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ABSTRACT. It is known that the j-metric, the half-Apollonian metric, and the
scale-invariant Cassinian metric are not Gromov hyperbolic. These metrics are
defined as a supremum of one-point metrics (i.e., metrics constructed using one
boundary point), and the supremum is taken over all boundary points. The
aim of this paper is to show that taking the average instead of the supremum
yields a metric that is Gromov hyperbolic. Moreover, we show that the Gromov
hyperbolicity constant of the resulting metric does not depend on the number
of boundary points used in taking the average. We also provide an example to
show that the average of Gromov hyperbolic metrics is not, in general, Gromov
hyperbolic.

1. INTRODUCTION

The hyperbolic metric is a powerful tool in planar complex analysis and geo-
metric function theory (see [2] and the references therein). In higher-dimensional
Euclidean spaces, the hyperbolic metric exists only in balls and half-spaces, and the
lack of a hyperbolic metric in general domains has been a primary motivation for
introducing the so-called hyperbolic-type metrics in geometric function theory. Ex-
amples of such metrics include the j-metric, the Apollonian metric, Seittenranta’s
metric, the half-Apollonian metric, the scale-invariant Cassinian metric, and the
Mobius-invariant Cassinian metric (see [I,[ITHI3|I7,19,20,22H24] and the refer-
ences therein). All these metrics are so-called point-distance metrics, meaning that
they are defined in terms of distance functions and can be classified into one-point
metrics or two-point metrics based on the number of boundary points used in their
definitions. For example, the Apollonian, Seittenranta, and the M&bius-invariant
Cassinian metrics are two-point, point-distance metrics. Their corresponding one-
point versions, namely, the half-Apollonian metric, the j-metric, and the scale-
invariant Cassinian metric, are one-point point-distance metrics. In this paper we
only consider hyperbolic-type point-distance metrics. There are other hyperbolic-
type metrics termed as hyperbolic-type length metrics such as the quasihyperbolic
metric, Ferrand’s metric, and the Kulkarni—Pinkall metric that have been exten-
sively studied by many authors (see [7L[9,T4l[15,21]).

One of the key features of the hyperbolic-type metrics is their Gromov hyperbol-
icity. The latter was introduced by Gromov in 1987 as an extension of the concept
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of negative curvature to general metric spaces [10]. This notion has found appli-
cations in many areas of mathematics and is widely used in geometric function
theory, geometric group theory, and analysis on metric spaces. For more discussion
of Gromov hyperbolic spaces the reader is referred to [2Hdl[6]T0L25].

The Apollonian, Seittenranta, and Mobius-invariant Cassinian metrics are rough-
ly similar to each other and, in particular, they are all Gromov hyperbolic (see
[20, Theorem 4.8 and Theorem 5.4]). The j-metric, the half-Apollonian, and the
scale-invariant Cassinian metrics are also roughly similar to each other [19, Theorem
3.3 and Theorem 3.5]. However, they are Gromov hyperbolic if and only if the
underlying domain has only one boundary point. In other words, if the domain
has more than one boundary point, then these metrics, which are defined as the
supremums over all boundary points, are not Gromov hyperbolic.

Recall the following general approach to constructing one-point hyperbolic-type
metrics in the setting of Euclidean spaces. Let D C R™ be any domain with
nonempty boundary 0D. To construct a one-point hyperbolic-type metric dp on
D, one first constructs a Gromov hyperbolic metric d,, on the one-punctured space
R™\ {p} for each p € R™ and then defines dp by dp(z,y) = sup{d,(z,y): p € 0D}.
Taking a supremum in this context is very natural since the boundary 9D is usually
uncountable. However, as it turns out, the Gromov hyperbolicity property of d,, is
not preserved when taking the supremum.

In this paper we propose an alternative approach to constructing a metric from
the one-point metrics mentioned above. Namely, we propose to take the aver-
age of these one-point metrics instead of taking their supremum. As mentioned
above, these metrics are roughly similar to each other and hence so are their av-
erages. Therefore, here we consider only the one-point scale-invariant Cassinian
metrics. The main result of this paper states that the average of finitely many
one-point scale-invariant Cassinian metrics is Gromov hyperbolic and, more im-
portantly, its Gromov hyperbolicity constant does not depend on the number of
metrics (Lemma [Tl and Theorem [£2]). Even though here we consider the averages
of finitely many metrics, the fact that the Gromov hyperbolicity constant is inde-
pendent of the number of metrics makes it possible to consider domains which are
the complements of certain self-similar sets [16].

To the best of our knowledge, averaging one-point metrics has not been consid-
ered before. However, germs of this idea can be traced back to the work of F. W.
Gehring and B. Osgood. More precisely, let D be a proper subdomain of R"™. Then
the jp-metric (see, [8, p. 51]),

i) = 5 108 (14 i) 10w (1 )]

which is an average, is Gromov hyperbolic [I1, Theorem 1]. As mentioned above,
the 7p-metric,

o) = sup {1og (1+ g B0, os (14 o))

which is a supremum, is not Gromov hyperbolic [I1, Theorem 3]. (Note that in [I1]
the author denotes the j-metric by 7 and the j-metric by j.)

Now we are ready to formulate the main results of the paper. Here and through-
out the paper, we let (X,d) be an arbitrary metric space containing at least four
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points. For each p € X, we define a distance function 7, on X \ {p} by

d(z,y)
(1.1) 7o(x,y) = log (1+2—).
! d(z,p)d(y, p)
For p1,pa,...,pr € X and D = X \ {p1,pe, ..., Pk}, we define a metric 7p on D by
taking the simple average of the metrics Tp., namely,

T, :c 0) d(w,y)
% Z pi(T9) = ¢ Zl g( d(x,pi)d(y,pi))'

We prove that for each p € X, the metric 7, is Gromov hyperbolic with § =
log 3 + log2 (Lemma A.T]) and that for any k£ > 1, the metric 7p(x,y) is Gromov
hyperbolic with § = 3log 3 + 2log2 (Theorem [£2). The latter result is unexpected
since we also provide an example to demonstrate that the average of two Gromov
hyperbolic metrics is not necessarily Gromov hyperbolic (Lemma [A4]).

2. ONE-POINT SCALE-INVARIANT CASSINIAN
METRIC ON GENERAL METRIC SPACES

In this section we define the one-point scale-invariant Cassinian metrics in the
context of arbitrary metric spaces, and in Section [4] we study Gromov hyperbolicity
of the average of finitely many such metrics. Let (X, d) be a metric space. For each
p € X, we define a distance function 7, on X \ {p} by

d(z,y) )
d(z,p)d(y,p)

Theorem 2.1. Let (X, d) be an arbitrary metric space, and let p € X be an arbi-
trary point. Then the distance function T, is a metric on X \ {p}.

(2.1) 7o(z,y) = log (1 +2

Proof. Clearly, 7,(x,y) > 0, 7p(z,y) = 7,(y,2), and 7,(z,y) = 0 if and only if
x =y. So it is enough to show that the triangle inequality holds. That is,

(2.2) Tp(z,y) < 7p(x, 2) + (2, 9)
for all x,y, 2z € D. Inequality (22)) is equivalent to
a(x,y) am> ww . d(, 2)d(z,y)
Vd(z, p)d(y \/d (z,p)d \/d (z,p)d d(z,p)\/d(z,p)d(y, p)
or, equivalently,
(2.3) d(@,y)d(zp) _ Vd(@,p)d(zp)  Vdly,p)d(zp)
d(z,z)d(y, 2) d(:E,Z) d(y, )
Since

d(z,y)d(z,p) _ dly,2)d(z,p) d(z,z)d(z,p) _ d(zp)  d(zDp)

d(z,2)d(y,z) ~ d(z,2)d(y,z) ~ d(z,2)d(y,2) d(z,2) d(y,z)’
it suffices to show that

dep)  NIEPIED | ) VA

d(z, z) d(z, z) d(y, z) d(y, z)
Due to symmetry, it suffices to prove the first inequality. If d(z,p) < d(x,p), then

Vi(z,p)d(z,p) _ /d(z,p)d(z
d(x,z) = d(x,z) < d(z, z)

+ 1.

)+1.
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If d(z,p) < d(z,p), then

d(z,p) _ d(z,2) +dx,p) _ d@ 2)+/d( p)dzp) _ vd(z,p)d(z p)
d(z,z) — d(zx, 2) - d(zx, 2) d(zx, 2)

completing the proof. O

+1,

Remark 2.2. Inequality (23] implies that the constant 2 in equation (2.IJ) can be
replaced with any constant ¢ > 2 (see also [5, Theorem 1.1]).

One can easily see that for all z,y € X \ {p} we have

(2~4) 7:p(33,y) < Tp(as,y) < 7:p(xvy) +log 2.
Here
. d(z,y) p(,y)
. T(x,y) =lo e ————— log ————.
5 ) =l (14— mE) =l e

The distance function 7, was introduced and studied in the context of Euclidean
spaces in [I9], where it was referred to as a one-point scale-invariant Cassinian
metric. However, 7, is not a metric in the context of general metric spaces. Indeed,
let X = {p,z,y, 2} and define d(p, ) = d(y,z) = 2 and d(p,y) = d(p, z) = d(z,y) =
d(z,z) = 1. Clearly, d is a metric on X. One can easily see that 7,(y,z) >
Tp(z,y)+7p(x, 2). Therefore, 7, is not a metric on X\ {p} justifying the introduction
of its modified version 7,. However, it turns out that if (X, d) is a Ptolemaic metric
space, then 7, is a metric on X \ {p} for each p € X. Recall that a metric space
(X,d) is called Ptolemaic if

(2.6) d(z,y)d(z, w) < d(z, 2)d(y, w) + d(z,w)d(y, 2)
for all z,y,z,w € X.

Theorem 2.3. Let (X,d) be a Ptolemaic metric space, and let p € X be an arbi-
trary point. Then the distance function T, is a metric on X \ {p}.

Proof. Clearly, it is enough to show that the triangle inequality holds. That is,

(2.7) Tp(2,y) < Tp(®, 2) + (2, y)
for all z,y,z € X \ {p}. Inequality (Z7) is equivalent to
d(z,y) d(z, z) d(z,y)
(Vi mi) = U Vi ae ) U Vi o)
which is equivalent to
d(zx, y) < d(z, z)
Vd(x,p)d Vd(x,p)d
o) L w2y
d(z,p)d(y,p)  d(z,p)\/d(z,p)d(y,p)

Without loss of generality we can assume that d(z,p) < d(y,p).
If d(z,p) < d(x,p) < d(y,p), then

Vd(z,p)d(y,p) > Vd(z,p)d(z,p)  and  +/d(xz,p)d(y,p) > \/d(z,p)d(y, p).

(2.8)
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By the triangle inequality we then obtain

d(z, y) < d(z, 2) d(zy)
Vd(z,p Vd(z,p)d(y, p) \/dwpd(y,p
< d(z, 2) d(z,y)
= Vd(z,p)d(z,p)  Vd(zp)d(y,p)’

establishing (Z.8]).
If d(x,p) < d(y,p) < d(z,p), then

d(z,p)d(z,y) < d(y,p)d(z, z) + d(z, p)d(z, y)
by Ptolemy’s Inequality. Since d(x,p) < d(z,p) and d(y,p) < d(z,p), we have

d(z,p) < V/d(z,p)d(z,p) and  d(y,p) < /d(y,p)d(z,p).

Hence
d(z,p)d < \d(y, p)d(z,p)d(z, 2) + /d(z, p)d(z, p)d(z,y).
Consequently,
d(z, y) < d(z, Z) d(z,y)
Vd(z,p)d Vd(z,p)d Vd(z,p)d(y, p)

establishing (Z2.8)).
Finally, if d(z,p) < d(z,p) < d(y,p), then d(z,p) < +/d(z,p)d(z,p) since
d(z,p) < d(z,p). By the triangle inequality we have d(z,p) < d(z,p) + d(z, 2).

Hence
d(z,p) < V/d(x,p)d(z,p) + d(z, 2),

or, equivalently,

L 1 d(z, 2)
< + )
Vd(z.p) ~ Vd(zp)  d(zp)\/d(x,p)
Thus,
(29) d(Z,y) < d(z,y) + d(m,z)d(z,y)

Vd(x,p)d(y,p) ~ /d(z,p)d(y,p)  d(z,p)\/d(x,p)d(y.p)
Now by the triangle inequality we have

d(z,y) < d(z, Z) d(z, y)
\/d(:c,p) \/d:cp \/d:cp
Also, since d(z,p) < d(y,p)7 we have

d(z, z) < d(z, z)
Vd(z,p)d(y.p) ~ /d(z,p)d(z,p)

Therefore, combining inequalities (2.9), (Z10), and (2.II), we see that inequality
[23) holds also in this case. The proof is complete. O

(2.10)

(2.11)

Definition 2.4. In the context of a general metric space (X,d), the metrics 7,
p € X, are called one-point scale-invariant Cassinian metrics.



5210 A. AKSOY, Z. IBRAGIMOV, AND W. WHITING

3. TECHNICAL RESULTS

In this section we establish several results needed in Section @l Throughout this
section we let (X, d) be an arbitrary metric space. Fix a point p € X and define

pp(z,y) = d(z,y) + v/d(z,p)d(y,p)  for z,yeX.

In this section we study some properties of pu,, especially Lemmas 3] and B3]
which will be needed in Section [l In what follows, we set

a A'b =min{a,b} and a Vb= max{a,b}
for nonnegative real numbers a and b. Observe that
(3.1) (aVbd)(cVd)=acVadVbecVbd
for all nonnegative real numbers a, b, ¢, d.
Lemma 3.1. For all x,y,z,w € X we have
(3.2) 1p (Y pp (2, w) < 9 (@, 2)pp(y, w) V (2, W) (y, 2)]
Proof. Since d(z,y) < d(z,p) + d(y,p) < 2(d(z,p) V d(y,p)) and since

d(z,p) +d(y,p)
2

d(z,p)d(y,p) < <d(z,p) Vd(y,p),

we have
(33) o) < 5[, p) + d(y, )] < 3[d(z,p) v d(y.p)]

for all z,y € X. Also, since d(z,y) > d(z,p) V d(y,p) — d(z,p) A d(y,p) and since
d(x,p)d(y,p) > d(x,p) Ad(y,p), we have

(34) o) > d(a,p) v d(y,p) > 3 [dlap) + d(y,p)]
for all z,y € X. Using @), (33), and @4) we have
514020tz ) < [, ) V d(y, )] [dz,p) V d(w,p)]
=d(z,p)d(z,p) V d(z,p)d(w, p) V d(y,p)d(z,p) V d(y, p)d(w, p)
< [d(x,p)d(y,p) Vd(z,p)d(w,p) vV d(z,p)d(y,p) v d(z,p)d(w,p)}
v [d(x,p)d(y,p) Vd(z,p)d(z,p) vV d(w,p)d(y,p) v d(wm)d(z,p)}
= [(d(fv,p) Vd(z,p)) (d(y,p) Vv d(wm))} v [(d(fv,p) vV d(w,p)) (d(y,p) v d(zyp))}

< Mp(xa Z)/”'p(yv w) \% :up(xv w)”p(ya Z)’

as required. 0
Note that
(3.5) p(,2) + p1g(y, 2) > d(z, 2) + d(y, z) > d(z,y)

for all x,y, z,q € X. In particular, for all x,y, z,q € X, we have

(36) o, 2) V sg(9,2) > (i)
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Lemma 3.2. Let x,y,z € X be arbitrary points. If
Mp(x’ Z) \ /‘P(ya Z) Z K[Mp(xv Z) A :L"P(y’ Z)}
for some K > 3, then
3(K +3)
(T, 2) + pp(y, 2) < md(%w-

Proof. Without loss of generality we can assume that p,(z,2z) > p,(y, 2z). Using

B4) we obtain
g@mm+ﬂwmSKWW@SW@@S%M@M+M%M,

which implies Kd(y,p) + (K — 3)d(z,p) < 3d(z,p). In particular,

2K
d(z,p) = 7=—5d(y;p)-

6
2d <

The latter, along with B3], implies

< 5 (da,p) + dly,p) + ol p) — oy, p)
3(K +3) 3(K +3)

=—=(d —d < —d
completing the proof. O
Suppose now that p1, pa, . . ., py are arbitrary points in X and set P = {p1, po, ...,
Pk}

Lemma 3.3. For all x,y,z € X we have
k

k k
37 T (i 2) + iy (2)) <9 ( TT i (@.2) + T . z>> .
i=1 i=1

i=1

Proof. Let x,y,z € X be arbitrary points. For simplicity, we set
a; = pp, (z,2) and b, = pp,(y,2), i=1,2,... k.

By (B:6) we then have

1 ..
(3.8) a; Vbj > §d(a:, Y) forall 4,5=1,2,... k.

We will prove the lemma by induction. Assume first that k¥ = 2. Hence we need to
show that
(39) (a1 + bl)(az =+ bg) < 81(0,10,2 -+ blbg).

Case 1 (a1 Vb <6(ay Aby) or agV by < 6(ag Aby)). Without loss of generality we
can assume that a; V by < 6(a; A by). Then
a1 +by=a1 Vb +a ANby < 7(@1 A bl) and ((11 A\ bl)(ag + bg) < aias + bibs.
Hence
(a1 +b1)(az 4+ bz) < 7(ar Aby)(az + b2) < 7(arag + b1b2)
so that ([B9]) holds in this case.
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Case 2 (a1 V by > 6(a1 Aby) and ag V b > 6(az A by)). Without loss of generality
we can assume that a; = a; A by A ag Aby. By (B8) we then have

1 1
by > ad(x,y) and by > Ed(aj,y).
Hence )
ajaz + biby > biby > 1 [d(x,y)]Q-
Also, by Lemma [3.2 we have
9 9
ay +b < §d(x,y) and ag + by < §d(:v,y),

and hence

(a1 +b1)(az + b2) < % [d(x’ y)]Z

Consequently,
81 2
(a1 +b1)(az +b2) < - [d(z,y)]” < 81(araz + biby),
completing the proof of the lemma for k = 2.

Assume now that (377) holds for k¥ = m. That is,

(3.10) [T (ai+0:) §9m(Hai+Hbi).
i=1 i=1 i=1
We need to show that it also holds for K = m + 1. That is,
m—+1 m—+1 m—+1
(3.11) I (@i +b) < 9m+1( IR bz->.
i=1 i=1 i=1

Case 1 (a; V b; < 6(a; Ab;) for some i € {1,2,...,m+ 1}). Note that
a; +b; = (al- V bz) + (ai AN b1) < 7((1Z AN bl)

Without loss of generality we can assume that ¢ = 1. Then

m+1 m+1 m—+1 m—+1
H a; + H biZ(al/\bl)( H a; + H bz)
1=1 1=1 1=2 1=2
and hence
m+1 m—+1 m—+1 m—+1
H (ai + bz) = (a1 + bl) H (ai —l-bl) < ((11 + b1)9m< H a; + H bz>
iy =2 i=2 i=2
m—+1 m—+1 m—41 m—+1
S 7((11 /\bl)gm( H a; + H bz) < 9m+1( H a; + H bz),
=2 1=2 =1 =1

as required.

Case 2 (a;Vb; > 6(a;Ab;) for alli € {1,2,...,m+1}). Without loss of generality we
can assume that a; is the smallest of the numbers a; and b; forall: =1,2,...,m + 1.
By (B8) we then have

b; > =d(xz,y) forall i=1,2,...,m+ 1.

|~
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Hence
m+1 m+1 m—+1 1 _—
i=1 i=1 i=1
Also, by Lemma B.2] we have a; + b; < (9/2)d(z,y) for each i. Hence
m—+1
9 m+1 m41
H (a; +b;) < (5) [d(x,y)] "
i=1
Consequently,
m+1 9 m+1 i ) m—+1 m—+1
) ) e m m+ ) .
1:[1(a1+b1)§(2) [d(z,y)] <9 (1:'1:@1+1:[1bz>>
completing the proof of the lemma. O

We need the following lemma. For K = 1, this lemma was proved in [I8] (see
[18, Lemma 3.7]).

Lemma 3.4. Letr;; > 0 be real numbers such that r;; = rj; and rij < K(riy+7rjk)
for some K > 1 and for all i,j,k € {1,2,3,4}. Then

Vri2rss < K(\/r13724 + /T14723).

In particular,
2 2
r1arss < 2K°(r13724 + 114723) < (2K)° max{ri3raa, r14723}.

Proof. We can assume, without loss of generality, that ri3 is the smallest of the
numbers 713, 714, T24, 723 and that ro3 > r14. Clearly, it suffices to show that

T19734 < K2(r13724 + 114723 + 2¢/T13724714723)-
Equivalently, we need to show that o > 0, where
o = —119734 + K?(r13724 + 714723 + 24/T137247 14723 ).
By the assumptions we have
r12 < Kmin{riz + ro3, 714 + 124} and r3q4 < Kmin{riz + r14, o3 + 724}
If 714 + r24 < 713 + o3, then rog > 114 + 124 — r13. Since roq > r13, we obtain
o> —K?(ria 4 r24)(r13 + r1a) + K?(r1sras + r1a(rig + raq — r13)
+ 2713124714 (T1a + 724 — r13))
= 2K?(\/r13r24m14 (714 + 124 — T13) — T13714) > 0.
Now suppose that r14 + 794 > r13 + r23. Then ro3 < ri14 + ro4 — r13, and hence
o > —K?(r13+723)(r13 + r1a) + K?(risraq + r1aras + 2y/r1sr2ar1aras) = K° f(ras),

where

f(x) = rigros + 2y/risraariaV/a — (r13)? — risria — risa.
The function f(x) is increasing on the interval [r14, 714+ 724 —713]. Indeed, for each
S [7"14,7‘14 + 724 —7"13] we have ry3x — rogr14 < 7“13(7”14 + 724 —7‘13) — T24T14 =
(ria — 713)(r13 — 724) < 0, and hence 713v/@ — /13722714 < 0. The latter is
equivalent to f’(x) > 0. Since f(ri4) = ri3raa + 2r14y/T13724 — (r13)? — 2113714 =
r13(r24 — 713) + 2r14(y/T13724 — 713) > 0, we obtain o > K2f(ry3) > K2f(r14) >0,
completing the proof of the first part. Since (a+b)? < 2(a?+b?) for all real numbers
a and b, the second part follows. ([l
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Next, we define a distance function pup: X x X — [0, 400) by

k k
(3.12) ue(@,y) = [ L (2. 9) = [ [ [, ) + Vd(w p)d(y, pi)]

i=1
Lemma 3.5. For all x,y,z € X we have

27

pe(ey) < () (ne(e,2) + mp(=0).

Moreover,

27+ 2k
pp(z, y)pp(z,w) < 4(7) max {up(at,Z)uP(%w), up(w,w)up(y,z)}-
Proof. Using [812) and Lemma B3] we have

k 3\ k k
wo) = [Tom(esn) < (5) TL () + s, (2))

=1

3\ k k k
< ()0 ([l + Lo 09)
= (2) (ke )+ r:2),

completing the proof of the first part. The second part follows from the first part
and Lemma 34 O

4. GROMOV HYPERBOLICITY OF THE AVERAGE
OF ONE-POINT SCALE-INVARIANT CASSINIAN METRICS

We begin by showing that each one-point scale-invariant Cassinian metric is
Gromov hyperbolic. Recall that a metric space (X, d) is Gromov hyperbolic if

(A1) d(e.y) +d(z0) < [d2) +dy.0)] V [d.0) + dy.2)] + 25
for all v,z,y,2z € X and for some 6 > 0. The reader is referred to [6,I0,25] for a
detailed discussion of Gromov hyperbolic metric spaces. Recall that

Tp(2,y) < 7p(2,y) < (2, y) + log2
for all z,y € X \ {p} (see [24)). It follows that if the metric 7, satisfies [I]) with
a constant ¢, then the metric 7, satisfies ([@.I]) with a constant § + log2.

Lemma 4.1. Let (X, d) be an arbitrary metric space, and let p € X be any point.
Then the space (X \{p}, 7p) is Gromov hyperbolic with § = log 3. In particular, the
space (X \ {p}, 1) is Gromov hyperbolic with § =log3 + log2.

Proof. It suffices to show that 7, satisfies ([@.1)) with § = log 3. Let z,y, z,v € X \{p}
be arbitrary points. By Lemma [3.J] we have
:U‘p(x7 y)up(’?:’ 1)) S 9 [ﬂp(za Z)up(ya U) \4 [Lp(I, U):up(yv Z)]
or, equivalently,
:U‘p(xv y),up(z, U)
Vd(z,p)d(y, p)d(z, p)d(v, p)
<9 Mp(x z)up(yw
Vd(z,p)d )d(z,p

~ || =

d(v \/d (z,p)d(y,p)d(z, p)d(v.p) |
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The latter implies
42)  Fplz,y) +7p(z,0) < [%,,(x, 2) + 7y, v)] v [fp(a:, V) + 7oy, 2)| + 21og33,
completing the proof. O

We are now ready to present the main result of the paper. Let (X,d) be any
metric space, and let py,po,...,pr be any points in X. Put P = {p1,pa,..., Dk}
and D = X \ {p1,p2,...,px}- We define a new metric 7p on D by taking the
simple average of the one-point scale-invariant Cassinian metrics 7,,,, 1 = 1,2,..., k.
Namely, for z,y € D we define

. 1
(4'3) TD(xay) = E[Tm (x,y) +7—P2(xay) + - +Tpk T y ZTIM 1' y

It is clear that the average of any finitely many metrics is again a metric. We have
(4.4) Tp(z,y) < 7p(z,y) < 7p(x,y) + log2
for all x,y € D, where

k
1 tp, (2, Y)
(4.5) ——g log L
et =1 Vd(z, pi)d(y, pi)

Theorem 4.2. The space (D, 7p) is Gromov hyperbolic with § = 3log3+log2. In
particular, if (X,d) is Ptolemaic, then the space (D,7p) is Gromouv hyperbolic with
0 =3log3.
Proof. Tt suffices to show that for all z,y, z,w € D we have

7p(x,y) + 7p(z,w) < max {7p(z, 2) + Tp(y,w), 7p(z,w) + 7p(y, 2) } + 6log 3.
Using Lemma we obtain

o(z,y) + 7p(z,w) = 1 log (ﬁ tip, (%, y) i, (2, w) )
k 0V d(x, pi)d(y, pi)d(z, pi)d(w, p;)

~ Liog < Iy o (2, 9) Ty g (2 0) )

k- \ Ty VG, p)d(y, p)d(z,pi)d(w, pi)
1y, ( e ype (2. w) )

k Hf=1 \/d(x,Pi)d(y,Pi)d(Z,Pi)d("U,Pi)

L oe <4<27/2>2k max {pup (z, 2)pup (y, w), pp(x,w)pp(y, z>}>
kK [15_, Vd(z, pi)d(y, pi)d(z, pi)d(w, p;)

L <max {np(z, 2)pp(y, w), pe(e,w)pp(y,2)}
[Ty V/d(z, p)d(y, pi)d(z, p:)d(w, p;)

1
k ) +21og(27/2) + z log 4
= Inax {%D(xa Z) + %D(y,w)a %D(x ) +7p ya } + 2 10g(27/2) k‘ IOg 2)

Smax{%D(xaz)—’—%D(va)a TD(wi)_’_TD Y,z }+610g3
completing the proof. O

Definition 4.3. In the context of a general metric space (X, d), the metric 7p will
be referred to as the average scale-invariant Cassinian metric.



5216 A. AKSOY, Z. IBRAGIMOV, AND W. WHITING

We end the paper with the following example that shows that the sum of two
Gromov hyperbolic metrics is not, in general, Gromov hyperbolic. Consider the
two-dimensional Euclidean space R? equipped with the Euclidean metric | — |. For
x € R? we write x = (z1, z2). Define metrics d; and dy on R? by

di(z,y) = o1 —y1|+tan " (Jza—12]) and  do(z,y) = |v2 —ya|+tan' (Jz1 —y1]).

Clearly, both dy and ds are nonnegative and symmetric, and d,,, (z,y) =0 (m = 1,2)
if and only if = y. Since tan~! is an increasing and concave function on [0, 00),
we see that both d; and dy obey the triangle inequality. Thus, d; and ds are indeed
metrics on R2.

Lemma 4.4. The spaces (R?,d;) and (R?,dy) are Gromov hyperbolic with § = /2,
but the space (R?s), d = dy + da, is not Gromouv hyperbolic.

Proof. Due to the similarity between d; and ds it is enough to show that (R2,d;)
is Gromov hyperbolic with § = w/2. First, observe that the Euclidean distance on
R is Gromov hyperbolic with 6 = 0. That is, for all p,q,r,t € R, we have

(4.6) p—ql+lr—t <[lp—rl+lg—t] vV p—tl+lg—rl].

Let @ = (x1,22), y = (y1,¥2), 2 = (21, 22), and v = (v1,v9) be arbitrary points
in R2. Using (48] along with the fact that tan=!(a) < 7/2 for all a € [0, +00), we
obtain

di(z,y) + di(z,v) = |1 — y1] + |21 — v1] + tan™ ! (Jz2 — ya|) + tan™" (|22 — v2|)
iy
2
< lor — 21| + [yr — o1l V [Jor —o1] + g1 — 21| ] + 2+
T
2 _
27

T
§|x1—y1|+|z1—v1|+§+
il
2
< [di(z, 2) + di(y,v)] V [di(z,v) + di(y,2)] +2-

completing the proof of the first part.
Next, we show that (R?,d) is not Gromov hyperbolic. Observe that d is roughly
similar to the tazicab metric. That is,

(4.7) dr(z,y) < d(z,y) <dp(z,y)+7  forall  z,yeR>

Here dr is the taxicab metric defined by dr(x,y) = |x1 —y1|+ |22 —y2|. It is known
that the taxicab metric is not Gromov hyperbolic. Indeed, for ¢t > 0 and

xz=(0,0), y=(tt), z=1(0,¢t), v=(t0)
we have
dr(z,y) + dr(z,v) =2t, dr(x,z)+dr(y,v) =t and dr(xz,v)+dr(y,z) =t
Hence there exist no § > 0 such that
dr(z,y) + dr(z,v) < [dr(z, 2) + dr(y,v)] V [dr(z,v) + dr(y, 2)] + 26

for all ¢ > 0. Finally, it follows from (T that the space (R2,d) is not Gromov
hyperbolic, completing the proof. (Il
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