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ABSTRACT. In this paper we introduce a C"—perturbation procedure, with
respect to the C"—Epstein topology, for C"—foliations by surfaces. Using this
perturbation procedure we show how one can use the existence of recurrent
leaves of a certain C"—foliation F to obtain a foliation G, C'"—close to F in the
C"—Epstein topology, which has a resilient leaf. In particular, one can take
advantage of the recurrence property to construct examples of C"—foliations,
C"—close to each other and such that one of them has a resilient leaf while the
other is Riemannian (therefore has trivial dynamics).

1. INTRODUCTION

Inspired by Smale’s work [13] on the dynamics of C" diffeomorphisms on closed
Riemannian manifolds, the study of the dynamics of foliations aims to understand
the behavior of a foliation in terms of its dynamical characteristics, such as the
existence of minimal sets and orbit growth of leaves for example. As in the case
of diffeomorphisms, concepts such as transitivity, hyperbolicity, and entropy are in
the core of the theory, though each of these concepts is treated in a completely
different way when working with foliations.

Topological entropy of a map or flow is a dynamical invariant which captures
the exponential complexity of the given dynamical system. The analogous notion
of topological entropy for the foliation theory context was introduced by Ghys-
Langevin-Walczak [8] in a similar way to the definition of topological entropy of
maps given by Bowen [I]. Though the definition resembles the definition of topo-
logical entropy for diffeomorphisms, dealing with foliations is much more compli-
cated since we must deal with a pseudogroup of transformations (the holonomy
pseudogroup) instead of iterates of a unique map. Nevertheless, the concept of
geometric entropy has provided very interesting results which help us to obtain
dynamical information of the foliation such as the existence or not of probability
invariant transverse measures for foliations with positive entropy, existence of re-
silient leaves, etc. For diffeomorphisms there are several results relating transitivity
of the map to the existence of maps with positive entropy arbitrarily C!—close to
it. Such results often use C'' —perturbation methods to construct maps with homo-
clinic intersections obtaining, as a consequence of [2], a map with positive entropy

Received by the editors August 1, 2016, and, in revised form, April 11, 2017, May 31, 2017,
June 1, 2017, and January 18, 2018.

2010 Mathematics Subject Classification. Primary 37C85; Secondary 37C35, 37C99.

The author had the financial support of FAPESP process #2016/05384-0 and FAEPEX process
#2334/16.

(©2018 American Mathematical Society
4389


http://www.ams.org/proc/
http://www.ams.org/proc/
http://dx.doi.org/10.1090/proc/14101

4390 GABRIEL PONCE

C'—close to the original system. The solution of Palis’s conjecture by S. Cro-
visier [5] is an outstanding result which shows that every diffeomorphism which
is not in the closure of the set of Morse-Smale diffeomorphisms can be approx-
imated by diffeomorphisms with homoclinic intersections, and, consequently, the
set of C''—diffeomorphisms which have stably zero topological entropy is exactly
the closure of the set of Morse-Smale diffeomorphisms. In the light of the results for
the discrete case it is natural to ask whether we can take advantage of recurrence
properties of foliations to approximate certain foliations by foliations with positive
geometric entropy.

The main obstacle to obtain C”—perturbation results for diffeomorphisms is the
required control on the derivatives. For foliations we will see that the main obstacle
is not intrinsically related to the C"—Epstein topology only but to the topology
of the leaves itself. While in the diffeomorphisms case we can choose an open ball
around a point and perturb the function inside this ball, for the case of foliations
this procedure is not so easy, for after the perturbation of the leaves restricted to a
local chart there is no clear way to glue this perturbed part with the non-perturbed
one preserving the regularity. Here is where the concept of splitting charts plays a
central role. Roughly speaking we say that a foliation admits a family of splitting
charts (Definition B2)) if one can choose a family of local charts which cuts all the
leaves that cross the domains of all the local charts. On splitting charts it is possible
to cut the foliation, perturb it, and then paste it back to the non-perturbed part.

Our main theorem shows how to use recurrence to produce resilient leaves, which
is the analogue of homoclinic intersection for foliation theory.

Theorem A. Let L be a recurrent leaf of a codimension 1 C"—foliation F of a
three-dimensional Riemannian C"—manifold M. Assume that there exists a homo-
topically non-trivial loop 7 : [0,1] = L on L and a family of jointly splitting charts
D such that
(i) for any e > 0, there are 0 < s1 < s3 < 1 such that v(s1) and v(s2) belong
to distinct connected components of O.(Z)\ Z and

Y([s1,52]) € 0-(2)\ Z,

where Z :=J e Dom(¢p) N L and O, (Z) denotes the e—neighborhood of Z
in L;
(i)
Dom(¢) Ny #£ 0, for some ¢ € .

Then, for any neighborhood V of F in Fol{(M) endowed with the C"— Epstein
topology, there exists a C"—foliation G € V which has a resilient leaf. Consequently,
if M is compact F can be C"—approzimated by foliations with positive geometric
entropy.

In [11, Problem 9.11] S. Hurder addressed the question of whether the positive
geometric entropy is a generic property for C!—foliations. Theorem [Al provides
the first progress in this question by giving some explicit conditions under which
a C"—foliation can be C"—approximated by foliations with positive geometric en-

tropy.

Corollary B. There exists a smooth codimension-1 Riemannian foliation F on a
compact manifold M which can be C"—approximated by C"— foliations which have
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resilient leaves. In particular, there are smooth foliations with zero geometric en-
tropy which can be C"—approzimated by foliations with positive geometric entropy.

Theorem[Alis an application of a C”—perturbation procedure which we introduce
in Sectiondl The C"—perturbation procedure is interesting in its own right and, due
to its applicability, is actually more important than the conclusion of Theorem [Al
itself. Further applications of this C"—perturbation procedure to the study of
foliation dynamics will appear in a fortiori work of the author.

1.1. Structure of the paper. In Section 2] we recall some concepts of folia-
tions theory which are necessary for the development of our results, such as the
C"—Epstein topology, orbit of a point, recurrent leaves, and resilient leaves. In
Section B we introduce the concept of family of splitting charts, water slide func-
tions and present some examples. In Section @ we construct a C"—perturbation
technique using local perturbations (by water slide functions) on a chart belonging
to a family of splitting charts. Finally, in Section [bl we use the C”—perturbation
procedure of Section @ to prove Theorem [A] and Corollary [Bl

2. BASIC DEFINITIONS ON FOLIATION DYNAMICS

In this section we recall some definitions of foliation theory which are strictly
necessary to prove our results, such as the C"-Epstein topology, recurrence, and
resilence. For an introductory approach to foliations theory we refer the reader to
[BL4], and for a more general overview of foliation dynamics we refer the reader to
[12).

Let M be an m-manifold possibly with boundary and let F be a C"—foliation
on M (see [, Definition 1.1.18]). It is well known that the C"—foliated atlas
A = {U,, 9o }aeu of foliated charts defining F can be taken to be regular (see
[, Definition 1.2.11]) and such that ¢,(U,) = [0,1]™ C R™. Therefore in the
paper we will always take a foliated atlas to be of this type. Given a regular foli-
ated atlas A we will denote by I' 4 the holonomy pseudogroup associated to A (see
[, Section 2.2]). Let L be a leaf of a C"foliation F defined by a regular foliated
atlas A and denote by 7 a complete transversal of F (see [4, Section 2.2]). Given a
curve v : [0,1] = L let P = {P,,..., P;} be a plaque chain (i.e, each P; is a plaque
in a chart of A and P, N P;y1 # 0, 0 <4 < k — 1) which covers v in the following
sense: there exists a subdivision

O=tg<ti < <t =1

such that v([t;,t;11]) C P; for 0 < ¢ < k — 1. The holonomy hp : D — T defined
on an open set D C T will also be referred to as the holonomy along the curve
and will be denoted, further in this paper, by h,.

2.1. The C"-Epstein topology. We denote by Fol?(M) the space of codimension
g C"—foliations on a manifold M. In the space Fol?(M), Epstein [6] defined a
natural topology usually referred to as the C"—Epstein topology. The definition of
the C"—Epstein topology takes into account two axioms which should be satisfied
in order to say that the topology is “good enough” or “natural”. We will not recall
the definition the C"—Epstein topology here, but we will make use of the following
proposition from Epstein’s paper, which establishes a way to say when two foliations
are C"—close to each other on the C"—Epstein topology by comparing the holonomy
maps on a locally finite family of compact sets.
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Definition 2.1. A subset P C R™ is called a rectangular neighborhood if it is a
product of (open, closed, or semi-open) intervals.

Let G be a codimension ¢ C"—foliation of M given by a C"—foliated atlas C =
{n: : Vi = R™};cr. The maps g; : U; — R? defined by

gi = P2 O 1), ’LGI,

where ps : R™™4xR? — R™~9x RY denotes the projection on the last ¢ coordinates,
are called transversal projections of G (with respect to C).

Proposition 2.2 (Proposition 3.8 of [6]). Let F be a codimension ¢ C"—foliation of
a Riemannian manifold M. Let I be an indexing set and let A = {¢; : Uy = R"}ier
be a C"—foliated atlas for F. For each i € I, let K; C U; be a compact set and
suppose that:

(1) for each i the set ¢;(K;) is a rectangular neighborhood on R™;

(2) {K;} is a locally finite family of sets;

(3) M =;e; Int (k).
Then we obtain a neighborhood of F in the C"-Epstein topology by specifying a
family {8;}icr of positive numbers in the following way: we take all C"—foliations
G of M which have transversal projections g; : Int(K;) — R, such that for |a| <,

D) (g0 g7t —pa)| <8 on  Gi(Int(K)),

where « denotes the multi-indexes o = (e, ..., qp) with a; > 0 for all1 <i<n
with |a| = a1 + -+ + .

From now on we will always consider the space Foll(M) to be endowed with the
C"™—Epstein topology.

2.2. Orbits, recurrence, and resilient leaves. To study the dynamics of a
function is to study the behavior of orbits of points under the action of the given
function. For foliations the definition of orbit of a point is given by letting the group
of holonomies act over the point. The concepts of w-limit sets and recurrence for
discrete dynamical systems or flows have analogues in the theory of foliations, and,
as for the discrete case, they play an important role in understanding the dynamical
behavior of a foliation.

Definition 2.3. Let F be a C"—foliation on a Riemannian manifold M and denote
by T a complete transversal. For x € T
(1) The orbit of z is the set

Ox)=F(z)NT.

(2) The w-limit set of a point « € T is the relatively compact saturated subset

w(z) = N Ox)—ScT.
SCO(z),#S<o0
(3) The orbit O(z) is said to be recurrent if w(z) N O(z) # 0. In this case we
also say that F(xz) is a recurrent leaf and that z is a recurrent point.

A leaf L of a codimension 1 foliation F is said to be resilient if it captures itself
by a holonomy contraction. More precisely, a leaf L of a codimension 1 foliation F
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is said to be resilient if there exists a holonomy map f defined in a neighborhood
U C T of apoint x € LNT and another point y € L N U such that y # z,

f(z) =2, and f"(y)— z.

Entropy is one of the most important concepts in dynamical systems and has
many variations, such as metric entropy and topological entropy for example. These
two, metric and topological entropy, have been very effective in the classification
of chaotic behaviors of diffeomorphisms and flows, as well as in problems of deter-
mining the typical behavior of certain classes of dynamical systems. With the idea
of creating a similar dynamical invariant for pseudogroup C'—actions, E. Ghys,
R. Langevin, and P. Walczak [§] introduced the concept of geometric entropy for
pseudogroup C' —actions. Geometric entropy has been a very important dynamical
invariant in the theory of foliation dynamics. This invariant captures, in some sense,
the exponential complexity of the holonomies, taking into account the transverse
asymptotic behavior and the asymptotic growth of the leaf altogether. In what
follows we do not give the explicit definition of geometric entropy since it is not
needed in the paper, but instead we need the following result relating the existence
of resilient leaves with the positivity of the entropy.

Theorem 2.4 ([10]). If F is a codimension 1 C'—foliation of a compact connected
Riemannian manifold (M, g), then hg(F) > 0 if and only if F has a resilient leaf,
where hy(F) denotes the geometric entropy of F.

Theorem 2.4] was first proved for C%foliations by Ghys-Langevin-Walczak [§]
and later extended to C'-foliations by Hurder [10] using techniques from ergodic
theory and topological dynamics of flows. The reader may also find a discussion of
the proof given by Hurder in [I4], Section 4.6].

Remark 2.5. Given F a C"—foliation of a Riemannian manifold (M, g), the geo-
metric entropy hy(F) depends not only on the foliation but also on the given Rie-
mannian metric g. Although, if (M, F) is a compact C°° —foliated manifold it is
true that if the geometric entropy hgy(F) vanishes and g; is another Riemannian
metric on M, then hg, (F) also vanishes. That is, for compact C°°—foliated mani-
folds the positivity of the geometric entropy of a foliation F is independent of the
Riemannian metric chosen on M (see [4, Corollary 13.3.3]).

3. SPLITTING CHARTS

As remarked in the introduction, one of the main ideas of this paper is to work
with foliations which have some recurrent leaves and take advantage of the re-
currence property to “cut and paste” the leaves and produce a resilient leaf. In
particular we want to perturb leaves which are not compact. In a broad setting
this seems to be an unreasonable goal since there is no natural way to spread a
perturbation on a small ball of the manifold to the whole foliation. Although, if
we restrict our attention to foliations whose leaves can be cut open along a certain
codimension 1 compact submanifold (e.g., a leaf diffeomorphic to the strip R x (0,1)
or to the cylinder R x S! can be decomposed in two connected components by cut-
ting it open in the direction of the second coordinate), then we can hope to do a
local perturbation and spread it in the direction of the cutting. The definition of
family of splitting charts meets these requirements and allows us to do C"—local
perturbations of certain foliations in a similar way as we do for diffeomorphisms.
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In what follows, by a chain of foliated charts for a foliation F we mean a sequence
¢; : U — [0,1]™, 1 < ¢ < n, of foliated charts of F such that U; N U; 1 # ( for
every 1 =0,1,...,n— 1.

Definition 3.1. Let ¥ be a C"—Riemannian 2-manifold, and denote by O.(X) the
e- neighborhood of a subset X C ¥. We say that a C"—curve v : [0, 1] — X splits X
if it is simple (i.e., it has no self-intersection) and X\ O, (y([0, 1])) is not connected,
for any € > 0 sufficiently small.

Definition 3.2. Let M be an m-dimensional C"-manifold and let F be a codi-
mension g C"—foliation of M by surfaces (in particular ¢ = m — 2). We say that
a finite family of foliated charts {¢; : U; — [0,1]? x [0,1]7}1<;<, has the jointly
splitting property or that it is a family of jointly splitting charts if there exist a
compact 2-manifold with boundary ¥, endowed with a splitting curve ~, and a
C" —diffeomorphism

p: U 0T, — % x DY,

where D9 denotes the g-dimensional disk in R? which maps the foliation of U
induced by F to the foliation of ¥ x DY by the sets ¥ x {t}, t € D4, and such that
for each t € DY the curve p~1(y x {t}) splits the leaf L of F in which it is contained.

Remark 3.3. Observe that for any foliation F by surfaces of a given manifold M
we can find a finite family {¢; : U; — [0,1]"™;1 < i < n} of jointly splitting charts.
Indeed, let (1, U) be a foliated chart of a regular atlas of 7. Thus ¢(U) C [0,1]™ is
a rectangular neighborhood foliated by the sets 4(U)N ([0, 1]* x {c}), ¢ € RY, where
q = m — 2 is the codimension of F. This latter foliation of ¢/(U) clearly admits a
finite family of jointly splitting charts {ggl U — [0,1]}<i<n, U, C »(U), and
consequently taking the pullback by ¢ we obtain a family of jointly splitting charts
for F.

Example 1. Let ¢; be an irrational flow on T2. Let M = T? x [0,1] and define
F to be the foliation given by F(r,z) = {¢:(z) : t € R} x [0,1] for 0 < r < 1 and
x € T2, Observe that this foliation admits a finite family of jointly splitting charts
and has zero geometric entropy, for it is a Riemannian foliation (see [12] Section
16]) . Now, we consider C the cylinder given by

C =1[0,1] x {(y,z)e(o,1)2: (y—%)2+(z—%>2<1—16}.

Let 7 : [0,1]®> — T2 x [0,1] be the natural projection and take N := M \ C. In N
we take the foliation G given by G = F \ C. The foliation G is a C*°—Riemannian
minimal foliation such that every leaf has infinity genus.

Example 2. Consider the representation p : 71(T?) — Diff °(S') given by p(0) =
Id and p(1) = R,, (here we are implicitly using the fact that 71 (T?) = Z?) where
R, is an irrational rotation on S. In [0,1]% x ST let F be the foliation with leaves
{[0,1]2 x {0} }pesr- Let Lo = [0,1]2 x {6} be an arbitrary leaf of Fy and take

U :=1[1/3,1] x [1/3,2/3] x [0y — 8,00 + 6] C Lo,

Ug = ([0,2/3] U [5/6,1]) x [1/3,2/3] x [6p — 0,00 + 6] C Lo,
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with § small enough. Now, on the boundary of [0, 1]? x S! we define the following
two identifications:

(1) (x,y,0) ~ (2',y,0") if c =0,2" =1,y =y, and ' = p(0)(0) = 6;

(2) (z,y,0) ~ (2,y,0) if 2’ =x,y=0,y =1, and &' = p(1)(0) = R.(0).
Applying both identifications we obtain a smooth foliation F of T3, called the
suspension of the representation p, whose leaves are cylinders (i.e., every leaf is
homeomorphic to R x S'). Denote by Uy, Us the sets obtained by applying the
equivalent relations (1) and (2) to the sets U} and Ug respectively. Then, U; and
U, are domains of certain foliated charts (¢1,Ut), (¢2,Us) for F, and furthermore
U, U U, is smoothly diffeomorphic to ¥ x [0,1] where ¥ = {(x,y) € R? : 1/2 <
22 4+ y? < 1}. Therefore, {(¢1,U1), (d2,Usz)} is a family of jointly splitting charts.

Example 3. Let F be the Reeb foliation on the solid tori D? x S' and call L the
unique compact leaf of F (which is a two torus). In L we can take an essential loop
v such that the holonomy along ~ is trivial. It is easy to see that one may take a
family of jointly splitting charts covering ~.

Example 4. Let M be a three-dimensional Riemannian manifold and let F be
a codimension 1 C"—foliation of a compact Riemannian manifold M by compact
surfaces. By a classical result due to G. Hector [9] and to D. Epstein, K. Millet,
and D. Tischler [7] the set £ of leaves without holonomy is residual. Let L be any
leaf in £ and let v be an essential loop on L. Let {¢; : U; — [0,1]*}1<i<x be a
chain of foliated charts covering ([0, 1]). Since L is without holonomy, there exists
an open set U D ([0,1]), U C Uy U--- U Uy, such that U is C"—diffeomorphic to
a product of the form ¥ x [0, 1] where ¥ = L NU. Thus, by restricting the foliated
charts ¢; to U; N U we obtain a family of jointly splitting charts for F.

We close this section by defining water slide functions.

Definition 3.4. Consider the unit square [0,1]™ foliated by the submanifolds
[0,1]77 x {c}, ¢ € [0,1]9. Let P C [0,1]™ be a rectangular neighborhood and
let m;(P) = [0,1] for 1 < i < m —q. A C"—water slide function on P is a C"—
diffeomorphism ¢ : P — P satisfying:

(a) & fixes the first p-coordinates;

(b) for any c € [0, 1]7 there exists a unique d € [0, 1]7 such that

(3.1) p({1} x [0, ™79 x {e}) = {1} = [0,1]" 747" x {d};

(c) ¢ is equal to identity in a neighborhood of ({0} x [0,1]™~1) N P;
(d) D@ (p(z) —1d) =0 for |a| <7 and z € ({1} x [0,1]™" 1) N P.

For the sake of simplicity, when (Bl occurs we say that the water slide function
¢ slides from the height ¢ to the height d. Given any two points a,b € [0, 1]™,
if BI) is true for ¢ = 7(a) and d = 77(b) where 7?7 : R™ — R is the projection
on the last g-coordinates, then we also say that the water slide function ¢ slides
from the a-height to the b-height.

4. THE C"-PERTURBATION PROCEDURE

By the definition of the C"—Epstein topology one can make use of the first axiom
of Epstein [6] to C"—perturb a foliation on the space Fol!(M); that is, if we take any
C"—diffeomorphism j which is C"—close to Id, then j(F) is a C"—foliation which is
C"—close to F. However, this kind of perturbation does not fit our purposes since
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it essentially preserves all the characteristics of the leaves; in particular it preserves
resilient (resp. non-resilient) leaves. We now describe how on a family of splitting
charts we can use water slide functions to C"—perturb the given foliation.

From now on let F be a codimension ¢, ¢ = m — 2, C"—foliation of an m-
dimensional Riemannian manifold M, 1 < r < oo, and let

e V C Fol!(M) be a neighborhood of F;

o n={n: W;—[0,1]? x [0,1]9}1<;<n be a family of jointly splitting charts;

o W=, W,
In what follows we will use a C"—water slide function ¢ : [0, 1]% x [0,1]¢ — [0,1]? x
[0,1]?, whose construction depends on V, to construct a C"—foliation G C V whose
charts restricted to U are basically the restricted charts of f perturbed by the water
slide function.

In the next proposition we prove that the family of jointly splitting charts can
always be reduced to a family of jointly splitting charts with only one or two foliated
charts. Moreover, the construction of these charts is such that they are subfoliated
by a codimension (¢ + 1) C"—foliation Q, whose leaves are fully inside a given
plaque chain, and a g-dimensional foliation 7 whose leaves are transverse to the
plaques of F.

Proposition 4.1. There exists a family of jointly splitting charts ® := {¢; : U; —
[0, 1] b i<i<n with U; C W, n € {1,2}, and C"—foliations Q and T of U = U; UU,
such that
(1) Q is a codimension (q+1) foliation of U and, for eachu € U, Q(u) C F(u);
(2) 7 is a q-dimensional foliation of U such that T(u) is transverse to F(u) for
every u € U.

Proof. As in Definition B2 let W be diffeomorphic to ¥ x D? and let v be a splitting
curve of X.

First case: y(0) # v(1). Let (¢,U) be a foliated chart of F such that ([0,1]) C
U ¢ W. The C"—foliation Q of U given by the leaves {¢~1([0,1] x {c})}eefo1ja+1
is a codimension (¢ + 1) C"—foliation satisfying (1). Finally, let 7 be the foliation
given by {¢~ ({d} x [0,1]9)}aepo,1)2- As 7T satisfies (2) the proof is finished for this
case.

Second case: v(0) = ~(1). We can assume y(0) € P;. Let to € (0,1] be such
that v(t) € Py for every to <t <1 and let (¢1,U;) be a foliated chart of F such
that v([0,%0]) € Uy € W. Since we can take U; arbitrarily thin, by a change of
coordinates if necessary, we can assume that ¢; ({0} x [0,1]9), 71 := ¢; ({1} x
[0,1]9) € W;. Consider the C"—foliation Q of Uy given by the leaves {o7([0,1] x
{c})}ce[o,l]‘Hl-

Let 7o := ¢ ({0} x [0,1]9) and 7 := &7 ({1} x [0,1]9). Observe that the
foliation @ naturally induces a C"—function h : 79 — 71, T — @(m) N 7. Now, we
restrict our attention to the foliated chart (11, W1). In Wi consider the C"—flow @
given by

Pr(x) = n (- (B (@) + (1= 1) - m ().

Observe that 3;(h(z)) = ; thus & (1) = 7. Similarly, we can define on W a
C"—flow & given by

gi(z) = ¢1 ' (1 —1) - ¢1(2) +t - ¢1(h(2))).
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For ¢ we have 71(79) = 71. Now, by taking smooth bumping functions pg, p; on
neighborhoods of 79 and 7 respectlvely, with po|ro = Id and py|m; = Id, we can
take a C"—flow ¢ defined on W U ©([0,1] x 71) such that ¢ is equal to @ out of W
and is equal to & in W. Finally, we define Q as the foliation whose leaves are the
sets Q(z) U([0,1] x (Q(x) N1)). The second foliated chart (¢o,Us) is obtained
by taking Us := Wa N (Ul U <p([0, 1] X Tl)).

The foliation 7 is defined similarly. We define 7(z) := ¢~ ({d} x [0, 1]9) for each
z €W and for z € P, \ W we define 7(z) = ¢;(70), 0§ <1 O

From now on we will work with the family of jointly splitting charts given by
Proposition [£11

Let V; denote the set of plaques of U;, 1 <14 < 2. Observe that by the construc-
tion made in the proof of Proposition £.I] we have

hUle (Vl) = V2 and hU,‘,U1 (‘/2) = V1
Let V := Vi3 U V. Assume that V is given by the family of foliated charts {¢p; :
X; — [0,1]™};en, a locally finite family of compact sets {K) C X)}rea satisfying
properties (1) — (3) from Proposition 2:2] and a set of real numbers {0;};ca. Since
{K;};en is locally finite, for each p € U we can take an open set K(p) > p such
that K (p) intersects at most a finite number of sets K;. Since U is compact, we
can cover U with a finite number of sets K(p), p € U, and consequently only a
finite number of sets K intersect U. Let K,,..., Ky, be such sets. For simplicity
we will sometimes denote K, by K;, 1 <i<1. Let I?j, 1 < j <1, be the smallest
compact set such that K; C f(vj and f(v] cross completely the set U; that is, for
i € {1,2} the set ¢1(V NK; ;) C [0,1]™, 1 < j <, is a rectangular neighborhood

with 1 (¢3(V N K; ;) = [0, 1]. Consequently, the intersection of ¢;(V N K; ;) with the
sides {0}2 x [0, 1]‘1 and {1}2 x [0, 1]? are non-degenerate rectangular nelghborhoods.

4.1. The subordinated partition. For each 1 < j <, denote by x; the “plaque
saturation” of K; NV inside V, that is,

Kj 1= U hu,u,({Q - Q is a plaque of V; with Q N K; # 0}).
i,7€{1,2}

Now consider P the joining of the partitions {x;; V' \ k;} :

l
Pe= N\{rjiV\ ks
j=1
that is, P is the partition of V' by sets of the form By N --- N B; where, for each
1<j <l Bj =&jor Bj =V\kj;. Observe that we have constructed a finite
partition P of V' with the following properties:

e for each P € P, ¢;(P NV;) is a rectangular neighborhood of the form

m

&i(P Vi) = [0,1)7 x | [Tlas bl | ;

i=q

e for P, € P with P # Q, either ¢;(PN Q) =0 or ¢;(PNQ) = [0,1]>x{A},
for some A € [0,1]9, and is in the boundary of ¢;(P N Q).
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Let p: U — ¥ x D? be a C"—diffeomorphism and let £ > 0 be small enough so
that X\ O.(7([0,1])) is not a connected set. Consider the foliated charts (¢, Uy),
(¢h2, Us) constructed in Proposition @Iland denote by ¢, : U; — [0,1]™, i = 1,2, the
extension of ¢; to the boundary of U;. We know that S; := a_l({j}2 x [0,1]79) U

@_1({1'}2 x [0,1]7) is a connected set for j = 0,1. Thus, given any plaque chain
Py, P, in U; UU, we can consider 01131’132 and 012317132 the connected components of
(PLUP) \ p~1(O(7([0,1]) x {d})), where d = 73 o p(z) for any z € P, U P,, which
contain S; N (Py U Py) and S N (P U Py) respectively. Let

07 = JO0% p,, 7=0.1,

where the union is over all the plaque chains Py, P, in U; U Us. Observe that by
eventually decreasing the set of numbers §; we may assume that for any 1 < i </,
K; never intersects O! and O? simultaneously.

4.2. The perturbation. We proceed to the construction of the perturbation pro-
cedure. The first step towards the construction of the perturbation is to perturb
the plaques inside V;. After this we will extend the perturbed plaques to perturb
plaques on Vs, and then to each K; intersecting U.

Step 1. Perturbing the plaques of V;.

Given the partition P = {Py,..., Ps} of V as above, let &1, ...,&s be C"—water
slide functions defined on ¢1(P; NV7),...,01(Ps N Vi) respectively. In particular,
by items (a) and (b) of Definition B4l and by the construction of the foliations Q
and 7 (see Proposition ]) we have that

e £ (01(Q(x) N P;NUy)) is fully inside a plaque of V;, for any = € V;;
o {(p1(1(x))) C 7(x), for every z € P,N Uy,
for every 1 <i <'s. Let £ : [0,1]™ — [0,1]™ be defined by {(x) = {(,)(x) where
x € Prp)NVi. Then £ is a C"—water slide function and £ can be taken arbitrarily
C"—close to identity by taking the £;’s arbitrarily C"—close to identity. Now define
Y1: V1 — Vi by
Y1 =1 0fody.

Step 2. Extending the perturbation to the plaques of V5.
Given any plaque P» of V5, there exists one, and only one, plaque P; on V; such
that Py N Py # (). Now, for p € P, we take

P2(p) = F (1 (Qp) N P1)) N 7(p).

Since the foliations @ and 7 are C"—foliations of U, this defines a C"—function
e : Vo = Vo, Also, since 19|Vy N Vo = 41|V NV, we have defined a C"—function
¥ : U — U such that |V} := 91 and ¢|Vs := 1. Also observe that ¢ can be taken
arbitrarily C"—close to identity by taking ¢ sufficiently close to identity.

Step 3. Extending v to the family of sets {K;}ien.-
As we remarked in the last paragraph of subsection Il we can assume that the

K;’s have the property that each of them cannot simultaneously intersect O! and
02. Let 1 < i < be fixed.

(i) If K; N O # 0 we define ¢k, : K; — K; as
Vi, (p) = p for p € K; \ U and ¢k, (p) = ¢(p) for pe UN K;.
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(i) Assume K; N O? # 0. For p € K; \ U we define ¢k, (p) =p. f pe UNK;
consider {Q1(p), Q2(p)} to be the chain of plaques on U, with Q;(p) € U;,
j = 1,2, such that the water slide function £ slides from the ¢1(Q1(p))-
height to the ¢1(Q(p) N Uy)-height. Then we define

VY, (p) = ¥ (n(p)),

where i : K; NU — K; is the function p — 7(p) N (Q1(p) U Q2(p)).

(iii) If K; NU = 0 we define ¢, = Id.

(iv) If K; C U and K; N (O UO?) = (), then we define vk, = 9| K.

If A € A is such that A ¢ {\,..., A}, then we define )5, = Id. By the
construction observe that, for each A € A, 9k, is arbitrarily C"—close to identity
if ¢ is chosen sufficiently close to identity. Therefore, if £ is sufficiently C"—close
to identity, then each ¥ g, is also as C"—close to identity as we want.

The last step consists of defining the perturbed codimension ¢ foliation G which
is C"—close to the original foliation F. As is well known, this can be done by
defining a coherent system of local charts, that is, an atlas of local charts Q0 with
the property that whenever P and @ are plaques in distinct charts of 2 then PNQ
is open in P and open in Q. Equivalently, a foliated atlas Q = {(Ua, pq) : @ € A}
of a codimension ¢ foliation F is coherent if, for any U, N Ug # 0, the change of
coordinates gag := @q © gogl 1 0(Ua NUg) = ¢a(Us NUg) is of the form

9o (2,y) = (91(2,9), 92(¥)),
where z € R™ 9, y € RY, (z,y) € pg(Us NUgs) (see [, Section 1.2] for a proof of

this equivalence).

Step 4. We finally define a new system of local charts wy : int(K,) — (0,1)™,
A € A, by taking wy := @) 0 1/);&, which is a C"—function. Observe that the atlas
Q= {(int(Kx),wxr) : A € A} is coherent. Indeed, let w;,w; € Q, 4,j € A, with
Int(Ki) N IIlt(Kj) #* 0.
o If Int(K;) NInt(K;) C UC, then w; o w;1| Int(K;) NInt(K;) = Id.
o If int(Kj;),int(K;) C U, then ¢, = ¥|K;, ¥k, = ¥|K;, and we have
w; © wj_l\ Int(K;) NInt(K;) = ¢; o <pj_1| Int(K;) N Int(K).

o If K;NOY # P and K;NOY # (), for v =1 or v = 2, then wiowj_1|1nt(Ki)ﬁ
Int(K;) = p; 0 @; | Int(K;) N Int(K).

e If one of the sets int(Kj;), int(K;) is inside U and the other is not contained
in U, then we can assume int(K;) C U and int(K;) ¢ U. In this case
Vg, = ¥|K; and either ¢k, |(K; NU) = ¢[(K; NU) if K; NO' # 0 or
Vi, |(K;NU) =yon|(K;NU) if K;NO? # 0. 1f K; N O # 0, then

w; w;l\ Int(FK;) NInt(K;) = ¢; o ‘P;1| Int(K;) NInt(K;).
If K; N O?% # (), then
w; ow; | Int(K;) NInt(K;) = ¢; ono ¢y | Int(K;) N Int(K;).

o If K,NOY# 0, K;NO? # ( (the case K; NO' #£ 0, K; N O? # () uses the
same argument) we have

Int(K;) NInt(K;) C U\ (O*UO?).
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By the definitions we have w;| Int(K;)NInt(K;) = p;01p~ 1| Int (K;)NInt (K ;)
and w;| Int(K;) NInt(K;) = ¢; o w}_{j =@jon~toy~t Thus

w; o o.)]71| Int(K;) NInt(K;) = pjono cp;l| Int(K;) NInt(K;).

In the first three cases it is trivial that w; o wj_l is of the form (z,y) —
(ha(x,y), ha(y)), (z,y) € (0,1)%x(0,1)9 since <piog0j_1 is of such form. On the fourth
and fifth items observe that the function 77 maps plaques of K to plaques of K in
the sense that, if p, z € K; NU belong to the same plaque, then n(p),n(z) € K; NU
also belong to the same plaque. In particular ¢; o nlo 30;1 is also of the form

(xay) = (hl(x,y)a hQ(y))a ((E,y) € (0, 1)2 X (Oa 1)(1, which 1mphes that
w; © wj_1| Int(K;) NInt(K;) = [p; 0 gaj_l] ofpjono gaj_l]\ Int(K;) N Int(K)
has the desired form.

Lemma 4.2. The C"—foliation G given by the coherent C"—atlas Q= {(int (K;),w;):
i€A}isinV.
Proof. Indeed, for i € A, ¢ ¢ {Ay,..., N}, there is nothing to do since w; = ;.

Take i € {\1,..., A/} and take g; : Int(U;) — R? a transversal projection of G, that
is, g; = p2 o w;. Thus for any multi-index o with |«| < r we have

1D (pg 0 wi0 @it = p2)| = |D (p3 0050t 0 077t = pa).
As remarked for the construction of the functions 1k, we can guarantee that ¥,

is C"—close to identity by taking £ sufficiently C"—close to identity. Therefore, we
can take £ sufficiently C"—close to identity so that

\D(a)(gai o wi}l o <pi_1 — Id)| < min{dx,,...,0x,}
:>|D(a)(P2°WiOSO;1_P2)‘<5ia fOI'iE{)\l,...,Al},
which implies that G € V as we wanted to show. |

Remark 4.3. We remark that the C"—perturbation procedure just described does
not apply for r = oo; that is, if » = oo the procedure just described will not
necessarily generate a C'°°—foliation G which is C*°—close to the previously given
foliation. Indeed, if £ is C'°°—close to identity, then the derivatives of all orders are
uniformly bounded and, consequently, £ is an analytic function. But then, condition
(¢) from Definition B4 would imply that £ is actually the identity function.

5. CREATING A RESILIENT LEAF
In order to prove Theorem [Al we will need the following simple auxiliary lemma.

Lemma 5.1. Let I = [0,1] and let £ : I — I be a C"—function which is C"—close
to identity and such that £(tg) = to for a certain to € (0,1). Then we can define a
C"—water slide function & : [0,1]™ = [0,1]™~! x I — [0,1]™ which is C"—close to
identity and such that

(i) mo& =&, where 7 :[0,1]™ — I is the projection on the last coordinate;

(ii) mjo& =1Id where1 <j<m-—1;

(iii) given ¢ € [0,1]™7Y, a € I, € slides from the (c,a)-height to the (c,&(a))-

height;
(iv) €1([0, 2] x {to}) = 1d.
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Proof. Let L:[-2,2] — [—2,2] be a smooth function satisfying

e for ¢ in a neighborhood of 0 we have L(t) = 1;
e there exists ¢; < 2 such that L(t) = 0 for every t; <t < 2.

Let & : [0,1]2 — [0,1]? be defined by
&o(t,x) = (t, L(t)x + (1 — L(t))€(x)).

Since L is a smooth function, the j-th derivative of L is uniformly bounded. Then,
by taking & close enough to Id on the C"—topology we have that &, is C"—close
to Id. Note that &y(t,to) = (t, L(t)to + (1 — L(t))&(tg)) = (t,to) for every t € [0, 1].
Finally, the desired water slide function is given by ¢ : [0,1]™ = [0,1]™~2 x [0, 1] x
I—[0,1]™:
E(e,t,x) = (¢, &(t, ).

As & is as close as we want to Id on the C"—topology, then £ can be taken to be
arbitrarily C"—close to Id. (]

Proof of Theorem [Al Let V be any C"—neighborhood of F. Let ® = {¢; : B; —
R™};ca be a family of jointly splitting charts. By Proposition 1] we can assume
that this system has only two charts (¢1,U;) and (¢2, Us). We can assume without
loss of generality that v([0,1]) N Uy # (. Now, as done in Section Hl call P =
{P,..., P} the partition of U; UU; obtained by taking the intersections of Uy UUs
with the locally finite family of compact sets {K;} described by V.

Take a € v([0,1]) N U;. Again there is no loss of generality in assuming that
a = v(0). By increasing the compact sets {K;} if necessary we can assume that for
acertain 1 < w < s we have a € Int(P,,). Let 7, be a transversal passing through a,
that is, a € T, := ¢7 ([0, 1]~ x {¢}) C U, for some ¢ € [0,1]. By the definition of
the partition P we know that ¢ (P, N Uy) is a rectangular neighborhood in [0, 1]™,
say

m
¢1(PyNUY) = [Jlea, B, 1<ai<pi<1, for1<i<m.
=1
Let %1 61(Py N01) — [0,1] be given by R(w,...,zm) = (255, 2u=te )

and denote by j : ¢1(T, N Py,) — [0, 1] the function j := m, o K. On ¢1(7, N Py)
we take p the distance obtained by pulling back through j the standard distance on
[0,1]. Given two points ¢,d € ¢1(T, N P,,) we will say that ¢ is higher than d if

ple, p1(a)) = p(e,d) + p(d, ¢1(a)),

and we say that a point x € T,NP,, is between two points z,w € T, NP, if the point
i(¢1(x)) is inside the interval with extremes j(¢1(2)) and j(¢1(w)). To simplify the
notation we will also denote max(x,y) := max(j(¢1(z)),i(¢1(y))), 2,y € Ta N Py

Let f be the holonomy along the loop v, that is, f = hy : D — T where D C T
is an open set on the complete transversal 7. The holonomy f naturally induces a
function f, : D(a) = Tg, from an open set D, C T, with v(0) = a € D, to T, by
taking

f(2]) = [fa(2)], = €T,

where [z] € T denotes the element in 7 given by the plaque of x. More precisely,
to define [z] we are implicitly using the fact that a complete transversal T is a
disjoint union of spaces of plaques Ty := U/(F|U) of the foliated charts of F



4402 GABRIEL PONCE

(where U varies among the domains of the foliated charts). Therefore a point in 7
is identified uniquely with a plaque of the atlas (see [14] Definition 1.3.4]).

Denote J = T,NInt(P,,). We construct a sequence of points (by, ), in J as follows.
Take by # a to be a point in J and close enough to a so that a; := f(b1) € J.
Now, by the continuity of f we can choose by between a and max{b;,a;} such
that ag := f(b2) is still between a; and a. Having chosen b1, bs, ..., b,_1, again by
continuity of f we can pick b,, between a and max{b,,_1, a,,—1} such that a,, := f(b,)
is still between a,,_1 and a.

Denote a' :=j(¢1(a)), b, :=j(¢1(bn)), al, :=j(é1(an)). Let g := max(a}, b)) and

take ¢o € [0, 1] such that < ¢o. Consider the function & : [0,1] — [0, 1] given by:
e for each i we define &,(b)) := a’;
o {y(x) =z for every x € [0,1] with z < a’ or = > go;
e { is linear on the intervals [g, go] and [bj,b; ], i > 1.

Applying Lemma 51 to &, we can define a C"—water slide function ¢ : [0,1]™ —
[0, 1] such that € slides from the (c, b})-height to the (¢, a})-height and ([0, 1]™ " x
{a’}) = Id. Finally, we define a C"—water slide function & : ¢ (P, N U1) —
¢1(P, NU,) by taking £ := R 1ofoR.

Furthermore, by taking b; close enough to a we have that £ is C” —close to identity
and consequently & is as C"—close to identity as we want. Let &; : ¢1(P; N Uy) —
¢1(P; N Uy) be the identity function for all j with 1 < j <s, j # w, and define

§(2) = &1 (2),

where x € Pr;) NUs.

Applying the C"—perturbation procedure described in Section Ml and using the
function £ constructed above, we obtain a C"—foliation G € V. Let g be the
holonomy induced by f after the perturbation procedure. More precisely, by item
(i) from the statement of Theorem [A] in a sufficiently small neighborhood U’ C T
of a we can take the holonomy g : U’ C T — T given by

9([z]) = [0 fu(z)], forall z € Dy,

where ¢ : U — U is defined following the construction in subsection and
U ={[z] : z € Ty} Then,

9([bu]) = [0 fa(bn)] = [67" 0 &((an))] = [0 (6(bus1))] = [busr],  Vn.

In particular by # a and ¢™([b1]) — [a], showing that the leaf of G which contains
a is resilient. g

Proof of Corollary [Bl. Apply Theorem [Al to the foliation given in Example[Il O

6. FINAL CONSIDERATIONS AND PROBLEMS

We say that a foliation F € Foll(M), where (M, g) is a C"—Riemannian man-
ifold, has C"—robustly zero geometric entropy if there exists a neighborhood ¥V C
Foll(M) of F in the C"—Epstein topology such that for every G € V we have
hy(G) = 0.

If we assume M to be a compact smooth Riemannian manifold, our results show
that under the hypothesis of Theorem [Al one may use recurrence to approximate a
given foliation JF by foliations with positive geometric entropy. Then, Theorem [Al
provides an obstruction for a foliation to have C” —robustly zero geometric entropy.
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A natural question that rises in this context, and which was previously addressed
by Hurder in the C! context [11, Problem 9.11]), is:

Problem 1. Give examples (if there are any) of C"—foliations F € Foll(M), r > 1,
of a compact Riemannian manifold M which have C"—robustly zero geometric
entropy.

As remarked in the introduction, it was proved by Crovisier [5] that the set
of C'—diffeomorphisms which have robustly zero topological entropy is exactly
the closure of the set of Morse-Smale diffeomorphisms. Can we obtain a similar
classification for foliations?

Problem 2. Classify the set of all foliations F € Fol{(M) with C'—robustly zero
geometric entropy where M is a compact Riemannian manifold.

ACKNOWLEDGMENT

The author expresses his hearty gratitude to the anonymous referee who helped
to improve considerably the redaction of the paper. The author also thanks Régis
Varao for useful conversations on the subject.

REFERENCES

[1] Rufus Bowen, Entropy for group endomorphisms and homogeneous spaces, Trans. Amer.
Math. Soc. 153 (1971), 401-414. MR0274707

[2] Keith Burns and Howard Weiss, A geometric criterion for positive topological entropy, Comm.
Math. Phys. 172 (1995), no. 1, 95-118. MR1346373

[3] César Camacho and Alcides Lins Neto, Geometric theory of foliations, translated from the
Portuguese by Sue E. Goodman, Birkhduser Boston, Inc., Boston, MA, 1985. MR&824240

[4] Alberto Candel and Lawrence Conlon, Foliations. I, Graduate Studies in Mathematics,
vol. 23, American Mathematical Society, Providence, RI, 2000. MR1732868

[5] Sylvain Crovisier, Birth of homoclinic intersections: a model for the central dynamics of
partially hyperbolic systems (English, with English and French summaries), Ann. of Math.
(2) 172 (2010), no. 3, 1641-1677. MR2726096

[6] D. B. A. Epstein, A topology for the space of foliations, Geometry and topology (Proc. III
Latin Amer. School of Math., Inst. Mat. Pura Aplicada CNPq, Rio de Janeiro, 1976), Lecture
Notes in Math., Vol. 597, Springer, Berlin, 1977, pp. 132-150. MR0501006

[7] D. B. A. Epstein, K. C. Millett, and D. Tischler, Leaves without holonomy, J. London Math.
Soc. (2) 16 (1977), no. 3, 548-552. MR0464259

[8] E. Ghys, R. Langevin, and P. Walczak, Entropie géométrique des feuilletages (French), Acta
Math. 160 (1988), no. 1-2, 105-142. MR926526

[9] Gilbert Hector, Feuilletages en cylindres (French), Geometry and topology (Proc. III Latin
Amer. School of Math., Inst. Mat. Pura Aplicada CNPq, Rio de Janeiro, 1976), Lecture Notes
in Math., Vol. 597, Springer, Berlin, 1977, pp. 252-270. MR0451260

[10] S. Hurder, Entropy and dynamics of C' foliations, preprint, available from http://
homepages.math.uic.edu/~hurder/publications.html, 2000.

[11] Steven Hurder, Dynamics and the Godbillon-Vey class: a history and survey, Foliations:
geometry and dynamics (Warsaw, 2000), World Sci. Publ., River Edge, NJ, 2002, pp. 29-60.
MR1882764

[12] Steven Hurder, Classifying foliations, Foliations, geometry, and topology, Contemp. Math.,
vol. 498, Amer. Math. Soc., Providence, RI, 2009, pp. 1-65. MR2664589

[13] S. Smale, Differentiable dynamical systems, Bull. Amer. Math. Soc. 73 (1967), 747-817.
MR0228014


http://www.ams.org/mathscinet-getitem?mr=0274707
http://www.ams.org/mathscinet-getitem?mr=1346373
http://www.ams.org/mathscinet-getitem?mr=824240
http://www.ams.org/mathscinet-getitem?mr=1732868
http://www.ams.org/mathscinet-getitem?mr=2726096
http://www.ams.org/mathscinet-getitem?mr=0501006
http://www.ams.org/mathscinet-getitem?mr=0464259
http://www.ams.org/mathscinet-getitem?mr=926526
http://www.ams.org/mathscinet-getitem?mr=0451260
http://homepages.math.uic.edu/~hurder/publications.html
http://homepages.math.uic.edu/~hurder/publications.html
http://www.ams.org/mathscinet-getitem?mr=1882764
http://www.ams.org/mathscinet-getitem?mr=2664589
http://www.ams.org/mathscinet-getitem?mr=0228014

4404 GABRIEL PONCE

[14] Pawel Walczak, Dynamics of foliations, groups and pseudogroups, Instytut Matematyczny
Polskiej Akademii Nauk. Monografie Matematyczne (New Series) [Mathematics Institute of
the Polish Academy of Sciences. Mathematical Monographs (New Series)], vol. 64, Birkhauser
Verlag, Basel, 2004. MR2056374

DEPARTAMENTO DE MATEMATICA, IMECC-UNICAMP CAMPINAS-SP, BRAZIL 13803-859
Email address: gaponce@ime.unicamp.br


http://www.ams.org/mathscinet-getitem?mr=2056374

	1. Introduction
	1.1. Structure of the paper

	2. Basic definitions on foliation dynamics
	2.1. The 𝐶^{𝑟}–Epstein topology
	2.2. Orbits, recurrence, and resilient leaves

	3. Splitting charts
	4. The 𝐶^{𝑟}–perturbation procedure
	4.1. The subordinated partition
	4.2. The perturbation

	5. Creating a resilient leaf
	6. Final considerations and problems
	Acknowledgment
	References

