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LOCALLY CONFORMALLY FLAT MANIFOLDS
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(Communicated by Guofang Wei)

ABSTRACT. Let (M™,g) be an n-dimensional (n > 4) compact locally confor-
mally flat Riemannian manifold with constant scalar curvature and constant
squared norm of Ricci curvature. Applying the moving frame method, we
prove that such a Riemannian manifold does not exist if its Ricci curvature
tensor has three distinct eigenvalues.

1. INTRODUCTION

Let (M™,g) be a compact locally conformally flat Riemannian manifold. Let
R denote the scalar curvature and let S denote the squared norm of the Ricci
curvature tensor of M™.

Yamabe, Trudinger, Aubin, and Schoen (see [I], [12], [14], and [I7]) proved the
following: any compact Riemannian manifold can be deformed into a Riemannian
manifold with constant scalar curvature by a conformal transformation. In [7], S. I.
Goldberg established that every complete conformally flat Riemannian manifold
M™ with positive constant scalar curvature R is a space form if the squared norm
S of the Ricci curvature tensor of M™ satisfies the inequality

2

R
sup S < T
n—

We should remark that the condition of R being positive is essential in the proof of
Goldberg’s Theorem. In [I3], Schoen and Yau investigated the global properties of
the locally conformally flat Riemannian manifolds by using the Yamabe equation.

There are many results about compact locally conformally flat Riemannian man-
ifolds with constant scalar curvature in the literature. The following theorem is well
known.

Theorem A (cf. Tani [I5], Wegner [16], and Cheng [B]). Let (M™, g) be a compact
locally conformally flat Riemannian manifolds with constant scalar curvature. If
the Ricci tensor is semi-positive definite, then (M™, g) is either a space form or the
Riemannian product M}~ *(c) x N', ¢ >0, where M"~' is a space form.
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The following problem is interesting:

Problem 1.1. Whether there exists an n-dimensional (n > 3) compact locally
conformally flat Riemannian manifold M™ with the following conditions:

(1) constant scalar curvature,
(2) constant squared norm of the Ricci curvature tensor,
(3) the Ricci curvature tensor has three distinct eigenvalues everywhere.

In [3], Q.-M. Cheng, S. Ishikawa, and K. Shiohama gave an affirmative answer
for Problem [[.T] when n = 3 by proving the following theorem:

Theorem B ([3]). There exists no 3-dimensional compact locally conformally flat
Riemannian manifold if scalar curvature R and squared norm S of the Ricci cur-
vature tensor are constants and the Ricci curvature tensor has three distinct eigen-
values.

Remark 1.2. In fact, in [3], Cheng-Ishikawa-Shiohama also proved that if M3 is a 3-
dimensional complete locally conformally flat Riemannian manifold with constant
nonnegative scalar curvature and constant squared norm of the Ricci curvature
tensor, then M? is either isometric to a space form or the Riemannian product
M#Z(c)x N', ¢ > 0. And in [4], Cheng-Ishikawa-Shiohama proved that there exists
no complete locally conformally flat 3-dimensional Riemannian manifolds with neg-
ative constant scalar curvature R and Ricci curvature tensor with constant squared

. . 2 2 2 2
norm S satisfying 2= + (5)? - 28 < § < £ 4 (35)2. £

In this paper, we give an affirmative answer for Problem [[.T] when n > 4 by
proving the following Main Theorem:

Main Theorem. There exists no n-dimensional (n > 4) compact locally confor-
mally flat Riemannian manifold if scalar curvature R and squared morm S of the
Ricci curvature tensor are constants and the Ricci curvature tensor has three dis-
tinct eigenvalues.

Remark 1.3. We note that Z.Q. Li [T1] and S. Chang [2] proved independently that
a compact hypersurface M (n > 4) with constant mean curvature H and constant
scalar curvature R in S"*! is isoparametric if the hypersurface has three distinct
principal curvatures everywhere.

The organization of the paper is as follows. In section 2, we collects some facts
about locally conformally flat Riemannian manifolds with constant scalar curva-
ture. In section 3, we will prove two key propositions by studying the structure of
compact locally conformally flat manifolds with constant scalar curvature and Ricci
curvature tensor with three distinct eigenvalues. In section 4, we give the proof of
the Main Theorem.

2. PRELIMINARIES

Let (M™,g) (n > 4) be an n-dimensional Riemannian manifold. We choose a

local orthonormal frame ey, ..., e, adapted to the Riemannian metric of (M™,g),
with w1, ...,w, as dual coframe. Then the structure equations of M™ are given by
(2.1) dw; = Zwij A Wwj, Wij = —Wjs,

J

1
(22) dwij = ;wik Nwgj — 5 ; Rijklwk A wy,
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where w;; is the Levi-Civita connection form and R;jx; are the components of the
Riemannian curvature tensor of (M™,g). Let Wijri denote the components of the
Weyl curvature tensor of (M™,g). We have

1
Wijke = Riju — m(Rikgjl — Rugjr + Rjgit — Rjrgi)
(n — 1)(” — 2) 9ikdji 9ilgjk ),

where R;; = Zkl Rirjigr are components of the Ricci curvature tensor and R :=
Zij R;jgi; is the scalar curvature of M™. The Schouten tensor A;; is a symmetric
(0,2)-tensor, defined by

1 R
(2.3) Aij = i(Rij - m&j)-

n
Then, we can express the Riemannian curvature tensor of a locally conformally flat
Riemannian manifold by

(2.4) Rijki = Aikdji — Audjn + Ajidi — Ajrbi.

Denote by V the covariant derivation on (M™, g) and write, e.g., R;j x = Vi Rij,
Rijwi = ViViRij, Aijr = ViiAij, Aij = ViViA;;, and so on.

Since M™ is locally conformally flat and n > 4, it is well-known that A;; is a
Codazzi tensor, that is (see [§]),
(25) Aij,k = Aik,j-
For an arbitrary (0, 2)-tensor T we have the following Ricci identities:
(2.6) Tijit = Tijak = Y Tnj Rmikt + D Tom Rk

m m

If M™ (n > 4) is a locally conformally flat Riemannian manifold with constant
scalar curvature R and constant squared norm S of the Ricci curvature tensor, by
use of ([24) and (2.6) we have the following well-known calculation (see [3], [§]):

1
(27) 5AS = Y Ri,+) RyAR;

1,5,k ,J
= D Rkt RijRij
1,5,k 1,5,k
- Z Rich + Z Rzg (Rzk,k] + RmkRmz]k + Rszmk]k)
1,5,k i,5,k,m
= Z Rlsz(} + Z RinmkRmijk + Z Rinimij
4,5,k i,3,k,m i,j,m
1 2n —1 R3
= Z;Rmk T Q(HECRzJngRm — RS + — 1).
%75 7,

Combining ([Z7) with (23], we have the following proposition, which will be
used in the proof of Proposition Bl

Proposition 2.1. Let M™ (n > 4) be an n-dimensional locally conformally flat
Riemannian manifold with constant scalar curvature R and constant squared norm
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S of the Ricci curvature tensor. We have the following formula:

1 2n —1 R3
2: A2 § :R"R' R.: RS +
(2:8) ik (n—2)3 (n GRS s n— 1)'

.5,k .5,k

3. TWO KEY PROPOSITIONS AND THEIR PROOFS

In this section, we will prove two key propositions by studying the structure of
compact locally conformally flat manifolds with constant scalar curvature and Ricci
curvature tensor with three distinct eigenvalues.

Proposition 3.1. Let M™ (n > 4) be a compact locally conformally flat Riemann-
ian manifold with constant scalar curvature R and constant squared norm S of
the Ricci curvature tensor. If the Ricci curvature tensor of M™ has three distinct
etgenvalues everywhere, then all eigenvalue functions are constants on M™.

In order to prove Proposition B.1] we first prove the following lemma.

Lemma 3.2. Let M™ (n > 4) be a compact locally conformally flat Riemannian
manifold with constant scalar curvature R and constant squared norm S of the Ricci
curvature tensor. For each point x € M™, let A\(z), pu(x), and v(z) be the three
distinct eigenvalues of A;; of multiplicities mq(x), ma(z), and ms(z), respectively.
Then mq, ms, and ms are constants.

Proof. From (23]), we have the following system of linear equations of my, mg, ms:

(3.1) mp+mg+m3 = n,
R
3.2 A =
(3.2) MIA + Mot + mav 2n—1)
1 4-3
(3.3) miA? + mop® + mav? - R?).

AP T

Since m1, mo, and mg are all integers, from the fact that A\, u, and v are distinct
continuous functions on M"™ and R, S are constants, we have that m, mo, and ms
are constants. O

We shall make use of the following convention on the ranges of indices:
1<4,5,k,... <m; 1<a,b,c,... <mg;
mi+1<a,B,7,... <mq + mo; mi+me+1<rst,... <my+mg+ms.

Then A;; can be expressed as follows:

A(éab)ml Xmy
(Ai)xn = #(0ap)maxm,
V((srs)mgxmii nxn.

By a direct calculation, we have the following covariant derivation of A;; (see

[6]):

(34) Z Aab,kwk = dAu + Z Appwia + Z Aarwrip
k k k
d()\(sab) + Abbwba + Aaawab

dabdA
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and
(3.5) D Awprwr = dAp+ D> Arswra + Y Aakwrs
k k k
A[gﬁwga + Aaawag
= (A= p)wap-

Similarly, we get
(3.6) Z Aaprwr = Odapdp,

k
(37) Z Ars,kwk = 57’st;

k
(3'8) Z Am“,kwk = (/\ - V)wara

k
(3.9) Z Aprwr = (0 — V)war

k

Define
(3.10) f =Y RijRjrRs;.
i,k
Then by using (Z3]), we have
_e\p3

(3.11) f=(n—=2)3mi\> 4+ mop® + mav®) + SRS (Gn-6)R

2(n—1) 8(n—1)3 "

Differentiating B.2)), (B3], and BII)), and using R = constant, S = constant,
we have

(3.12) myd\ + modp + msdy = 0,

(3.13) miAdA + mopdp + mavdy = 0,
1

(314) ml)\2d>\ + mg/,l,zd/,b + m3V2dl/ = mdf

It follows that
d d
(3.15) midA _ Mmadp _ madv df 7
v—pu A—v pu—X 3(n-—2)3D

where D = (v — p)(v — X)(n — A).

To finish our proof, we now present three lemmas in different cases of my,ma,
and mg.

First of all, we consider the case of m; > 2, mo > 2, and mgz > 2.

Lemma 3.3. With the same notation as above, if my > 2, mg > 2, and ms > 2,
then all eigenvalue functions of the Ricci curvature tensor are constants on M™.

Proof. Since m; > 2 and A is a codazzi tensor, for an arbitrary d, we can choose
¢ # d such that

(3.16) Ace,d = Acdc-

On the one hand, from B, let a = b = ¢, and let e4 act on both sides of the
equation. Then we have

(3.17) Aced = Ad-
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On the other hand, let a = ¢, b =d in (B4]). Since ¢ # d, J.q = 0, we get
(3.18) Aggc = 0.

Combining (16), (3I7), and BIJ), we have A 4 = 0,Vd. For the same reason, we
obtain p g =0 and v, =0,Y3,r.
From (BI5]) we have

A— A—
dp = Md)\, dy = Md/\.
my(pu —v) ma(u — v
Since A g =0and p # v, we have A\ g = g =v,4 =0, Vd.
Similarly, we have A g = ng=vg=0,V3, and A\, = p, = v, = 0,Vr. That is,
A, 1, and v are constants. Hence we complete the proof of Lemma [3.3 |

Next, we consider the case of m; = m3 =1 and mo > 2.

Lemma 3.4. With the same notation as above, if my = mg =1 and mo > 2, then
Ala,n = O, Va.

Proof. Since mgo > 2, by making use of a method similar to the proof of Lemma
B3 we have p, = 0, Va.

Since m; = mg3 = 1, from ([B.I5) we have d\ = motb=dp and dv = my ﬁ:,’)du.
Then we get
(3.19) Aa=lao=Va=0, Vo
From [B.4), B.6), and B.1), we have
(320) All,k = )\,ka Aaa,k = Uk, Ann,k =V, VO&, kv
(3.21) Ao =0, Ya#p.
From &3), (B8), and 39) and by use of (319), B20), and B2I) we get
1
(322)  wia = Y Alakwk
A— L .
1
= r[Ala,lwl + Z Ala,ﬁwﬁ + Ala,awa + Ala,nwn]
a pa
1
= E(Ala,nwn + ,U',lwa)a
(3.23) ! > oA
. Win = T 1n,kWk
A—v P
1
= m [Aln,lwl + Z Aln,ﬁwﬁ + Aln,nwn}
B
1
= m[)\,nwl + Z Aip pws + V1wp],
B
and
1
(3.24) Wan = —(Artanw1 + thnWa).

uw—v
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Differentiating both sides of ([B3.24]), on the one hand, we have

1
dwan = wWa1 Awip + Zwaﬁ A Wgn + Wan A Wnpn — 5 Z Ronkiwr A\ wy
B k,l
= Wal NWip + Zwa/g N Wgn
B

1
—5 > (Aakbnt = Atk + Anibak — Ankdar)wr A wy
ol

= Wa1l /\wln—i—Zwag ANwgp — (1t + V)wa A wy
B
1

= (Ala,nwn + ;U’,lwﬂt) A

_m ()\7,10.)1 + Z Aln,ﬁwﬁ + V,lwn)

1
A—v g
1
+ zﬁ:waﬁ A [E(Alﬁ,nwl + ppnwp)] — (1 + V)wa A wy.

On the other hand, we get

1
d_ -A o.n n «
[M—V( lanwi + finWa)]
1
= d /\ A a.n nwo
( M—V) (Ara,nw1 + pnwa)
1
+ (dAramn Awi + Arandwr + dpspn Awa + prndws)
w—v
1
= d A (A a,n nWa
( M—V) (A1a,nw1 + pnwa)
o “[dA1on Awr + Atan(D wip Aws + wipn Awy)
B
+dpn A wa + fon(Wa1 Awr + Zwag Awg + Wan Awp)].
B
Then we can get the equation of terms with type of wg A wp:
! ( A +) A AA ) = (1 + v)wa A
U YA U e e ViWn la,nWn 18,nW — (K V)Wa Wn,
A =w =) ~ e
—v 1 A A
_ _‘L(L/’:l_iy)’;wn A ppWe + E[Ala,n zﬁ:(%wn Nwg + )\%B’Zw/g A wn)
+(p pnwn A wg + Miwa A wp)].
W=
That is, Vo, 3,
Hal 1 AlanAlﬁn
_ ) ) o + ) 3 _(ILL—’_V)(SO(
A=A =) T = —v) ’
Mn(/”’n_yn) AlanAlﬁn H.nn Hon
— ) ) > 504 _ ) ) _ ) 6(1 4 ) 5(1 .
=02 " = =v) p—v T (=)’

Hence

(325) 2A1a,nA1,B,n = E(saﬁa
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where F is a smooth function on M™ defined as

E o= (u40)A—p)h—v) + vy + (fj;)?“)u—mu—u)
— A=A =)+ S (A= (A )

From ([B.25) we have Vo, 3,

(326) Ala,nAIBm =0, a 7é ﬁv
E
(327) A%(y n Al,@‘ n — 5

For any fixed «, choose 8 # a, from B.20)), if A1,,, = 0, we finish our proof; if
Atan # 0, from [B.26), we have A5, = 0, then from [B27) we get a contradiction.
This completes the proof of Lemma [3.41 |

Now, we consider the case of mg =1 and my > 2, my > 2.

Lemma 3.5. With the same notation as above, if mg =1 and m1 > 2, mg > 2,
then Apa,n = 0,Vb, o

Proof. Similarly to Lemma [34] since m; > 2, mgs > 2, we have

>\,a =Moo =Va = Oa VO[,
)\7{, =Up=Vp= 0, vb.

And from BA)-@B3), we get

1
(328) Wha = N Aba nWn,
1
(3.29) Whn, = m(/\,nwb + Z Apgnwp),
B
(330) Wan — - ca,nWe + /fémwa)-

By differentiating ([B28]), on the one hand, we have

dwpe = Zwbc A Wea + Zwbg A wWga + Wen A Wna — (A + f1)wp A we
B
= Z Whe N — Aconwn + Z Ab,@‘ nWn A\ Wga

1 1
Ny (A nwp + E Appnws) A ——(lnwa + Y Acanwe)
—v 5 w—v -
—()\ + 1wy A Wy
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On the other hand, we get

1
—Aan n
d[)\—ﬂ ba,nWn]

1 1
= (dm) N Ay nwn + —[dAba,n A wp,

A—p
+Abo¢,n(z Wne N\ We + Z Wnpa A\ Wﬁ)]
¢ B

1 1
=(d——) A Aba,nwn + —dAba,n A wp,

Aban 1 1
—(— A A wWe — A A
+A—u( )\_y;ﬁ cBnwWp N\ We “_”gg cBnWe N wg)
1 1 AbanAcBn
= (d——) N Apgnwn + ——dApa.n N wy, — T W A wg.
(570 N v & 5~ A Aion = D (52 T e A

¢,

Then we can get the equation of terms with type w. A wg:

1
_—)\n AN nWa A n /\Acanc_)\ /\a
) P e+ 32 Ao N Ao = 0+l
Aboc nAc,B n
=—) Py Awg.
DIy v [
That is, Va, 8, b, ¢,
Anthn Aca nAbB n
— DR e+ —— PR (X 4 1) 0bela
()\—V)(u—y)b A A=) (p—v) ( )0bc0ap
_ Aba,nAcﬂm,
A=v)(p—v)
Then
(331) Aba,nAcﬂ,n + Aca,nAb,@’n = E‘ébcéa,ﬁhv b’ c, Q, 67

where E' = Aty + (A + p)(A — v)(p — v). From B31)), letting ¢ = b, we have
Vb, o, B,

(332) Aba,nAme = 07 « 7é 67
E
(333) Aﬁa,n = Aﬁﬁ,n = 5

For any fixed b, o, choose 8 # a. From [B32), if Apan, = 0, we finish our proof; if
Apan # 0, from [B32) we have Ayp, = 0. Then from ([B33) we get a contradiction.
This completes the proof of Lemma |

Proof of Proposition Bl Let M™ (n > 4) be a compact locally conformally flat
Riemannian manifold with constant scalar curvature R and constant squared norm
S of the Ricci curvature tensor.

In the case when my,mo, mg > 2, we can immediately finish our proof from
Lemma 3.3

Because of n > 4, we now suppose otherwise that ms = 1 and my - mgo > 2.
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Consider a point py € M™ such that f(pg) = inf f, where f is defined by B.I0).
Then df (po) = 0. We have

_ df
dr = 3mi(n —2)3(v —A)(u—AN)’

dp = af
3ma(n —2)3(v — p)(A—p)’

dv af

" 3ma(n— 23— ) (A —v)’
Since A, p, and v are distinct at pg, we get
dA(po) = dp(po) = dv(po) = 0.
Then from B4), (30, and 1), we get
Aab k(o) = Aapk(po) = Ars k(po) = 0,Ya,b,a, B, 7,5, k.

From Lemmas B4 and B.5] we know that A,s, = 0, and then by using (2.8) and
BI0), we have

1 2n — 1 R?
0= AZ = - RS .
Z:k 1j,k(p0) (n_2)3 (nf n—1 + n— 1)(p0)
i.J,

It follows that inf f = 1(22=LRS — nR—jl) is constant. Similarly, we can have
sup f = %(27?:11 RS — nR—jl) = inf f, which together prove that f is a constant. This
in turn would yield that A, x4, and v are constants. This completes the proof of
Proposition 311 |

To complete the proof of our Main Theorem, now we only need the following
proposition for locally conformally flat Riemannian manifolds with constant eigen-
values of the Schouten tensor.

Proposition 3.6. Let M™ be a locally conformally flat Riemannian manifold. If
all eigenvalue functions of the Schouten tensor are constants with constant multi-
plicities on M™, then M™ must be one of the following three cases:

(1) The Schouten tensor has only one eigenvalue. M™ is isometric to M™(c).

(2) The Schouten tensor has two eigenvalues, and the simplicity of one of
the two eigenvalues is one. M™ 1is isometric to the Riemannian product
M7 (o) x Nt

(3) The Schouten tensor has two eigenvalues, and the simplicities of both eigen-
values are at least two. M™ is isometric to the Riemannian product MF(c;)x
Mzn_k(CQ), where 2 <k <n—2 and c; +co =0.

Proof. Suppose there are g distinct eigenvalues of the Schouten tensor on M™. We
make the following convention on the range of indices:

1<i4, 4, k, ...<n,
1<¢ n 6, ...<g.

Let A;j = a;d;j;, a; = constant. From the theorem due to H. Li (see the theorem on
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p. 47 in [I0]), we have the following generalized Cartan identities for any fixed i:
Rives
3.34 Y _—9
( ) Z a; — aj; 7
J¢li]
where [i] = {j| a; = a;} and R;j;; is the sectional curvature of the plane spanned
by e; and e; on M".
By a direct calculation, from (24]), for ¢ # j we have
Rijz’j = a;+a;.
Let m¢ denote the multiplicity of a;. Then for any fixed Q we get
a2

Roins
(335) 0= ) UL =N AT N

ST ac —ay ac —a ac—ae)

J¢l¢] 0#¢ 0#£¢

In (B35), choose ¢ such that ag = maxg{aZ}. Then for V6 # (,
it = ai,

that is, a¢c = ag or a¢c = —ag. Then there exist at most two distinct eigenvalues of
A;j. This completes the proof of Proposition |

Remark 3.7. When n < 8, Proposition was proved in [9] by the use of different
methods.

4. PROOF OF MAIN THEOREM

From Proposition[3.6] we can easily get the result that if M™ (n > 4) is a compact
locally conformally flat Riemannian manifold and eigenvalues of its Ricci curvature
tensor are constants, then there exist at most two distinct eigenvalues of the Ricci
curvature tensor.

Combining with Proposition B.1] it follows that there exists no compact locally
conformally flat Riemannian manifold M™ (n > 4) with constant scalar curvature
R and constant squared norm S of the Ricci curvature tensor such that the Ricci
curvature tensor on M™ has three distinct eigenvalues everywhere. Therefore, we
complete the proof of the Main Theorem.
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