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ABSTRACT. We introduce a complex Banach manifold structure on the space
of normalized symmetric homeomorphisms on the real line.

1. INTRODUCTION

We begin with some basic notation. Let U ={z =z +iy:y > 0} and L =
{z =x+1iy : y < 0} denote the upper and lower half plane in the complex plane C,
respectively. R = 9U = L is the real line, and R = R U {00} is the extended real
line in the Riemann sphere C = C U {oo}. Let A = {2 : |z| < 1} denote the unit
disk. A* =C — A is the exterior of A, and S' = OA = OA* is the unit circle.

Let Hom™ (R) denote the set of all increasing homeomorphisms of R onto itself.
A homeomorphism h € Hom™ (R) is said to be quasisymmetric if there exists some
M > 0 such that

1 h(z +t) — h(z)
(1.1) M —hwop) =M
for all z € R and ¢t > 0. Beurling-Ahlfors [BA] proved that h € Hom™ (R) is
quasisymmetric if and only if there exists some quasiconformal homeomorphism of
U onto itself which has boundary values h.

The universal Teichmiiller space T is a universal parameter space for all Rie-
mann surfaces and can be defined as the space of all normalized quasisymmetric
homeomorphisms on the real line, namely, 7' = QS(R)/ Aff(R). Here, QS(R) de-
notes the group of all quasisymmetric homeomorphisms of the real line, and Aff(R)
the subgroup of all real affine mappings z — az + b, a > 0,b € R. Tt is known
that the universal Teichmiiller space T is an infinite-dimensional complex Banach
manifold, and @QS(R) has a smooth Banach manifold structure such that QS(R) is
diffemorphic to T' x Aff(R) (see [Gal, [GLI, [Le], [Nal).

A quasisymmetric homeomorphism A is said to be symmetric if

h(z+t) — h(z)

(1.2) 150+ h(z) — h(z — 1))

=1
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uniformly for all z € R. Let S(R) denote the set of all symmetric homeomorphisms
of the real line. This class was first studied in [Ca] when Carleson discussed the
absolute continuity of a quasisymmetric homeomorphism. It was investigated in
depth later by Gardiner-Sullivan [GS| during their study of little Teichmiiller spaces
and asymptotic Teichmiiller spaces (see also [EGLILEGL2], [EMS]). In particular,
it was proved that a quasisymmetric homeomorphism h is symmetric if and only if h
can be extended as an asymptotically conformal mapping f to the upper half plane,
and that the Beurling-Ahlfors extension of h is asymptotically conformal when A is
symmetric (see [Cal, [GS], [Ma]). Here by an asymptotically conformal mapping f
of the upper half plane onto itself we mean that its complex dilatation p = df/df
satisfies the condition wp(z + iy) — 0 uniformly for all z € R when y — 0+.
Consequently, S(R) is a subgroup of QS(R). We denote T, = S(R)/ Aff(R) and
call it the symmetric Teichmiiller space.

In this paper, we will endow the symmetric Teichmiiller space T} with a complex
Banach manifold structure under which 7, can be biholomorphically embedded as
a bounded domain in a certain Banach space. We will also point out an essential
difference, a fact which appears to have gone unnoticed, between the symmetric
Teichmiiller space T, and the little Teichmiiller space T that will be defined in the
last section.

2. PRELIMINARIES AND STATEMENT OF THE MAIN RESULT

In this section, we recall some basic definitions and results on the universal
Teichmiiller space and state the main result of the paper. For primary references,
see Gardiner-Lakic [GL], Lehto [Le] and Nag [Nal.

2.1. Universal Teichmiiller space. Let M(U) denote the open unit ball of the
Banach space L (U) of essentially bounded measurable functions on the upper
half plane U. For p € M(U), let f* be the unique quasiconformal mapping of
U onto itself which has complex dilatation p and keeps the points 0, 1, and oo
fixed. We say two elements pu and v in M (U) are equivalent, denoted by u ~ v, if
f* = f¥ on the real line R. We let [u] denote the equivalence class of . Then the
correspondence [u] — fH*|g establishes a one-to-one map from M (U)/. onto the
universal Teichmiiller space T. T = M(U)/~ is known as the Bers model of the
universal Teichmiiller space. We let ® denote the natural projection from M (U)
onto T so that ®(u) is the equivalence class [u]. [0] is called the base point of T.
The Teichmiiller distance between two points [p1] and [ue] in T is defined as

1 1+ 250 e

(2.1) 7([p]; [p2]) = inf {5 log ﬁ ] = [l o] = [Mz]} :

1-v4 v

Earle-Eells [EE] proved that the universal Teichmiiller space T is contractible by
means of a Beurling-Ahlfors extension. In fact, they showed that the Beurling-
Ahlfors extension induces a continuous section s : T — M (U) of the natural pro-
jection ® by sending a point [u] to the Beltrami coefficient of the Beurling-Ahlfors
extension of f*|g.

Let € be an arbitrary simply connected domain in the extended complex plane C
which is conformally equivalent to the upper half plane. Recall that the hyperbolic
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metric Ag in © can be defined by

1 .
(2.2) Aa(f())If'(2)] = 2% z=z+iyel,
where f: U — Q is any conformal mapping. Let B(£2) denote the Banach space of
functions ¢ holomorphic in 2 with norm

(2.3) 9]l By = sup [¢(2)|Ag % ().
z€Q

It is easy to see that a conformal mapping g : Q1 — Qo induces an isometric
isomorphism ¢ — (¢ o g)(g’)? from B(€5) onto B(£).

It is known that the universal Teichmiiller space T is an infinite-dimensional
complex Banach manifold. To make this precise, we consider the map S : M (U) —
B(L) defined as S(u) = S(ful), where f, is the unique quasiconformal mapping
of the complex plane C which has complex dilatation p in U, is conformal in L, and
keeps the points 0, 1, and oo fixed, while S(f) denotes the Schwarzian derivative
of a locally univalent function f of a domain in the extended plane @, defined as
(f"/f) —1/2(f"/f")?. Tt is known that S is a holomorphic split submersion and
descends down to a one-to-one map B : T — B(L), which is known as the Bers
embedding. Via the Bers embedding, T" carries a natural complex structure so that
the natural projection ® : M — T is a holomorphic split submersion and B is a
biholomorphism from 7" onto its image.

2.2. Statement of main result. Let B,(IL) be the subspace of B(IL) which con-
sists of those functions ¢ such that y?¢(x +1iy) — 0 uniformly for € R as y — 0—.
It is easy to see that B.(L) is closed in B(L). To see this, let a sequence (¢,) in
B, (L) and ¢ € B(LL) be given such that ||¢, —¢[/pr) — 0 as n — oo. Then for each
€ > 0, we may choose some ng such that ||¢,, —¢[ pr) < €. Since ¢y, € B (L), there
exists some § > 0 such that y?|¢,, (z + iy)| < € whenever z € R and —6 < y < 0.
Thus,

Y16z + i)l < y?|6n, (@ + )| + 42| dn, (x + iy) — oz +iy)| < 2¢

whenever z € R and —§ < y < 0, which implies that ¢ € B,(L). Consequently,
B, (L) is closed in B(L), which implies that B, (L) itself is a complex Banach space.

Now let L. (U) be the subspace of L>°(U) which consists of those functions p such
that p(z+1iy) — 0 uniformly for z € R as y — 0+. By the same reasoning as above,
we find out that L, (U) is closed in L>°(U). Set M, (U) = M(U)N L,(U). Then the
correspondence [p] — fH|g establishes a one-to-one map from M, (U)/. onto the
symmetric Teichmiiller space T, and the Beurling-Ahlfors section s : T — M(U)
maps Ty into M, (U) (see [Cal, [GS], [Mal). By the continuity of s : T — M (U), we
conclude that T, is contractible.

In this paper, we will endow the symmetric Teichmiiller space T} with a complex
Banach manifold structure. The main result is the following.

Theorem 2.1. S maps M, (U) into B.(IL) and is a holomorphic split submersion
from M. (U) onto its image. Consequently, T, has a unique complex structure such
that B : T. — B.(L) is a biholomorphic map from T, onto a domain in B,(L).
Under this complex structure, the natural projection ® from M,(U) onto T is a
holomorphic split submersion.
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3. AN INTEGRAL REPRESENTATION OF THE SCHWARZIAN DERIVATIVE S(u)

In this section, we will prove that S maps M, (U) into B, (IL). We first establish
an integral representation of the Schwarzian derivative S(u), which was inspired by
the computation from Astala-Zinsmeister [AZ)].

Proposition 3.1. For each pn € M(U), the Schwarzian derivative S(u) has the
following expression:

B S =240 [ - _Z‘mf)hm)amJeL

Proof. We borrow some discussion by Astala-Zinsmeister [AZ]. Consider a quasi-
conformal mapping ¢ in the complex plane, which is conformal in A* and has the
expression

(3.2) g(w) =w+ Z byw™", w e A*.

A direct computation yields that

lim w*S(g)(w) = —6b;.

w—r 00

On the other hand, we have the following identity by the Green formula:

J[ astazin = [ —Bo(crasan

:JﬂkﬁéA«—wV“O“
1 w? _
= 71115202_1/%* a —gw)29(od<

= 7Tb1 .
Consequently, we have
6 = . 4
(33) 8 [ By()agan = - tim w'S(g)(uw).
e A w—00
Now let € M(U) be given. For simplicity, we set f = f,,. For any z € L, consider
Y(w) = 2=F, T(w) = % Then g = T'o f o is a quasiconformal mapping in

the complex plane, which is conformal in A* and satisfies the normalized condition

B2). So @B.3) holds. Noting that S(g) = (S(f) ov)(7)?, we obtain

(34)  lim w'S(g)w) = lim w'S(f)(y(w))(7'(w))* = S(f)(=)(= - 2)*

w—r 00 w—r 00
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On the other hand, since dg = (I o f 0 ¥)(0f 0 7)Y/, we have

//Agg(g)dfdn://A(F/Ofo'y)(gfofy)Vdgdn
:(/)Q(FIOfVEf(V‘IYdfdn
= f'(2)(z — 2)? af(¢)
(3.5) — () >/A(¢_@%ﬂo_f@»¢g@.

Now B follows from [B.3))-(B3H]) directly. O
Corollary 3.2. For each u € M(U , it holds that

36 SWEP < gt [ L dedn, s s 4y e

Proof. We recall a classical result of Bergman-Schiffer [BS] which says that for any
regular domain 2 bounded by analytic curves,

(3.7) //C I 32 (1), w e Q.

o l¢—w[* =
In fact, Harmelin [Hal pointed out that ([B7) holds for any simply connected hy-
perbolic domain € in the Riemann sphere. Since we are not able to find a complete
proof of 1) in the literature, here we give a direct estimate of the integral in (317
for convenience. Though our estimate is not as precise as ([B8.7), it is sufficient for
our purpose. For each w € 2, we denote by d(w,99) the distance between w and
99 so that |¢ — w| > d(w, Q) when ¢ € C\ Q. Thus,

dgdn 1 dédn 1
3.8 — = .
( ) //(C Q |< ’LU|4 oo //Cw|>d(w,aﬂ) |< - ’LU|4 d2(w7aﬂ)

On the other hand, when Q does not contain oo, it is well known that (see [Le])
1

3.9 A > Q.
(3:9) alw) = e 5ay v €
By (B8) and ([B.3]) we have the desired estimate

1 dédn
3.10 - // < 1603 (w), w € Q,
(3.10) T JJe—q IC—w|* ()

when 2 does not contain co.
Now set f = f, as above, and D = f(U), D* = f(L), k = |||lo. By Holder’s
inequality we conclude from (3] that

311 [S) < 2If 2//| |4 dedn // 1£(¢) W ‘2 Bl

Since D* does not contain co, we obtain from (B.I0) that
0£ (O 1 (O = [0F(O)F
= ——d&d ded
M e < = /], Q= o

:1—w/y|< e

< X (F(2))
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Combining this with (811 yields that
57

- /%;K——44d&m’

by 2.2). O

Lemma 3.3. For each pn € M, (U), it holds that

. y2 2
1 _— dédn =
ygg[ém_@+wwu@ﬂﬁn 0

[S() () < =5

uniformly for x € R.

Proof. Foreacht > 0,set Ul = {( =&+in:0<n <t} U2 ={(=¢&+in:n >t}
Let € > 0 be arbitrarily given. Since p € M, (U), there exists ¢ > 0 such that
|1(Q)] < e for ( € U;. Set k = ||p]|oo as above. Then for z = x + iy € L, we have

JSimorans e (=S =5

Set y(w) = £2=£ as above, and w(¢) = v~ 1(¢)
plane U onto the unit disk A, and w'(¢) = £

= 2— . Then w maps the upper half
Z Z-. T hus,

—2)?

_ 52
/ :z 24|u(C)|2d£d77§62 // dudv+k> // dudv < me? +- k> // dudv.
v € — 2] w(U}) w(U?) w(U?)

Noting that

y(w) —y(w) 1 <zw—z zw—z>_2—2w|2—1

2 T2 \w—-1 w-1 % |w—12

we find out that, under the mapping w, the line {¢ = £ 4+ in : n = t} is mapped

— 2 .
% = —¥}, or equivalently, {w : |w — | = =74}

Consequently, w(U?) is the disk {w : |w — ﬁ\ < —%}, which implies that

onto the circle {w :

2

y
(t—y)*

J[ = Paean <

lim / /
y—0—

uniformly for x € R. By the arbitrariness of ¢, we obtain ([B.8) as desired. O

and so

‘ 7 | ¢)|Pdédn < me?
Corollary 3.4. For each p € M,(U), it holds that S(u) € B.(L).
Proof. This follows from Corollary and Lemma [3.3] O

Remark. Corollary 3.4 implies that B(T.) C B(T') N B.(L). It is not clear whether
the converse is true.
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4. PROOF OF THEOREM [2.1]

Corollary 3.4 says that S maps M,(U) into B.(L). This also implies that
S : M,(U) — B.(L) is holomorphic since § : M(U) — B(L) is holomorphic.
It remains to show that S : M, (U) — B.(L) is a split submersion onto its image,
or equivalently, S : M, (U) — B, (L) has local holomorphic sections. We write the
standard proof here (see [AL], [EN], [SW]).

Let ¢ = S(u), p € M. (U) be given. Without loss of generality, we may assume
that u = s([y]), that is, f* is the Beurling-Ahlfors extension of f*|r. Set f = f,,
D = f(U), D* = f(L) as before, and = f o f~1. Ahlfors [AL] showed that
r: D — D* is a quasiconformal reflection and there exists a constant C; such that

1
Cq
Consider B.(¢) = {¢ € B.(L) : | — ¢|lpw) < €} for € > 0. Then for each
1 € B.(¢) there exists a unique locally univalent function f, in L which fixes the

points 0, 1, co such that S(fy) = 9. Set gy = fyof~'. Then S(gy)of(f)? =v—a¢,

and S(gy) € B(D*) with [|S(gy)l 5(p+) = 1t — éll ). More specifically,
Ap:(F()IS(gu)(f(2))] = |2 = 2P (2) = é(2)], = € L.

When e is small, Ahlfors [Ah] proved that g, is univalent and can be extended to

a quasiconformal mapping in the whole plane whose complex dilatation p,, has the
form

__Slgp)(r(2))(r(2) — 2)%0r(2)
2 1 = S ) ) — o S
By (@) we have for some constant Cs that
(4.3) |1y (2)] < C2lS(g0) (r(2)) A% (r(2)), 2 € D.

Consequently, fy = gy o f is univalent in L. and has a quasiconformal extension to
the whole plane whose complex dilatation v, is

(4.1) < |r(2) — 2224, (r(2))|0r(2)| < C4, 2 € D.

(4.4) Uy = R A A +_(Hw ° f)r , T = %

L+ Ty 0 )7 of
It is well known that v, depends holomorphically on 1 (see [AL], [EN]). Now, it
follows from (3] that

o (F()] < CalS(g0) (r(f(D))IABE (r(f(2)))
= C2|S(g0)(f(2)) B2 (f(2)
= Colyp(2) — 6(2)l|z - 2%,
which implies that puy o f € M,(U), and we conclude by (&4) that vy € M, (U).
Since S(vy) = ¢, we conclude that v : Be(¢) — M, (U) is a local holomorphic
section to S : M, (U) — B.(L). This completes the proof of Theorem 211 O

5. CONCLUDING REMARKS

5.1. We recall the little Teichmiiller space, which is closely related to the symmetric
Teichmiiller space T,. Let Lo(U) be the closed subspace of L>°(U) which consists
of those functions p such that

inf{{| 2|\ x [|oo : K C U compact} = 0.
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Set My(U) = M(U) N Lo(U). Ty = My(U)/~ is one of the models of the little
Teichmiiller space. It is obvious that Lo(U) C L.(U), and so Ty C T.. Now we
point out that T is a nontrivial subset of T,. To make this precise, we consider
the symmetric homeomorphisms on the unit circle S*.

Let h be an orientation-preserving self-homeomorphism of the unit circle S with
h(1) = 1. Then h determines two increasing self-homeomorphisms of the real line
R. One is h determined by

e2m’fl(x) — h(eme), iL(O) = 0.
The other is h determined by
h(zx) —i x—i

Mo i)

By definition, h is said to be quasisymmetric if his quasisymmetric, while A is said
to be symmetric if h is symmetric. It is well known that A is quasisymmetric if
and only if h can be extended a quasiconformal homeomorphism f to the unit disk
A, or, equivalently, h is quasisymmetric. It is also known that h is symmetric if
and only if A can be extended as an asymptotically conformal mapping f to A in
the sense that its complex dilatation u = 9f/Jf satisfies the condition u(z) — 0
when |z| — 1—, or, equivalently, h represents a point in the little Teichmiiller space
Ty (see [GIL], [GS], [Mal). Consequently, h is a symmetric homeomorphism and
thus represents a point in the symmetric Teichmiiller space T, whenever h is a
symmetric homeomorphism on the unit circle. However, h cannot represent a point
in the little Teichmiiller space Tj except for h being the identity map. In fact, h
can even not represent a so-called Strebel point in the universal Teichmiiller space
T from extremal quasiconformal mapping theory (see [GL]).

5.2. A problem. It is known that there exists the invariant Kobayashi metric on
any complex Banach manifold (see [Ko]). It is also known that the Kobayashi
metric coincides with the Teichmiiller metric on the universal Teichmiller space T
and also on the little Teichmiiller space Ty (see [Gal, [GL], [EGLIL[EGL2]). We
do not know whether or not the Kobayashi metric coincides with the Teichmiiller
metric on the symmetric Teichmiiller space T, which is a complex Banach manifold
by our Theorem 211
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