + )" 'gll2 = ln(=L) " lla
< ul =Ll
(2.3) = pll =L T II(=Le + 1)~ g2

Now in order to estimate the norm ||(— L, +u) " tgl2, we will multiply the two sides
of 22) by ¢ and apply the divergence theorem to obtain

(2.4) /(PTV<p,Vga)dE+u/ <p2dE:/<png.
b b b

Since @ has zero mean using the characterization of the Min-Max Principle A\y(—L,.),
we obtain

Az(—LT)/ 2% S/(PN%V@ME-
> >

On the other hand, the arithmetic-geometric mean inequality gives us

1
/(pgd2§ <—/g2d2—|—5/ <p2d2>.
b) de Jx b)

Thus for € = (A2(—L,) + p)/2 we have

2 1 / 2
Pdv < ——— | g%
/2 (A2(=Ly) +p)? Js
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Therefore,
1

gl
(>‘2(_Lr) + ‘LL) | |
From the estimate above, it follows that

||Ru9||2 <

[ —lllgll2
(A2(=Ly) + p)(A2(=Ly) +7)
Set K, := W,(—L, + u)~'W,. Now for u positive and sufficiently small, K, has
an eigenvalue greater than 1.

[Rug9 — Rygll2 <

Step 2. There exists —uy < 0 such that || K, |jw,)c | > 1.

The operator K|, is compact, symmetric, and positive; therefore [| K[y, 1+ |
is an eigenvalue of K[, )+ -

We know from (2) that

(Ro(W,.f), W f) > If113
and K, — Ky in B([W,]*) when y — 0 with Ky = W, RyW,. Then we have
Ko liw, - || > 1, so there exists —pu; < 0 such that ||K,, [jw,jc]| > 1.

Step 3. Step 2 implies the lemma.
Since K, is positive, we have ||K,|| is the largest eigenvalue of K. Furthermore,
1

W, 2.
—Ly|g2(synpye) + 4 W

(25) Il < 57

Thus, the eigenvalue || K, || — 0 when p — oo. Therefore, there is —pa < 0 such
that ||K,,|| < 1.
Hence, we show that there exist uo and py constants such that

HKH2|| < 1 < ”KHlHa

and g — || K| is continuous. By the Intermediate Value Theorem, there exists
—po such that || K, || = 1.

Thus by Birman-Schwinger’s principle, we have that —ug < 0 is an eigenvalue
of £, = Ly|jy)+; ie., there exists a non-zero function f € H?(X) N [1]* such that
L,.f=—puof. Thus —pug is also an eigenvalue of the operator L,.

Suppose by contradiction that —pug is the only negative eigenvalue of L,..

In this case, —ug would be the first eigenvalue with a first self-space given by
[f] = {cf; ¢ € R}, and L, restricted to the subspace [f]* should be a positive
operator. On the other hand, we have f € [1]*. Thus, the constant function
1 € [f]*, implying that (£,1,1)2 > 0, a contradiction.

Hence the operator £, has more than one negative eigenvalue if there is f € L?(X)
satisfying (1) and (2). O

Now we present the proof of Theorem

Proof. Let ¢ : ¥ — R™"! be an isometric immersion. By [I], we have the following
equation satisfied:

(2.6) —L.¢ = ¢, H, 1N,

where NN is the normal vector of the surface. Thus each coordinate satisfies

(27) _Lr¢i = CrHr+lNi7
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with i e {1,...,n+ 1}.
Denote

1
(¢i)s = S /E@dZ

and (¢)s = ((¢1)s, .-+, (Pn+1)w)-
Choosing f; so that

(2.8) fiWyr = ¢, Hp 41 Ny,
we have
(2.9) fi = (e, HITD)EN,

and (f;, W;) = 0, by (2.7).
Observe that
Ro(W. fi) = Ro(cr Hr11N;) = Ro(—Ly(¢i — (¢i)s)) = ¢i — (¢i)s.

By multiplying both sides equal to W, f; and using the divergence theorem, we
conclude that

(Ro(W, ). Wy fi)a = (P i, Vbi)a = /E e Hy (61 — (6)5) Nid.

Summing up both sides with ¢ varying from 1 to n + 1, we have

n+1 n+1

> (Ro(Wofi), W fi)o = > (PrV i, Vi)s = /ECrHr+1<¢ = (¢)z, N)dx.

i=1 i=1
We know from Minkowski’s integral formula that

/ H,dx. —/ Hy1(¢— (¢)g, N)dE = 0.
3 3

Thus, replacing the previous expression, we have
n+1 n+1

S (R (Wefi)s Wofids = S PV, Vi) = /Z e H,dS.

i=1 =1

1 1
By [1], using the classical inequality H,;” > H[}, for 7 > 1, we have

n+1 X n+1 -
S (Ro(Wifi), Wi fi)s = / ¢ HydS > / GHas =3 / ¢, HITINZds
i=1 x X i=17%

n+1

N
=1

Remark 2.2. If r = 0, we have written the sums above as being identical, and the
only step that does not appear is the gap between the bends. However it is easy to
see that the rest of the argument follows analogously to other cases.

n+1
Define d; = (Ro(W,- i), Wy fi)2 — || fill3- Thus > d; > 0, and then two possibil-
i=1
ities may occur:
(i) There is ¢ € {1,...,n + 1} such that d; > 0;
(ii) d; =0, for all t € {1,...,n + 1}.
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If (i) occurs, we have that f; satisfies the hypotheses (1) and (2) of Lemma 2]
and therefore
Ao (ﬁr) < 0.
If (ii) occurs, we have all the d; void. In this case we use Lagrange multipliers.
Now consider the functionals ¥, ® : L?(¥) — R given by

\Ij(f) = <RO(er)7 er> - ||f||%> (I)(f) = <Wru f>2a

and the set of constraints

S ={f e L*Z); (f) = (Wy, f)2 = 0}.
We have to study two possibilities:
(a) inf{¥(f); f€ S} <O0or
(b) inf{w(f); f € S} =0.
In the first case, there is a function f € S such that ¥(f) < 0 and f is a critical
function for ¥ on S. Then the method of Lagrange multipliers exists for I' € R,
such that

'(f) =T (f),
which results in the Euler-Lagrange equation
W, Ro(W, f) — f = TW,.
Multiplying both sides of the above equation by f and integrating, we have
0=T(W,,f) = (Ro(Wr]), Wof) = I fI3 < 0.

This is a contradiction, and the case (a) does not occur. In the second case, we
have seen that each f; € S and U(f;) = inf{¥(f); f € S} =0. By the Method of
Lagrange Multipliers, there exists I' € R such that ¥'(f;) = T'®'(f;). Hence, we
obtain that each f; satisfies the following Euler-Lagrange equation:

WrRo(W,.fi) = fi + TW,.
Therefore we conclude that

Wi (Ro(W,.fi) = T) = fi,

Wi(¢i — (¢i)s — ) = fi;

- 1
¢i — (pi)s —T'= % = H | N;.

r

then

Thus, we have its version vector

1
¢—(¢)s —T'=HN.
Differentiating the above expression along any curve ¥, we conclude that the de-

21
rivative of H [} is zero, so H,;1 is constant. Then ¥ is a sphere by Alexandrov’s

Theorem in [6].
In fact in this case we have \o(L,) = 0, as we have

Wi(¢i — (¢i)s = 1) = fi,
and multiplying both sides by the expression W,., we obtain
Wf(d’z —(¢i)s = 1) =W, fi = =L(¢i — (¢i)s = T).

Thus ¥ = ¢; — (¢;)s — I' is the second eigenfunction of £, = —L, — W2, and
L) =0. O
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Finally, we observe that the result obtained is also valid for the operator
T, =—L, —c.||A||""2.

Corollary 2.3. Under the same conditions of Theorem [L2], A2(T).) < 0 with equal-
ity if and only if ¥ is a sphere.

The proof of the corollary follows immediately from Jensen’s inequality and the
min-max principle. This finishes the proof. |
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